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PREFACE. 


At  t"he  request  of  matiy  teachers  who  wished  to  use  tlie  Hand- 
Book  as  a  practice-book  for  their  pupils,  no  answers  and  but  few 
hints  were  given  in  the  book,  but  it  has  been  thought  desirable  to 
prepare  this  "  Companion  "  which  will  fully  meet  the  wants  of 
both  Teacher  and  Private  Student,  as  expressed  in  numerous  sug- 
gestions from  Teachers  and  Students  throughout  Ontario.  Full 
solutions  are  given  of  all  the  difficult  problems,  and  in  every 
case,  the  hints  and  steps  are  such  as  to  meet  the  requirements  of 
the  Student.  It  is  believed  that  the  Key  will  prove  useful  not 
only  in  lessening  the  labour  of  Teachers,  but  also  in  assist- 
ing that  large  class  of  Students  who  are  endeavouring,  without 
the  aid  of  a  Teacher,  to  obtain  a  thorough  grounding  in  Element- 
ary Algebra. 

To  J.  Kyerson,  M.A.,  of  Barrie  Collegiate  Institute,  J.  C.  Har- 
fltone,  M.A.,  of  Port  Hope  High  School,  and  Mr.  Jas.  Miller,  of 
Bowmanville  High  School,  my  thanks  are  due  lor  valuable  as- 
sistance in  the  preparation  of  the  Key,  J.  A.  M. 


CHAPTER  I. 


Exc-cise  i.,  page  1. 

1.  9;   -69;  1;  0;  1206;   -29;  1|. 

2.  -  160  ;  106  ;  41  ;  108. 

3.  -A,   Ih   -25,  125;  /^,   -31,    -4^V;  0.    "l- 

4.  9,  o  ;  7,    —  5^. 

6.     176;  82,  254ff ;    _37^7if3. 

6.  .18  each. 

7.  146;  14;   -72;    -270;  396. 

8.  Each  =  0. 

Exercise  ii.,  page  7. 
1.      -1;         2.      -166542;  3.     100. 

4.      -2967511;  5.     968;  6.      -162  7.     10 

8.-8;  9.     0;  10.      -20;         11."     706440254900. 

12. 


1+3 

-13 

-38 

+3 

3 

+  19.75329 

+  31.8043 

.5 

•5 

+   3.29222 

+  5.3007 

8 

8 

.52675 

.8481 

4 

4 

2634 

424 

4 

4 

263 

42 

8 

3 

20 

3 

1+6-58443 


10.6014 


Ans. 


-3 

1+3 

-13 

-38 

.7 

-3.77931 

+   2.3379 

+  30.165 

7 

.5455 

7.038 

9 

545 

.704 

3 

69 

90 

1 

• 

2 

8 

-    .77931 


10.055 


Ans, 


CHAPTER    ONE. 


2  i  1  +  3                 -13  —88 

8i     -2.80512      -     .3898  +27.0934 

.1559  +10.8374 

10  677 


13 
3 


1+   .19488      -13.5467;  0         Ans. 

13.     0  for  each. 

Exercise  iii.,  page  7. 

1.     0,  16a4  ;  2.     a,  a^3 ;    3.     2a,  0 ; 

4.     26a6, -26a6;     5.     0 ;  6.     4a^  ;  7.     6a*; 


8.     3;  9.     c;  10.     0;  11. 


a 


a  +  b' 


12.       -p-  (fe+2c);  (13).     a^+b^^c^;  14.     0. 

16.     From  the  value  of  x,  the  c^bc  in  the  given  expression 

/  a+b^  3  3(a4-6) 

becomes    (q,  _    I     ;  alsoa;  +  2a  +  6= — ^t — ,  andx  — a  — 26= — 

3(rt+6) 

— 2 —   »    •'•   ^^6  second  fraction  in  the  given  expression  = —1, 

/  a  +  6\  3 
and  the  result  is   g^3^  I    +1  =  (12^26- 24^^2  +  2863) -(36- a)». 

16.0;         17.0;         18.    -62c;       19.    20,  21,  22,  each  =  0. 

23.  The  square  of  the  difference  of  two  quantities  is  equal  to 
the  sum  of  their  squares  diminished  by  twice  their  product. 

24.  (rt+6)(«-6)  =  rt2_z,2.         25.  2{l+b)h,  ix^. 

26.  The  product  of  two  binomials  which  have  one  common 
term,  is  equal  to  the  square  of  the  common  term,  phis  the  sum  of 
the  unlike  terms  multiplied  by  the  common  term,  plus  the  product 
of  the  unlike  terms. 

27.  (a  +  6)2-2a6  =  a2+62. 

28.  The  sum  of  the  cubes  of  two  quantities  is  equal  to  the  sum 
of  the  cubes  of  the  quantities,  increased  by*three  times  their  pro- 
duct multiplied  by  their  sum. 
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29.  {x-y)^=x^-y^-?>xy(x-y.)     80.  - — :^  =z  [x -  yY -\- xy . 

31.  The  difference  of  the  cubes  of  two  quantities  divided  by  the 
difference  of  the  quantities,  is  equal  to  the  square  of  the  sum  of 
the  quantities,  diminished  by  their  product. 

32.  ^3  =  3/2.  33.  Z  =  -|/(irZ3). 

34.  Area  =  I  >v/(2r??2)  x  V{^1^),  where  Z,  m,  are  the  sides  of  rect. 

35.  xr^,  w(r2  —  r'2)  =  7r(r+r')(r-r'),  where  r,  r'  are  the  radii. 

36.  <jrr3A,      ^'nr^h,     ^'nr^h. 

Exercise  iv.,  page  10. 

1.  ^(hx-{-cy).  2.      ^ax-by). 

8.  a^{x-z)-ab{x-y)-h'^{y-z),      4.     {x+y-\-z){a-\-h-{-c). 

6.  (a  +  &  +  c)(a;3+2/2+23). 

6.  'l{x-^y-^x){a^-\-b^+c^-ah-ac-hc).         7.     0. 

8.  "^{ax-^-cy  +  hz),  9.     a24.ft24.c2. 

10.  2a;"(«-26).  11.     (a+fe-c) 

Exercise  v.,  page  12. 

1.  2(a:2-f-9i/4),  ia'b^.  4.     4(a2_62)2. 

6.  x^-{-4:X,  -S^x^-ix'^y^  +  Sly^.        6.     a2. 

8.  £c2_6a;34-9ip44.2a-?/-6aJ?/2-6a;2?/-l-18a:27/2-|-i/2 -62/3+92/4 

9.  4a;y(a;2 -7/2)^  2(1  +  12^:3 +  16a;4.)      10. 

11.  rt2_262,  8a6(rt4-t)2. 
13.  ix^-^-iy'-i+lz^-^-lixyA-T/z+zx) 
16  4(av/  +  ?/2  +  za;)  -2(a:2-l-i/2  4-z'2). 
18.  (a2  4-263 -26-2)2. 
20.  -4fl6. 
23.  4(l+a;2+a;4+a;«). 

Hints  and  Solutions. 
1,  2,  3.     See  Ex.  1. 

4.  The  quantity  in  first  brackets  is  seen  to  be 
{a-^'db-^a-  u)^  =^a-{-b)',  now  multiply  this  by  (a-6)2. 


10. 

1    /.2 

12. 

2{a~c)(b-d). 

15. 

(1+0:2)2. 

'17. 

X2. 

19. 

Wx'^yK 

21. 

4(a  +  6+c)2. 

24. 

(a2a;2 +62^3)8. 

»  CHAPTER    ONE. 

6.  Actual  expansioD,  or  use  formula   [4] . 

7.  Actual  expn.  of  given  expression,  or  by  symmetry. 

9.  See  Ex.  1. 

10.  The  expression    is  seen    to    be   (2a  —  b-\-2h—c-\-2r--a)* 

=  (rt  +  6+c)2=&C. 

12.  Actual  expansion,  or  by  formula  [4] 

(a  +  2b+c){a-c)  -  {c+2d  +  a>){a -c)  =  &c. 

13.  Expression  is  seen  to  be  (^x-y+hy-z  +  ^z-x)^  =  &g. 

14.  Transpose  left  hand  member,  and  expression  becomes 
(x-y  +  y-z-\-z-xy=0,  &c. 

15.  Expn.^(l-}-a;)4_2(l  +  f2)(l4-a;)2  +  (l+a;2)2-|. 
(l-.c2)2  =  {(l-f^)2_(i+a;2)i2+(i_.a;2)2^  &c.     See  Ex.  4. 

17.  {{x-2yhSz)-{£z     2y)\^  =  &c. 

18.  Expn.  =  }(a3  4-fe2_ca)_(c2-62)»2=&c. 

19.  Expn.=  {(a:+?/)2-(a;-2/)2}2  =  &c. 

21.  Given  expn.  =  (3a-6+36-c-  +  3c- 1/)2  =&c. 

22.  Expn.  =    (2a-2-3^3  +  2y2_c2^222-a:2)2=  a;2-f-^2_^-^2)a 
=  &c. 

28.  Expn.  =  2{(l4-x3)2-|-(l_;c3)2+(a;^^2)2_|.(a._a.2)2} 
=  «S;c.     See  Ex.  2. 

24.  Exr>n.^  {ax-{-by)^  -2{a^x^  +h^y^){nx-hby)^ 

-f(a2a;2  4._62y2)2_f.(y,2j.3_//2y2)2 

=  {{'fX+hy)Z-{a^x^-{-h^y^)\^  +  {a^x^  ~  bhj^)^ 
=  4a269.c2y-'  +  (.,2.,.2_//>^2)2  =  &c.     See  Ex.  4. 

Exercise  vi. 

1.  l-4ar+10a;2-20a:3  +  25a:4-24a;«-hl6a;«  ; 
l-2x+3x^  -4x^+Sx*  -2x^+x^. 

2.  l-4a;-f  8x2-14a:8+14a;4-8x*  +  5x6  +  6a;7  +a;'  ; 
l-^6x+Ux^^20x^-^15x*-\-(ix'^+x^. 
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1 +a;3  4- ?/3 +23  _  2a;  +  2?/ 4- 22  -  2a;?/ -  2^2  +  2^3  ; 
ix-^  +i?/2+3623  -^xi/-\-6xz  -4//2. 

4.  a;«-2a:\y  +  3u;4i/2-4a;^v^+Ba;3y4_2a;?/-^+?/6  . 

«3^2+2rtte3+(2rtc  +  63)a;4-|-2(aJ  +  6c)x5+(2k^+c'2)x6 

+  2cfZu;"+ci3^8. 

5.  By  actual  expansion,  or  left  hand  member  is  seen  to  contain 
(mj-hxY      :.  by  symmetry,  &c. 

6.  Expression  = 

{{ax  +  by  +  cz)^{hx-{-cy  +  az)}{{ax^hy-\-cz)  -  {hx-\- cy ^ az)] 
=  {aX'\^hy^\^czY-{hx^-cy  +  az)^ 

7.  Multiplying  by  2,  we  have  to  show 

(a-h)^  +  {h-G)^  +  {a-cY-^a-h){a-c)-{-2{a-b){b-c) 

-2{a-c){b-c)  =  0, 

i.e.,{{a-b)  +  (b-c)-{a-c)\^=0. 

8.  3(a2+634_g3)_2(a6+6c  +  m). 

9.  Expand  the  given  expression,  and  result  can  be  put  in  the 
required  form.  Or,  expression  is  symmetrical  with  respect  to  b 
and  a  I,  which  may  therefore  be  interchanged,  giving  the  re- 
quired result. 

10.  'P}ita-b  =  x,  6-c  =  ?/,  and  /.  a-G  =  x+y;  then  we  have 
to  show  (xy -xy-y^ -x^  -  xy)^  =x^'y^ -hy^{x-{-yy-  +x%x-jry)^ 
i.e.,  (a;3+a;//+2/3)3  =&c.,  then  see  Ex.  4. 

11.  4:a'-'  +  lb-x^  +^^c^x^-{-4:d^x^  -2abx-acx  +  Sadx 

-\-^bcx^-2bdx^—cdx\ 

12.  Put  x  =  b  —  c,  y  =  c  —  a,  and  .-.  x-\-y  =  b  —  a=  -z,  since 
x-\-y-\-z  =  0.      Then  x^'^y^+z^=ib-c)^+(c-a)^4-(a-b)^ 

=  ,  by  Ex.  6,  2(a-fo)2(6-c)2  +  2(/;-c')3(r-fl)3+2(c-a)3(a-6)2 
=  2{x^y^-\-7/^z'^-^z^x^);    but  (a:3 -7/3)3 _t.&c.,  =  2(ic4  + ?/* 4-2*)- 

2(;c3//3  4-^223_|_22a;2)=a;*4-?/*-f2*,  by  substituting  from  the  first 

result. 

13.  The  given  expression  reduces  to  2(a363  _|.  52^2  4.  c2a2) 
4-4rt6c(a4  64-c),  which  by  Ex.  2,  gives  the  result. 
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Exercise  vii.,  page  15. 
1.  (a3_fta)2;  2.  ia;44-7/4;  3.  a^-^^a^h^+ib^. 

4.  x^-y^',  5.  x^  ;  6.  16a;3  ;         7.  0. 

8.  {2^/2 +  (3/)2-4c2)}  {2^2- (362 _4c2)} 
=  4rf4_9/>4  _  166'* +  2462^2. 

9.  {6+(2a-3c)}{6-(2«-3c)}=62_9^3_4rt8  4-l2ac; 
{-3c4-(2a-6)}{-36^-(2a-6)}=9c2-4a2_/,3^4a6. 

10.  x^-y^,  11.  a;«+a;4?/4+2/8. 

12.  Expression  =  (a  +  6)2_(rt6-f-l)2=rt2-rf 2^3  4  62-1. 

13.  First  two  facto-s  are  (b^-i-c^  -a^){b^-i-c^+a^) 

=  (62_|.c2)2_a4  =  544.c4  +  262c2-a4 

=  262c2  by  given  condition. 
The  second  pair  of  factors  gives  {a^-{-{b'^  -^^)}  X 
{a2_(62_^.2)}=a4-(62-c2)2  =  a4-(64+c4_2/;2c2)  =  263c2by 
the  given  condition  ;    /.    result  is  262c2  x262c-  =46*c*. 

14.  a;4  +  ,/4 4-/^0^2^2. 

15.  {a;44.3a;2-f.l-(2a;3+2a;)}x{a;*4-3x»-fT  +  (2a;3  +  2a:)} 
=  a;8  +  2a;«+3a;4  +  2.T:-+l. 

16.  4a4a;2_4^(4a.,/_|_rt4?/2_a2a;4-2<i2a;3//4.2f/a;«+2a.t'4y-a;«. 

17.  Apply  formula   [4]  and  result  is  at  once  obtained. 

18.  Using  formula  [4]  the  sum  of  the  quantities  whose  squares 
are   given,  =a-+b^-^c^+ab-^bc+ca-\-a^  +  ab  +  ac  —  bc=(a-\-c)^ 
-|-(aH-6)2.     And  the  difference  of  the  quantities  =  a2  +62  ^c^^^ii, 
be4-ca  —  a^-ab~ac-\-hc  =  {b-{-c)^;    .-.product   is    {(a  +  c)2  + 
(a+6)2}  x(6+c)2  =  (a  +  c)2(6+c)2+(a  +  6)2(6  +  c)2  =  &c. 

19.  By  formula  [4J  expression  =  2(a6  -f-  erf)  +  a2  +  62  - c^  -  rf2 
multiplied  by  2(^6  -h  cd)-a^  -62  +  c2+rf2.  The  former  factor  = 
(a  +  6)2_(c-rf)2  =  (rt  +  6H-c-rf)(a+6-c+rf).  The  A /«er  factor 
=  {c+d)^-(u-b)^  =  {c+d-fa-b}(c  +  d-a-{-b),    :.    &c. 

20.  By  formula  [2]  the  first  factor  is  {x  —  y-\-z)^,  and  the 
second  is  (x-y  — z)2  ;  .-.  tbeirproduct  is  {(x  — 2/+2)(a;— i/  — ;s)}2 
=  (a;2+y2-2x//-22)2. 
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21.  x^  -?/».  22.  |--6a2+27a*. 

23.  Expression  =  {m+pA-n+q){m+p-{n-^q)\ 
=  (m  +  ;j)2-(n+^)2=&c. 

2i.  First  pair  of  factors  gives  (x^  +x  -l)(x^  +.r  + 1)  =  x*-\-2x^ 
-f  .^2  —  1.    The  second  pair  gives  {l-{-x^  —x) {I  —  {x^  —x)}  =  1  -  x"^ 
-\-2x^  —  ic^.     The  only  term  exactly  the  same  in  these  two  results 
is  2x^,  we  have  .•. 
{2x^+x^+x^-l){2x^-{x^+x^  -1)}  ^2x^+x^+2x\-x^-l\ 

25.  Expression  =  (a;4  +x^y^+y^)^-  (x^y^)^  =  by  formula    [4] 
{x^^x^y^-{-y^-^x^y^){x^+x^y^-\-y^-x^y^) 

=  {x^ -\-x^- y^y  +  {y^  +x^y^)^.     See  Ex.  4. 
Exercise  viii.,  page  16. 

1.  a:*-|-4a;3+3x-2- 2.^-12;  x^+y^ -Ixy+^xz-^yz^-Uz^. 

2.  a;4_|_i2;c34.49a;2^_78a;4.40;  see  Ex.  2;  a;6+fea;3_a3 

8.  «8+8rt6_i0a4_io4a2-fl05;  .i'8  +  2a;6  -  d;2-2. 

4.  a;4  +  5a;37/3 -12a;22/3  4.5;c2/^+2/*. 

a:  2  1/2  9rr  %i 

5.  a;^"-2a:''--a2-16«-63;  —  +  :^   +   —  +  -^_1 

y2  ^2  y        *       ^ 

6.  w2x2  +  2n:c//+?/2  +  10/za:H-10«/+21. 

7.  (a:-fr02+2»/(a;+«)-3^2. 

8.  x4"  f2a;3»+a;3«(l_a_6)     a;"(rt4-fe)^_afe. 

9.  ^a;8_^4^2_j_,^4_a,4^22/2-8. 
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/I  1  \  2        / 1  1 \       5 

.      —  +  —      +2   —  +  —    -— . 
\x  y  I  \x  y  I       4 


11.  First  and  third  factors  give  {x—2Y  —  2  =  x^-ix-\-2;  the 
second  and  fourth  give  (a;— 2)2 -3  =  a:2 -4ic-i-l,  and  (:c2  _4^_|.2) 
(^•2  -4.X+  1)  =  {x^  - 4ic)2  +  3(^3  -4a;j  +2 

=  a;4-8a;3-}-19a;2  -12a;+2. 

12.  (a;+/>+a)(ic+6-«.)  =  (x-}-6)3-a2  ;  and  (a;  +  6-c)(a;4-&+c) 
=  {x-\-b)^  -  c3 ;  product  of  these  =  {x-^-h)^  -  {a^  ^c'^){x-\-hY-\-a^c^. 
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13.  'ExT^r esBion  =  (a -\-h)^-\. (a -\-b)(c  +  d)-^cd 

+  (c+d)^  +  {c-{-d){a  +  b)+ab 
— (a  + // -f  c-l-r/)  2  =r  a6 -f  erf. 

14.  Apply  the  formula.     Or  by  symmetry  as  in  Ex.  7,  pa^e  86. 
Type-terms  are  a^  and  ab ;  we  see  that  there  is  no  a^  and  9ab 

:.  &c. 

Exercise  ix.,  page  17. 

1.  2{l  +  SxA)',  2xi/^(3x*+x^ij^). 

2.  96(^2 +  52  ^^^2);  ^(27a2_27rti  +  762)  3.  (x+y)^. 
4.  8«3.       5.  8x^.       6.  8x^       7.  a^.       8.  27a:S.     9.  (2  +  a;)3, 

12.  8(x2-f?/2)3.    14.  (a3+63)(^3^yS).    15.  q.         16.  0. 

Hints  and    Solutions. 
1  and  2.     See  example  1. 

3.  ={x'\-y-z-^z)^.     See  Ex.  2. 

4.  Sum  of  the  two  cubes  is  (Ex.  1.)  2//(rt2  +  3^>2)^    .-.    ^^^ 

5.  Last  term  may  be  written  -f3(a;-y)(a;+ </) 2     .-.    expression 
=  {x-y]-x+y)^  =  {2xy  =  &G. 

6.  Expn.  =  {(l+x-f^2^-(l-a;  +  x2)}8  =  (2a;)s.     See  Ex.  3. 

7.  Expn.  =  (^i-6-c+^  +  0^     See  Ex.  2. 

8.  Expn.=  {(3a;-4//+5z)-(.')2-4?/)}3  =  &c. 

9.  By  formula  [6]  tliis  is  {{l+x+x^)-\-{l-x)}^  =  &c. 

10.  First  term  of  given  expression  is  «*  —  Ga^b-^12a^b^  —  Sab^  ; 
in  this  write  a  for  b  and  b  for  a,  and  2nd  term  k  b^  —  Qb^d^ 
12b^a^-Sbu^,  :.  diScrenceisa^  -  h* -6ab{a^ -b^)-{-8ab{a^  ^b^} 
==a*-6*+2'<6(a2-^;2)  =  (a»-//2)(«2+62+2ai) 

=  {a-  b){a  +  6)  s.     Or,  expand  botu  sides  of  identity. 

11.  See  last  solution. 

12.  By  formula  [6]  this=  {(x^+xy+y^)-\-{x^ -xy  +  ij^)}^^. 
Ac, 
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18.  Treating  left-hand  member  as  in  10  above,  there  results 

al2_|.7,12_|_2a656^14a363(rt6^_^,6)_^49^656 

=  (rt6+/,6)2^14^j363(a6+66)_j_49^6^6  which,  formuk  [1] 
=  (ae_|.&e4.7a363)2. 

14.  Expand  the  first  cube  by  formula  [6],  and  last  term  of  given 
expression  cancels  out,    .•.  &c. 

15.  From  the  given  condition  c—  -{a-\-h)  \  substituting  this 
value  of  c  in  the  given  expression,  it  becomes  a^-j-fe^  -{a-\-h)^ 
+  3a&(a+6)  =  (a+6)3-(rt4-6)3,  by  formula  [6]. 

16.  As  in  last  solution  ;  y'^  —x^  +2^j  substitute  in  given  expres- 
sion this  value  of  i/^,  &c. 

Exercise  x.,  page  19. 

1.  \-%x^^x'^-lx^^^x^-^x^-\-x^\ 
a3_^3_c3_3a3(6  +  c)-H362(a-c)  +  3c2(a-6)-f6«^c; 

1  - 6a;  +  21a:2 -  mx^^-\\\x^  -  Vl\x^  +  219a;6  - 204^?^  -M44a;«  - 
-64a;9. 

2.  -  (a;9 +18:^8 -{-27x^+29a;6_24«« -360^4 -f5a;3.-3a:3 -2.) 

;        6.0.       6.  45a;6+1682«*?/3 -432^2^32,2.       7.   (rt^4.52/-f.c^)3. 

Hints  and    Solutions. 

1.  Cube  first  two  by  [7]  ;  last  prob.  maybe  treated  as  a  bino- 
mial, and  cubed  by  formula  [6]  ;  or  see  Ex.  4,  p.  36. 

3.  Equating  the  right-hand  members  of  formulas  [8]  and  [9] 
the  identity  is  at  once  derived. 

4.  See  hint  on  Q.  14,  Ex.  9 

5.  By  formula  [8]  the  first  four  terms  of  the  given  expression 
is  seen  to  be  {x-%j^y—^z-\-z-1xY^—{x^-y-\-zY,  hence,  &c. 

6.  By  actual  expansion.  But  more  easily  by  symmetry,  as  in 
Ex.  7,  p.  36. 

7.  By  formula  [8]  the  given  expression  is  seen  to  be 

(2aa;  —  6^  -|-  26</  -cz-\-  2cz  —  ax)  ^  =  &c. 
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8.  Cubing  b}'  formula  [6] ,  expression  becomes 

(a:3-2/3)3  4.27a;6v/3+9^22/{(a;3-2/3)(a;3_^3+o^2^)j4  27.yS:/5X 

(x+y)^}  =  (x^ -  2/3)3  4-  dx^y{Sx^j/^  +  (x^  -y^Y  +  ^x^y{x^  -2/^) 

+  ^xy^{x+ij)^]  ;  now  the  quantity  in  the  last  brackets 

=  {x^  —y^Y  -\-dxy(x^y -\-x^  —xy^  -\-x^y  +  ^x'^y^ -{-dxy^ -\-y^) 

=  {^x^  -y^Y  +^xy[x'''  ■^xy-Vy'^Y  ={x'' J^xy^y^^Y  {{x-yY -\-^xy\ 

=  (ic2 +iC//+7/-)3  ;  2iiidL  [x^  —  y^Y  ={x~yY{x-+xy-\-y'Y,    :.   &c. 

9.  From  formula  [9]  (a4-Z;+c)3 -3Sa26  =  a^+6^+c3  +  6a6c. 
Add  18rt6c  to  both  sides,  and  this  becomes 

(a+6  +  c)3_3{«(fe-c)2+6(c-«)2+c(a-&)2} 

=  a3 4.^,3 4.^3 +  24rt6c,  i.e.,  a^  +  h^  +c^  - {a^h-{-cY 

=  -3{a(6-c)2  + 4....}_2ia6c " (1) 

From  same  formula,  by  transposing, 

a3  4.63-|-c3  =  (a  +  &  +  c)(rt2  4-^2  4.^2  -ah-hc-ca)-\-^ahc 
=  ^{(«.-6)2-|-(6-c)2  +  (a  -a)2}(a4-6  +  c)  +  3a6c. 
Multiply  both  sides  of  this  identity  by  8,  then 
8(a3+63+c3)  =  4{(«_5)2  4.(^,_c)2_|-(c-a)2}(a+&-fc)+24a6c. 
Add  this  to  (1)  and  the  identity  is  found. 

10.  This  is  derived  at  once  by  putting  x-^y-\-z  =  0  in  formula 

[9]. 

11.  The   condition   is   a;-2?/— 3z  =  0;    and   result   follows  by 
writing  in  formula  [9]  —  2^/  for  y,  and  --  82  for  a. 

12.  This  is  same  as  last  two  :  expression  is  divisible  by 
(a;2+ic^/  +  ^/2)  +  (rc2_a;2/+2/^)^-2^^^•«.,by2(ic2+J/2+22)^  &c. 

13.  In  formula  [8]  write  a-\-h  for  x,  b-\-c  for  y,  and  c-\-a  for 
z,  and  the  identity  at  once  appears. 

14.  Cube  by  formula  [6],  and  note  that  last  term  in  right-hand 
member  may  be  written  ~Sabxy{ax  —  by). 

15.  See  Ex.  9  solved  above. 
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16.  Equate  the  two  right-hand  members  of  formulas  [8]  and 
[9],  and  m  the  result  (see  prob.  3  above)  write  a+b-c  for  «, 
b  +  G  —  a  for  1/,  and  c  +  a  —  b  for  z. 

17.  See  solution  of  Ex.  10  above. 

18.  From  15  above  (solved  in  9)  we  have,  by  multiplying  by  2 
aua  subtracting  Gabc  from  both  sides, 
2(a-}-6+c)3-54a6c  =  2(a3 -1-63 -f.c3-3a6c)  +  6{a(6-c)2 +  ...+...} 

Or  substtuting  for  2(a3+63  -^c^—Sabc)  its  value  from  15  above, 
=  {(a_6)2  +  (6-c)2+(c-a)2}(aH-fc  +  c)  +  6{a(6-c)2  +  Z;(c-a)2 
4-c(a  — 6)2|  =  ,  by  addition,  the  required  result. 

19.  In  problem  3  of  this  exercise  (derived  as  in  16)  put  2a  — b 
for  X,  2b  — c  for  ?/,  and  2c— a  for  z,  and  the  identity  appears  at 
once. 

20.  From  the  last  given  relation  2x(jz  =  2abc ;  add  this  to  the 
three  other  given  relations,  then 

x''(i/+zl+y^z+x)-i'Z^.c+y)  +  2xyz  =  2abc. 
But  by  equating  the  right-hand  members  of  formulas  [7]  and 
[8],  we  see   at  once  that   the  Z^i-hand  member  of  the  above 
=  {x  +  y){y-{-z){z+x). 
Note.  — The  above  identities  can  be  proved  as   in  Art.  XXVI. 
Exercise   xi.  page  21. 

1.  x^  +ex^y  +  15x^y'^  +20x^y^  +  15x^y'^-{-6xy^+y^  ; 

x'  -h7x^y-\-21x^y^  +S5x^y^ -^-Sox^y^  -^21x^y^  +7xy^ -hy^  , 
x^-i-Sx' y+28x^y''  +  56x^y^  +  70x^y^  -^ 56x^y^-{-2Sx2y^ -\-8xy' 

+y\ 
a;i  2  4.i2a;ii^4-66a;i<' 2/2  4- 220.^92^3  ^.495a;8^4_^792a;7.i^5^ 

924aj6j^6_^792a;5y7+&c. 

2.  The  signs  will  be  alternately  positive  and  negative. 

3.  a«  — 5^46+10^362  _i0a2fe3^5a64  _65  .  a* -8a36-{-24a2^-. 
—  32a63  4-l6fe4  ;  same  as  last,  terms  in  inverse  order. 

4.  l+6w-hl5wi2+20w3_}_i5„i4  4_6m5+,«6  .    m'^ -^r^m^  ^lOm^ 

-|-10m2  +  5w-l-l ;     ^^.m"^ -\-1^2m'' -\-2'i0m^-\-imm^  -^mm^ 
+  12m-t.l. 
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5.  120.  6.  a;8-4a^e?/-far4.'/2_4^2y3_}_y4;  a^ -10a^h^--{- 
40a3/,4_80a266-f-80rt/>«-32/>»«>  ;  «»  « -12«i*63+60rt»26« - 
lG0a969H-240^/«^>i2_i92a36i«4.64/>i«.     7.  495a«64-792a'6«. 

8.  Given  expression  =  5x*y  +  10x^i/^-^5x'^y^-}-5xy^ 

=  5xij{x^-\-y^+2xy{x-\-y)}  =  oxy{x+i/){x''-xy-{-y^+2xy), 

9.  Multiply  identity  in  8  by  2,  then 

mx-i-yy  -x^  -y^}  =6x2j{x+y){2x''  +  2y''  +  2xy) 

=^5xy{x+y){x^+y''M^+yr'}' 
In  tins  identity  put  a  -  3  for  x,  c  —  &  for  y,  and  therefore  a  —  6  for 

iC+2/,  then 

2{(a-6)s  +  (6-c)«  +  (c-a)5}  =  5(«-6)(6-c)(c-aj{(a-Z;)24.... 

+  ...}.     See  examples  page  13. 

Exercise  xii. 

ANSWERS. 

1.  l+x^+x^+.v'^-^x^'^. 

2.  l-i-x-{-x^  +x^  +x^-\-x^'  +x'^^^-{-x''  -\-X^  -{-X^  ^, 
8.  x^-{-2x^  -S5x^  -SGx-^-lGSO  ; 

2x^ -Sx^  -h^x^-^x^  +  x^  -2x^  -x+2. 
4.  a;«-57a;4+266a;2-l. 

6.  18a;8+21^7+8d;«4-:c''+63a;3  +  96cc2+43^_j.6. 

6.  l-^a;2-^a;4. 

7.  Gx^^ -4x^  -5x^  -2X-'  +9x^  -10x'^+x^-5x^-\-5x^  -\-x-hL 

8.  a:3  +  9a;24.10a;4-ll.         9.  ic^  +  SajS.  10.  x^-Sx^. 
11.  a;4  4-8a;f-8a;.      12.  (1),  -1;  (2),  -1;  (3),  -4.      18.   -1. 

Hints  and  Solutions. 
Nos.  1 — 11  are  intended  as  simple  exercises  in  Horner's  mul- 
tiplication, but  the  student  who  has  read  the  first  three  Chapters 
will  notice  short  methods  of  solving  several  of  them. 
1.  Omit  x^  from  the  second  member 

{l+x+x^+x^+x^){\-x-x'-^x''.-x^^-\-x^^)  = 
(1  +xi-x^ -Ha;34-a;4)(i  -x){l  -z''  -x^ «) 
=  (l-a;«){l-ic'(l4-a:«)}=l-a;«-a;7(l-a;»o). 
Now  add  the  omitted  (l+x+x^  +  x^  ■\-x^)x^. 
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[The  above  is  the  sohitioti  of  the  problem  as  it  appears  in  the 
Hand-Book  ;  a  misprint,  however,  occurred,  the  problem  should 
have  been  (l+x+x^  ■hx^+x*)(l-x''  -\-x^  -x''  -{-x^  -x^-  -\-  x^^) 
of  which  the  product  is  l-\-x-\-x^-\-x'^+x^'' . 

2.  {li-x^){l+x+xl+x^+x^){l-x^{l-x)\  = 

l+x+x^  -{-x^  +a;4  +x^-\-x^  "rx"^  +x^  +a;^  ~x^{\  -x^% 

1  (correeted)  and  2  a^e  particular  cases  of  the  general  theorem 

4.   {(a;3-16:r)  +  (5a;2-l)}{(x3-16x)-(5a;2-l)}  = 
(a;3-16x')2-(o:c2_|)2. 

6.  ■,/(l+a;)  =  14-ia;-iu;3  +  &c. 

.-.    >v/(l-ic)  =  1  -  ia;-  ia;2  -&o.,  (by  writing -a;  for  a-), 

and   \^\l-x-)  =  l-kx'^  -  ^a:^  -&c.,  (by  writing -ic^  for  a;). 

12.  Arranging  the  terms  of  the  sum  in  order 

a.i6_,_a.i5  4.^i4_j_ _^^2^^^=  _1^ 

•   or,  a;i6  4-xi5+a;i4-}. 4.^24.^  +  1  =  0.  (a) 

Multiply  both  members  by  x  and  add  1  to  each  product. 

a;i7_j_a;i6+^i5  4. +a;3+a;2-f.a;+l=l  (6) 

(&)-(a)  .-.  a;i7  =1 

.-.  a;i8=^^  x^^=x^,  a;3o=a;3,  &c.  (c) 

The  product  of  the  first  pair  of  factors  is 
a.3  4_a;6^a.9  +  ^io.,.^i2+a.i3  4.a;i64.a;^«+a;^«+a:^»  +  a;2i+aj22 
i-a;244.a;2 5 4.a;2 8 4.a;3 1  =  |by  (c)}a;3 +^6 -h a:9  H-a;^  0 +^1 2  4.3,1 3  _{_ 
4.a.i5  4_a,i6+a.4.a;9^_a;4+a:5_|.^7^.a;8  4.^ii+^i4=_i. 

Similarly  the  other  products  may  be  found.  Instead  of  writing 
the  two  lines  as  above,  the  student  will  find  it  convenient  to  write 
only  the  latter  line  ;  this  may  be  done  by  subtracting  17  at  once 
from  any  index  that  rises  above  that  number.  Detached  coeffi- 
cients should  also  be  used. 

13.  Ai-ranging  the  terms  of  the  sum, 

a,i2  4.^ii_|_a.i0  4. j^x^+x=-l,- 

ora;^2+a;»'4-a;io  + +a;2+;c+l  =  0. 
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Multiply  both  members  by  x  and  add  1  to  eacT)  produci 

.-.  x^^  =  l,  x^^=x,  a;i^=a;3,  x^^=x^,  &c. 

Multiply  the  given  factors,  subtracting  13  from  any  index  greater 
than  that  number,  the  product  is 

5(^+x2+^3_^ +^ii+^'-)  +  1^^3=  -5+4=  -1. 

The  following  are  other  examples  of  this  class  of  problem".    la 
each  case  the  sum  of  the  factors  is  assumed  to  be  equal  to  —1. 

1.  {x+x^){x-+x^)=-l, 

2.  {x-+x^]{x'-\-x^)(x^  +  x^)  =  l. 

5.  {x+x^  +^*  +^^  +  ^' ^  +^»  •-) (^"  -\-x^  +iC6 -{-x'  +x^  +x^ ») . 
-3. 

6.  {x-¥x''-\-x^ -\-x^  1  +a:i ^-{-x^ ^){x'^  +a;3  +a;5  +a;i*  +a;i «  +a;i 7) 

Exercise  xiii. 

I.  3a;8-2a;2-4x+2.  2.   5^* -4a;3+3a;2  _2x'+l. 
3.  a4-f-2a3-|-3a2-h4fif4-5.              4.  a;34.2a;2y  +  3a;//2 +42/3. 

5.  «3+3r/2a:  +  3rtx-2+a;3.  0.  4a;2+8i:+7;    -13a;-20. 

7.  10^3_^5a;2+l;  lOa^flO.         8.  x'^-xy^y''. 

9.  a;2-rt2.  10.  x^  +  {l-a)x^-\-{l-a  +  b)x''  +  (l-a)x-\-l, 

II.  8a;8+2x'^+a;  +  li;  3.i(aJ+l).     12.  ^x'' ^\^xy  +  l2y^. 

13.  6a;«-a;4_j;3_|.a;2_^-|-6;  -1.  14    2x^-^x^-\-\x^  -5x+Q. 

15.  a+6.  16.  x-\-y\-z.  17.  10u;3  ;  10(a;*-20). 

18.  ma;3  +  «a;2+a.  19.   l  +  .r-5;x2  -  3.^3  _j- 9^4. 

20.  38.  21.   -4.  22.    -20. 

23.  ISy*.  24.  85x+8.  25.  755. 
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Hints  and    Solutions. 
The   whole  of  this   exercise  should   be  worked  by  Homer's 
methodfcf* 

1.  Work  like  example  5,  page,  27,  also  as  follows  :  Multiply 
both  divisor  and  dividend  by  -1  and  arrange  in  ascending 
povv'ers  of  x, 

2       -10  6         17        -5       -6 

6       -12       -6  9 

4       -8       -4  6 


2  -4  -2 

2.   {{5x^{x+l)+x'->  +1}  ^  (x+l)^  =  (5x^  -i-x'i^  -x^  +x^  -x  +  'l) 
-(^  +  1). 
3  is  merely  a  variation  of  2. 

6.  (a3-a;3)3^(a-a;)3  =  («-fa:)3. 

7.  I  10         6         -90         -44         10         1 
9  90  "  45  0         9 


10 


8 


r 


^{x^-y^)  = 


u 

x^  +  y^ 


1;       10 

5^  —xy  +  y^. 


10. 


9.  (a;-rt)4(a;  +  a)2--(^c+a)(.^'-a)»  =  (a;-aya:+a)  =  x= 

10.  {{x^-l)-ax{x^-l)^\-bx^x-l)}^{x-l) 
=  {x^+x^  +x^  +x-t  l)-ax{x''  +x  +  l)-\-bx^. 

11. 


12. 


This  is  a  particular  case  of  {{ni^  —n^)x^  +  {m^-\-7i^)xf/-\-2mn7j^ } 
{2mnx^  -  (m^  +n^)xy-{-  {m^  ~n^)y^}  =2iiin(m^  _n2)(a;4_|_^4)_^ 
(n^ -{-2mn  —  m^){7n^ -\-n^)xy{x^  -y^),  a  formula  which  tl>e  student 
may  verify.    In  the  case  in  the  Hand-Book,  m  =  3,  n  =  2. 


6 

7 

7 

6           6 

5 

-1 

-3 

-2 

-1    -n 

-1 

3 

-3 

-2        -1 

-n 

2 

2 

1 

H;      3^ 

H 

60 

91 

0 

-91 

60 

13 

65 

169 

156 

-5 

-25 

-65 

-60 

12 

5 

13 

12. 
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14. 


-4 

-    1 

3 


6         -1         2         ~2         2         19        6 

-8*     12        -16       20     -24 

-2  3-4  5     -6 


2-34-56 
Work  also  in  ascending  powers  of  x. 


15. 


-  8a3/)- 12^262 -6a63 -6* 


1 

-2 

0 

2 

-1 

8 

3 

3 

-3 

-3 

-8 

1 

1 

1 

1 

1 

16.   {(a;+z/)4-0}3^-{(aJ  +  2/)+z}3. 

18.   {m(te4+(*c3)+7i(/;a;3-t-cx2)+a(6a;+c)}  ^(6a;+0  = 

J.9.  Factor  the  divisor  first. 

i(24-lla;-6a;2)  =  ^(2-a;)(H-6a;). 
^(2  +  13a;-36a;8)  =  i(l+6x)(2+a;-6a;»). 
i(4  -  13a;2  +6x3)  =  ^^2-x){2-{-x-6x^). 
,'.  quotient=i(24-a;-6a;2)2. 

23.   {(3;c)^-(2r/)4+15z/n-{(3^)-(2y)}. 

Exercise  xiv.,  page  31. 

All  these  are  done  as  in  Exs,  1  and  2,  Art.  VIII. 

1.  y^-2y^-iy-9,  iiy  =  x-S, 

2.  yi^Sy  +  5,  iiy  =  x-{-l. 

3.  y^  +  Sl,  if  y=x-2. 

4.  2/*+4t/3-43?y'-'+92y-67,  if  y  =  a;4-2. 

5.  3j/»  + 30^4 +  119//8 4- 238^3  4-2492/ +  106,  if  y  =  a;-2. 

6.  2/*-W-V//+lia,  if2/  =  ^-lf 
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1.  y^-\^y^\%\iiy  =  x—^. 

9.  {x-yY -I0y^{x-y)^^20y^{x- yf  -I0y'^{x-y), 
10.  (2^+^)3  +  2//2(2;^+2/)+5j/3. 
\l.   bmj^-^y-^^i\,i^y=lx~^\. 
12.  ?/4-24jy2-|.49^_28,  it>  =  a;+2. 

Sol.  of  9. 


). 

1 

-5 

0 

0 

5 

-1 

1 

+1 

-4 

-4 

-4 

+1 

1 

-4 

-4 

—  4 

+  1; 

0 

1 

+  1 

-3 

-7 

-11 

1 

-3 

-  7 

-11; 

10 

1 

+  1 

-2 
-   9; 

-   9 
-20 

1 

-2 

1 

+  1 

-   1 

1; 


-1;   -10 

+1 

0. 
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Exercise  xv.,  page  33. 

1.  a^b+ah^  -\-a^c-\-ac^  +b^c  +  bc^  ;  {a-b)^  -\-{b  -  c)^  +{c  -  a)^  ; 
a(b  —  c)  -{•b[c  -  a)  +c{a  -  b)  ;  ab{x  —  c)  -\-  hc{x  —  a)  -\-  ac(x—h)  ;. 

2rt362c=  ^abc(a^b)  =  abc{a^h  +  a^c-\-b^c+ab^+ac^  +  bc^); 
{a  +  h){c~a)(c  -b)  +  (b+c){a-  b){a-c)+{c  +  a)(b  -  c){b  -  a)  ', 
{(a-{-c)^  -  b^}  +  {(/,+a.)2  _c2}  +  {{c  +  by  -a2}  ; 

«(i  +  c)2-f-6(c  +  «)2+c(rt4-&)2. 

2.  abc-{-bcd-^cda-{-dab ',  a^{b  ■\-c-{-d)  +  b^{c  +  d+a)-^ 
c2(^d^a^b)+d^{a  +  b  +  c)  ;   (a-b)  +  {b-c)  +  ic-d)  +  {a-d) 
+  («-c)  +  (6-6Z);  a^{a-b)  +  b^{b-c)-{-c^{c-d)  +  d%d-a), 

8.  Write  a  for  b  and  6  for  a,  and  there  results 
{x-{'b){b+a)(a-{-x)+bax,  which  is  identical  with  "given  expu. 

4.  Interchange  a  and  6,  then  {b -^ a)^ -\- (b  —  a)^ ,  which  is  iden- 
tical with  the  given  expn.,  it  being  remembered  that  (6  — a) 2  = 
(a  —  ft) 2  ;  interchange  a  and  -  6,  then  {a  —  b)^-\-{  —  b  —  a)^  = 
(a+6)2+(«_6)2,  ...  &c. 

5.  This  is  at  once  evident. 

6.  Change  a  into  b,  b  into  c,  and  c  into  a,  then 

62(c— rt)  — c2(6  — rt)  — a2(c  — 6),  which  may  be  put  in  the  form 
a^{b  —  c)—b^(a  —  c)  —  c^{b-a),  the  given  expn. 

7.  Given  ex^n.  =  (a^ -^b^){c-  +d^),  and  the  symmetry  is  evi- 
dent. 

8.  Interchange  x  and  y,  the  expression  plainly  is  unaltered. 

9.  Interchanging  x  and  y  there  results 

{y3..x^^Sijx{2y+x)}^-^{x^-y^  +  3yx['2x+y)}\ 
which  is  identical  with  given  expn. 
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10.  Interchange  a  and  h,  then  /;(/>-f-2a)3+a(^-f  2/))«,  which  is 
identical;  interchange  a  and  —b,  then 

-6(-6-2a)3-a(-a-26)3=t(6  +  2a)3.|-«(a+26)3, 

which  is  identical  with  the  given  expn. 

11.  Observe  that  the  quantity  within  the  square  brackets  is  the 
difference  of  two  squares ^  and  by  formula  [4] ; 

ThQ  first  factor  is 

(a+c)(^>  +  c)+2c(a  +  6)-f(a-c)(6-c)  =  2(«+c)(64-c). 
The  second  factor  is 

(a  +  c){6+c)  +  2c(a.4-7>)-(a-c)(fe-f)  =  4c(a  +  6) 
',*.  the  whole  expn.  =  ab  x  2(rt  +  c')(64-c)  x  4,c{a-\-h) 
=  8«6c(«+6)(/;+c)(c+«), 
which  is  plainly  symmetrical  with  respect  to  a,  h,  c.  , 

12.  In  the  given  expression 

2abc{a-\-h-\-c)  =  1{aHc-{-h^ac-^c^ah)  =  '2.{ah.ca  +  ah.hc  +  ca.hc). 
Now  interchanging  ah,  he,  ca,  there  results 

b^c^-\-c^a^  +a^b^  +2(bcMb-\-hc.ca-{-ab.ac)  =  &c. 

13.  X  and  y.         14.  ax  and  by  ;  x,  y,  and  z. 

15.  /'  and  h.  16.  x  and  ?/,  also  x  and  — z,  and  y  and  —  z. 

17.  With  respect  to  a,  h,  and  —c  ;  i.e.,  a  may  be  changed  into 
b,  b  into  —  c,  and  — c  into  a. 

18.  Symmetrical  with  respect  x^,  —y^,  and  2^.  i.e.,  we  may 
change  a: 2   into    -y^,    -y^  into  2^,   andg^   mto  x^  \  this  gives 

X^  +Z«  -  ?/«  -3(x2  +Z^){  -22  ^?/3)(  -  ^2  _|.a;2)  = 
2^-2/^+«^-B(a:2+;.2)(^2_2;2)(^/2_a;2^, 

which  is  identical  with  given  expression.  Or,  by  [8] ,  expn.  = 
{x^-y'-\-z^Y. 

19.  b  and  c.  20.  a  and  c.  21.  a  and  b. 
22    a2^  2a&.                      23.  a^b,  abc.                     24.  aSft,  abc. 

25.  a;*,  a;*?/,  ic^y^  .     Same,    x^y,  x^xj^  ; 

26.  Not  symmetrical, .-.  none.  Same.    27.  x*,x^y,  v^y^,.x^yz. 
28.  a4,  aS^,^  a2^>c,  aicrf.     a4,a262.  29:  a^,  a^b. 
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Exercise  xvi.,  page  37. 
1.  4:(a^-\.h^-\-c^).  2.  3(rt.24-/>3  4-c2)-f2fr?7;4-5('+m). 

7.   14:{x^+tj--\-z'^^)  +  2{xy  +  yz-i-zx).  8.   'Mahcmnr. 

9,  2ak-(rt  +  6  +  c).  10.  aH^  ■\-b^c^-\-c^a^. 

Hints  and  Solutions. 

1.  Tj^pe-terms  a^,  ab  ;  former  occurs  iu  each  of  the  four  terms; 
2ab  occurs  in  first  and  second,  —  2a6  in  third  and  fourth,    .-.   &c. 

2.  Type-terms  as  last,  a^  in  each  term ;  —  %.ib  in  first  and 
second  terms,  +2«6  in  last,  result  —  2a&,  .*.  &c. 

3.  Type-terms  a^,  ah]  a^  in  each  term,  %tb  in  first  and  third, 

—  2a6  in  second  and  fourth,  .-.  term  ab  vanishes,  &c. 

4.  Type-terms  a^,  ah;  a^  in  first  and  second  terms,  2a6  in 
first,  —ab  in  second  and  third,  .-.  ab  vanishes,  &c. 

5.  Type-terms  a;^,  xij ;  x^  iu  each  term,  ^xy  in  first  and  last, 

—  '2ixy  in  second  and  fourth,  .-.  xy  vanishes,  &c. 

6.  Type-terms  a^,  a^b,  abc ;  a^  in    first,    second    and  fourth, 

—  a^  in  third,  .-.  2a3  ;  3(7,3^  i^  firgt  three  terms,  —fia^h  in  last, 
.-.  6a^h;  6abc  in  first,  and  —Qabc  in  each  of  the  other  three,  .*. 

—  12abc,  &c. 

7.  Symmetrical  in  x,  y,  z:  x-,  xy  type-terms  ;  x'^  in  first  term, 
9x^  in  second,  and  ix^  in  third,  .-.  14a;2  ;  -4.x?/  in  first,  -6xy  in 
second,  and  +12xy  in  third,  .*.  result  is  2xy,  &c. 

8.  Symmetrical  in  ma,  nb,  re;  type-terms  rn^a^,  m^a^nb, 
abcmnr;  m^a^  in  first  and  last,  and  —m^a^  in  second  and  fourth, 

.".  this  term  vanishes  ;  Srn^a^nb  in  first  and  last,  and  —  3m2rt2^^ 
in  second  and  third,  .*.  this  term  vanishes  ;  Qabcmnr  in  each  of 
the  four  terms,  .*.  &c. 

9.  Type-terms  are  a^bc,  ab^  ;  ab^  iu  first,  —ah^  in  second,  .*. 
this  term  vanishes  ;  a^bc  in  first  and  second,  .*.  2a^bc,  &c. 

10.  Type-terms  are  a262,  a^bc  ;  2a^bc  in  first  term,  —'Za'^bc in 
second,  .*.  this  vanishes;  a262  in  first  term,  .-.  &c. 
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11.  Type-terms  are  a^x^,  ahxy,  a^x^  occurs  twice,  and  ^nhxy 
occurs  twice,  .-.  2{a^ +b^  -^ c^)x^ ,  and  4:{ab-^bc-{-ca)xy,  and  the 
same  for  y^,  z^,  and  yz,  zx,  .'.  &c. 

12.  Type-terms  are  a^,  a^b,  a^b^,  a^bc  ;  these  are  obtained  by 
taking  terms  of  the  expansion  ;  thus 

(^a-{.b  4-c')4  =  (rt  +  6)4  +  4(y^+6)3c+6(a  +  ^>)2^2  +  ...  ; 
a^  in  each  term  ;  A^a^b  in  first  and  last  terms,  —  ia^^  in  second 
and  fourth,  .•  this  term  vanishes;  QaH^  in  each  of  the  terms  = 
24a363  ;  l%.i^bc  occurs  in  first  two  terms,  and  — 12^2^0  in  last 
two,  .-.  this  term  vanishes  ;   hence  result. 

13.  ((<+5+c)4=:(rt+/^)4+4(«-(-t)3c-t-6(a+/>)2c2  +  &c. 

=  a^  +  U^b-ir^a^b^-\- +  4c(a.3  4.3a3fe4-...)  +  ... 

Hence  the  type-terms  are  a^,  ia^b^  6a^b^,  12a66',  &c. 

14.  {^a)^  =  {a  +  b+c-hd-^...y  =  {{a+b+c)^d+...}^ 

=  (a  +  6  +  c)4  +  4(a-f6+c)3(^+. ..)  +  ... 

The  first  of  these  powers  gives  the  type -terms  found  in  last 
Ex.,  and  the  second  gives  the  only  other  possible  type-term, 
abed,  with  coefficient  24  ;  .-.  &c. 

15.  (a3-f62-ft'2)3=  2rt^+3  2a4/,3+6«2/;2c2. 

2[ab-\-bc+ca)^  =  22  a^b^  +  62  a^b-^c-{-12nn^c^. 

6l,a^bc. 

Now  add,  and  the  given  expression 

=  I,a^  +2Za^b^  -6za^bc  +  9a2b^c^  =  {^a^  -Sabcy 
=  (a3+63-fc«— 3a6c)2. 

A  shorter  solution  is  as  follows : 

By  formula  [9]  we  prove  at  once 

a^^h^-}-c^-3abG  =  l{(a-br-+(b-c)^-^(c-a)^}(a+b  +  c). 
(See  Exercise  X.,  q.  15).     Now  the  given  expu.  is  same  form  as 
left-hand  member  of  this  expn. ;  for  it  is 

{a^  +b^  +c^)^  +  {ah-]-bc-\-ca)^  +  {ab-hbc  +  ca)^  -S{a^  +b2  -j-c^) 
(a6-f6c+ca)2  =  i{(a2  4.62+c-2-a6-6c-ca)2  +  0  + 
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(a^  +  b2  -he''  -  al>-bc-cay{a+b-\-cY  =  {a^  +b^-\-nS  -SabnY. 
lu  the  same  way,  Ex.  9,  page  37,  may  be  neatly  done. 

16.  {(a-b){b  —  c)}^  =  (ab  -b^—ca  +  bcY,  ^^^  similar  expns. 
for  the  other  two  terms ;  then  proceeding  as  in  other  cases  in  the 
exercise,  the  result  is  Sr/.^  +  SSa^^^ -2Sa7>3  =  (2rt3  _  2^6)2.  Qr, 
add  to  given  ex^rn.,  2(-2  -  h){b  -  c){c  -  a){a  -  b-{-b-c-\-c  -  a)  [which 
=  0]  and  the  result  is  the  square  required.  (See  Ex.  2,  page  13. 
Also  see  Ex.  6,  p.  18.) 

17.  This  may  be  deduced  fiom  last  by  putting  a  — &  for  a,  b  —  c 
for  6,  and  (c— a)  for  c. 

18.  Terms  in  a^r'^x^,  c^s^y^  vanish;  also  terms  in 

tbS\     tZys^^  ] '^^^^'^''  ^^^  *^®^^  ^^^^^""^ 
acs^x^  -\-acr^y'  —  2acrsxy +4:b^rsxy 
-^b^^j-y-^sx)^  =ac{sx  —  ry)^  —  4b^rsxy 
—  b^  [ry  •\-sxY  =  ac(sx  —  ry)  2-62 (^g^  -  ry) 2  =  &c. 

19.  a  and  h  can  be  interchanged,  and  also  c  and  d  in  left-hand 
mjmber;  we  have  a-c^,  :.  also  b^c^,  and  .*.  a^d^  and  b^d^,  &c.; 
then  this  is  shown  =  right-hand  member. 

20.  In  the  left-hand  side  a  may  be  written  for  h  and  product 
remains  of  the  same  form ;  also  interchanging  a  and  b  and  also 
c  and  d,  the  product  will  remain  the  same  if  a  minus  sign  be 
placed  before  the  second  term. 

21.  Left-hand  member  is  62  «'^  +  122«?2a:2. 

• 

Type-terms  in  right-hand  member  are  w^,  iw^x,  w^x^  ;  w^  is 
found  in  6  terms  =  60;;  Aiv^x  in  first,  and  — 4tt''*a;  in  second, 
.-.  this  term  vanishes;  Cnv^x^  in  second,  .'.  this  term  vanishes; 
6m?2^2  in  first  and  6w^x-  in  second  =  12«;2a;2^  ^.^  right-hand  mem- 
ber =  6l/r*-fl2Zt<!23,3=  left-hand  member. 

22.  Type-terms  in  left-hand  member  are  a',  a*b,  a^b^,  a^bc, 
a^b^'c;a^  in  first  and  second,  —a*  in  third  and  fourth,  =0; 
5a*b  first  and  third,  —5a*b  in  second  and  fourth  =  0;   lOa^b^  in 
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first  and  second,  -lOa^js  in  third  and  fourth  =  0  ;  2a » 6c  in  all 
the  terms,  .-.  result  =  i(892^36c)  =  I6abc{a^ -{-b^  +c^).  Similarly 
first  facto :•  of  right-haud  memher  may  be  proved  =  8rt/>c,  and  the 
second  =  2(a3  _|>62  ^c^),  .-.  &c.  The  problem  may  be  more  easily 
solved  as  m  Ex.  4,  p.  43. 


4.   -17-3538. 
7.  36. 
10.  3888a464. 


Exercise  xvii.,  page  40. 

1.  115.         2.  pa^-Sqa^-hSra-s.         3.  2. 

6.  1,  2(3,^2+1).  6.  0  or  2if,  2?/",  0. 

8.  -(63+^2)3  _  (3^,2)3.  9.    _l5a4. 

11.  a^b^{a-^b).  12.  0. 

13.  2a^  -Sabia-'b)  i2b^-\'6ab{a+b) ;  2(a3  +  &3) 

Hints  and    Solutions. 

1.  Find  remainder  by  Horner's  division. 

2.  Write  a  for  x  in  given  expression. 

3.  Find  remainder  by  Horner's  division. 


11 

~lo 

Observe  that  the  zero  coefficients  in  the  dividend  need  not  be 
inserted  if  the  zero  coefficients  of  divisor  be  not  considered. 

5.  (-1  +  1)* -(-1)^  =  1;  writing  -2  for  a,  we  have  (a+l)3 
-(a-l)3  =  &c. 

6.  (-2/)"  +  ?/"  =  0,or  2?/"  as  n  is  odd  or  even  ;  {  —  y)^"+y^'' 
=  22/2";   (_2/)2«+i-f-2/^"  +  ^=0. 

8.  Expn.  =  (;c2  _, ^2)3 ^(a;2_ 263)3,  in  which  write-ft2  for  a; 2. 

9.  In  the  first  pair  of  factors  write   —  2^3  for  x^  and  we  get 

(ax-a^){  -ax-a^)  =  —a^x^+a^  =  ^a^  (by  substituting  for  x^). 

In  the  second  pair  of  factors  x^  +  2rt3  may  be  at  once  struck 
out,  giving  -(  — 3rtx)x,3aaj  =  9a2a;3  =  _i8a4  (by  substituting  for 


10 

-20 
11 

-10 
9.9 

-•89 
21-89 

-8-9 
-25058 

4-20 
-37-3538 

1 

--9 

-   1-99 

-2-278 

-   3-3958; 

-17-3538 

x^). 
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10.  Divisor  =0  gives  da^ -\-ib^  =:12ab,  whence  Sla^-^l(jbi=: 
72nf2/>3  .  substituting  these  vakies  in  given  expression  we  have 
18rt6x6«6x3Ca2/;3^3888a4i4  =  768^8,  But  observe  that  this 
is  the  remainder  on  dividing  by  Sa~2b.  To  get  the  true  re- 
mainder on  dividing  by  9a-  —  12a6+452,  we  must  divide  the  given 
expression  (  =  6561a^  + 1296^^6* +256Z>^),  we  may  use  Horner's 
division,  thus : 


+  12 
-  4 

6561    0   0   0 

1296    0    0    0 

256 

9 

729,  972,  972,  864, 

864,  768,  640;  4608 

-2304 

where  the  coefficients  of  quotient  are  all  positive,  and  the  remainder 
is  4608^<6' -23046®.  If  in  this  remainder  we  substitute  the 
value  of  3a  ( =  26)  we  get  7686®,   the  rem.  on  dividing  by  3a  — 26. 

11.  Patrt  +  6fora;;  r.  a^{a-\'b-a)^  +  b^{a-^b-b)^=z&(i. 

12.  Given  expression  (cubing  by  formula  [6] ) 

=  (a^-\-b^){x^  +7/^),  of  which  one  factor  is  exactly  divisible 
by  a+6,  and  the  other  by  x-\-y. 

13.  Put  a-b  for  x,  then  {a-b)^+a^+b^ -3ab(a-b) 

^a^  -h'^  -Sab{a-b)+a3'^b^-Sab{a-h) 
=  2a3  -  3ab{a  -  6)  ;  in  second  case  put  —(a  —  b)  for  a;, 
.-.    -  {a-  6)3-{-«3  ^b^^^ab(a-b)  =  263-f  6a6(a -  6). 
Or,  interchange  a  and  6  in  the  first  result ;  in  the  third  case  put 
a  +  6fora;,    .*.  {a  +  b)^+a^-\-b^  Sab{a+b)  =  2{aS+b^). 

14.  Let  the  polynome   be  aa;"+6x"~^-f -{-hx+k;   to  find 

remainder  put  1  for  x,  result  is  a-f-6+ +/i«4-/c. 

Exercise  xviii.,  page  41. 

1.  Dividend  =  a;2»+ »—(  —  ?/)  2»+ 1  which  is  divisible  by  ar -(- 2/) ; 
dividend=a:2''  —  (  —  2/)2",  and  divisor  =  x—(  — 2/),  .*•  by  the  Cor.,  &c. 

2.  Dividend  =  (x4^3  _^_y4)3^  and  di visor  =  ic*  —  (—i/) *; 
dividend  =  (a;^)*  -{-y^}^,  and  divisor  =  a;^  ~i—y)^  J 
dividend  =  (x^^)^  -  {-y^'^)^,      divisor^x^^-  (-y)^^  ; 
dividend  =  {x^y^-{—y^y^y  and  divisor  =  .c2-( -2^3). 
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3.  Dividend  =  (nx  -\-  bjf)  *  —  ( -  hx  - ny) « ,  divisor 

=  ax-i-bi/-{~bx-ay),   .-.  by  Cor.,  &c. 

4.  'Divisor  =  ax-{-by-\-cz- {bx-\-cy-^<iz),   :.   &c. 

5.  Expression  is  divisible  by  '2y -x  —  {'2x—y)  =  S{y—x). 

6.  Dividend  =  (2//-a;)3'^+i-(i/-2a;)2''+S  which  is  divisible  by 
2y-x-{y-2x)  =  y+x, 

7.  Expression    is   divisible  by  my-nx  —  {mx-n7j)  =  {m-\-n)y-{- 
(m  +  n)x=  {m-\-n){x-i-y). 

8    Di\idend={{x-\-y)^}^-\-{{x-y)^}^-={{x-hyy}^- 
{  —  {x  —  y)^\^,  which  is  divisible  by  (x+yy  —  {  -  (x  —  y)^} 
=  2(a;2+i/2). 

9.  Dividend=(ic2  4-a;?/+z/2)3 -(-a;2+a;2/  —  .?/2)3,  which  is  divi- 
sible by  x^+xy-\-y'^  —  {  —  x^  -{■  xy  —  y^)  =  %X'  -\-y^). 

10    Dividend  =  {(«4-6)3}3_  |(cj_^j3p^  which  is  divisible  by 

11.- Dividend  =  (a;3  4.56a;-H62)7_(_  ^2 _|.^a;-&2)7^    which    is 
divisible    by   x'^ -{-^bx  +  b"^ -{-x^ -^bx-b^)  =  ±c'' +  4.bx+U^  = 

12.  Dividend={(a  +  6)2}2«+i_{_(a-6)2p»+i,whichisdivi. 
sibleby  (a4-Z>)3_{ -(^-5)3}  =2(a^+62). 

13.  Dividend={u;3+3a:?/(»-2/)-2/^}^ 

—  {— a;*+9.c//(a;  — ?/)+//3}3,  which   is  divisible  by  ic3  4.3a:?/(a;  —  ?/) 
-y^-  {-  x^  +  ^xy{x-y)-{-y^}  =2x^  -Qxy(x-y)-^y^  =  2[x-y)^ . 

14.  By  Ex.  14,  Exercise  XNLL,  the  remainder  =  3  -  5 -h 4  -  2 
=  0. 

15.  Let  the  polynome  be  ax"^  ■\-hx^'^-\- -^-hx+k. 

Then  a+h-{- ^h-\-k  =  Q\  subtract,  term  by  term, 

.-.  a(ic'»-l)+6(x'«-i— 1)+ /i(a;-l),  which  is  exactly  divisible 

by;«-l. 

16.  Let  the  polynome  be  aa;"-f  5a;"~^+cic"~^+ +hx+k.     If 

this  be  divisible  by  a;  +  l,  it  must  vanish  for  x~  —1,  i.e., 

a(-lf  +  6(-l)-i  +  c(-l)"-i  + 4./,(_i)  =  0; 

if  n  is  even  we  have    .-.  a  — 6+c— -h-\-k  =  Oy 

i.e. J  a-|-c+ -\-k  =  b +  &c.f  and  similarly  when  n  is  odd. 
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Exercise  xix.,  page  43. 

1.  Put  a  =  0  in  the  expn.  SbudithecoTaies  —b^y^  +b^x^  —h^x^  + 
b^U^  =0  ;  .-.  it  is  divisiblq^by  a,  and  .*.  by  b  (by  symtnetry)  ;  put 
x  =  0,  expn.  becomes  —b^y^  —  a^y^-{-a'^y^-\-h^y^  =  0,  .'.  a;  is  a 
factor,  &c.  ;  .'.by  symmetry  y  is  a  factor.  Again,  put  —b  for  a, 
.'.  (  —  bx  —  by)^  +  {bx-{-byY-\-0  =  0',  .:  a+6  is  a  factor.  Lastly,  put 
x  =  y ',  .'.  {ay  — by)^  +  (by  — ay)^ +0  =  0,  .'.  x-y  is  Sb  fsictor, 

2.  Substitute  ax  for  6,  .*.  ax^  —  («"  +ax)x-~{-a^x^  =  0. 

3.  Substitute  —?/ for  ic,    '''{by  —  ay)^-{a  —  b){z—y){by  —  ay)^ 

(a-  h)^yz={a-b)^{y'^  +yz-y^  -yz)  =  0  ; 

( -  «//-^?/)^  -(«+'^)(2  -  y)(  -  i^y-^y)  -  {ci-{-b)^yz 

=.(a+by{y^-^yz-y^-yz)^0. 

4.  Putting  y  =  2ax  in  given  expression,  it  becomes  6a^x—4:ax^ 
- 20a^x^  - 6a^x  +  4:ax^  -\-  20a^x^  =  0. 

6.  Dividend  =  a;2(a;<5 +?/)+?/ 2  (it;6  ^7/),  whichis  divisible  by  a;  ^ +^. 

7.  Dividend  =  (r-{G-d} +  6ab{c-d)-\-db^ {c-d)=i 
{c-d){a'+6ab-^db'^):=(c-d)(a-f3b)^  which,  &c. 

Ill   \  ^         /     11   \  * 

8.  Put  y  for  x,  then  y  |^y j     +  2/ 1  -  ^yj     =  ^' 

9.  Put  b  for  a,  then  h{b-{-2by  -b{b-\-2b)^  =0  ;  also  put  -6  for 
a,  then  -6(-6  +  26)3 -6(6 -26)3  = -;;(^)3_6(_&)3  =0. 

10.  Put  6  for  a,  expression  vanishes,  /.  a  — 6  is  a  divisor;  put 
-aforic,  &c.  Or,  dividend  =  aS (a ' -'2,ab'\- b^)+x^{a^ -2ab-^b^) 
=  (a3_j_x3)(a  — 6)2,  which  vanishes  when  a—b  does,  and  also 
when  a-\-x  does. 

11.  Put  a  =  6  in  the  expression,  then  6(6  -  c)*  +  6(c— 6)3-f-«(6— 6)3 
=  6(6— c) 3—6(6  — c) 3  =  0,  .'.  a  —  b  is  divisor,  and  by  symmetry 
6  —  c,  c  —  a  are  divisors. 

12.  Puta  =  6,  then  63(6 -c)  +  63(o-6)+6-3(6-6)  =  63(6-c) 

—  63(6— c')  =  0,  .".  a  — 6  is  a  divisor,  and  by  symmetry  b  —  c,  c  —  a 
are  divisors. 

18.  Put  6  for  «,  then  64(6-c)+64(c-6)+c4(6-6)  =  64(6-c)~ 
6*  (6  —  c)  =  0,    .".  a  —  b^b—Ct  c  —  a  are  divisors. 
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14.  Put  a  =  fc,  then  0+(/;-c)2(^-6)3-(rf-6)2(6-c)'-*  =  0,  and 
30  for  the  other  divisors. 

15.  Dividend  is  symmetrica),  with  respect  to  a,  b,  and  c ;  put  6 

for  a,  then  {(6-c)-^  +  ((;~fe)2}{(6-c)2/;24-(c-?>^263i - 

6  3  { (6  -  6")  3  +  (c  —  6)  3  ]•  2  =  0  ;  .-.  a  —  6  is  a  divisor,  and  by  symmetry 
5— c,  c  — a,  also  &c. 

16.  Put  -2  for  x^-y,  —x  for  y-^z,  -y  for -s+a;,  and  expn.  be- 
comes —  xyz + xyz  which  =  0. 

17.  Substitute —a  for  6 +c,  —  6  for  c-{-a,  and  —  c  foi   a+?>,    .*. 
—  abc{a  —  h)  —  ahc{h  —  c)  —  abc{c  —  a)  =  —  ahc{a  —  6+ft  —  c+c  —  a)  =  0. 

18.  Square  the  trinomial  and  reduce,  .*.  — 2a6c(6  — c+a),  &c. 

19.  For  rt4-26  put  3c,  for  26 -3c  put  —a,  and  for  3c  — a  put  26 
then  27c3-rt3_863+a3  +  863-27c3=0. 

20.  For  a6  substitute  —  (ftc  +  ca),  then 

=  _  (6c+ca)3  +  (6c  +  ca)3  =  0. 

Or  expression  is  of  the  form  x^-\'y^-^z^  -SxyZy  which  is  divisible 
hjx+y+z. 

Exercise  xx.,  page  45. 

1.  3.  2.  1.         3.    -1+2^/- 2.     4.  2.       5.     36.     6.  11. 

7.    -U^.    8.    -2.     9.  3.  10.  3.     11.    -9.  12.  42. 

13.  p=  -q,  q  =  6.  14.  p=  -46,  ^  =  14. 

Hints  and    Solutions. 

1.  Find  remainder  as  in  Ex.  1  on  dividing  by  x^  ~x-hl. 

2.  Find  remainder  on  dividing  by  a;^  —  2x—  1. 

8.  On  dividing  by  x^  —  2x  +  3,  as  in  Ex.  1,  remainder  is  found 
tobe  -2a;  +  l;  but  (a;-l)2=-2,  .-.  x~l=  ±y{-2)  and 
x  =  l+\/{  —  2),  substitute  in  remainder. 

4.  Dividend  is3a;®  4-lla;^4-10a;3+7a;-+2a;-f-3,  di visor  a^ +3.^3 
—  2a;+5  ;  remainder  is  2. 
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0. 

6 

9 

0 

-16 

-5 

-12 

-1 

-   2 

-3 

+4 

+  8 

+  12 

3 

2 

3 

0 

-    6; 

0 

0 

-6 
+  6 


60 
-24 


0 


Si 


remembering  to  "  skip  "  two  places  on  account  of  the  two  zero 
coefficients  of  the  divisor. 


-11 


+13 
-11 


+  26 

-22 


;    1  +2  +4 

which  remainder  must  =  0,  .*.  c  =  ll. 


+52 
+  8 


+   8c 
-88 


8c -88, 


^  substitute  this  value  of  x  in  the 


7.  Since  3a;+7  =  0,  .-.  ic-  -^ 
term  2caj  (as  in  second  method,  page  45),  and  muliipiy  (as  on 
■oage  28)  to  avoid  fractions,  thus 

1         __2         -9       +0 
1  3  9         27 


1_4C 
3 

81 


-14 

81 


-7 


378c 


1134 


1        -13 

which  remainder  =  0,  .* 


-10 


70;    -378c       -644 


119 


8. 


+  1 
+6 


—  4 
1 


+  16 

2 
-18 


+  6c: 
12 


Divide  by  x^  —a— 6, 


1     -3     +^ 


9. 


2 

0 

-10 

+3 

6 

18 

-3 

-   6 

2 

6 

2 

0 

4c 
6 

-18 


6C-I-12     .-.  c=-l. 

6 ;  divide  by  a;^  —  3x+3, 
-  6 


4c    -12 


c  =  3. 


10.  2a;  =  5,  .-.  a;  =  f  and  llic  =  27^  ;  also  -7ca;2  =  _43|c;  then 
substituting  fo-  -lex-  and  11a;.  the  dividend  becomes  2  10  0 
~43|c-i-37^,  the  multi; lying  to  avoid  fractions,  as  in  7  above, 
this  becomes 

12         1         0         0       -700c  600 


1 
10 

12 


0         0 
60     300 


-700c 
1500 


60     3U0;         700c     -2100,  .-.  c  =  3. 
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11.  From  tlie  given  condition,  cx^  =  2hcx-7ic,  /.  dividend  be- 
comes 4  0  0  (110+2ic)  -7^0-105;  and  multiplying  as  in 
last  example. 

4       0         0     (880  + 20c)     -120c       -1680 
20     100  -100 

-120  -600  +600 

r=  -9. 


+  5 
-30 


4     20 

See  page  28. 
page  45: — 
5 
-30 


20;  180-f 20c,  -120c -1080,    .-, 

Or  omitting  c.  as  suggested  in  second  method, 


0 

20 


0 

100 

-120 


880 
100 
600 


-1680 
+  600 


20 


20 


180, 


1080 
'-  with  180,  and 


16  X  7|c  with 


12.  a;2:=3.^:-4. 
=  5ca;  — 12c;  so   —  5x^ 
dend  it  becomes 

3     -16  0  0 

9     -21     -99 

-12     +28 


1080,  getting  the  same  results  as  before. 
,-.  ic3  =  3a-2-4a:  =  9a;-12-4a;=5a;-12,  . 


15a;  — 20;  substituting  values  in  the  divi- 


+  3 

-4 


5C-129 
-il3 
+  132 


12c  4-220 

+  284 


3-7 

13.  x^  =  Sx-i 
dividend  we  get 
1 
+3 
-3 


-33     -71;     5C-210,     -12c  +504  .-.  c  =  42. 
,  .-.  10d;2  =  30a;  —  30,  substituting  this  value  in 


0 

15 

3 


0.+30) 

36 

-15 


'7+30 
-36 


1         5  12;  -J3-9,         q-G 

.'.    _p-9  =  0,  ^  — 6  =  0,  or;9=-9,  ^  =  6. 
14.  The  divisor  is  a4  —  5a2+ 7,  and  "skipping"  for  the  zero 
coefficients  in  dividend  and  divisor,  the  work  will  stand  : 


+  5 

-7 

1      -5 
5 

10 

-   7 

-15 
15 

29 
-21 

-p             q 

40 

-56 

\  p  =  4 

1 

3 

8  ; 

40 -JO,  gr- 56 
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Exercise  xxi..  page  51 

ANSWERS. 

1.  ft=-3,  c  =  8|,  r/=-24.     2.  r=-20i,  r/=-18J,  ^  =  60^ 
3.- 6= -3,  c=-10.  4.  a  =  3,  6  =  0,  c=  -67. 

6.  a=-2,  c  =  24|,  ^  =  0.         6.  c=-10Gi,  ti  =  202^r 

7.  a  =  200,  ft  =-810,  ^  =  G39. 

8.  a  =  4,  c=-27,  ^/  =  7,  «  =  30.  9.  399. 

10.  x^-{p  +  ^)x^-^{2p  +  q  +  ^)x-ip-\-q+r-\-l). 

11.  a:3-(p_3)a;2-(2^-^-3)a;-(jo-^  +  r-l). 

12.  ra;3-(3r-g)a;2  +  (3r-2g'+jo)a;-(r-^+jo-l).    • 

13.  ajS-^-a^^+z^raj-rS.       14.  x^  ~(p^-^)x^ -\-{q^ -2pr)x-r^, 

15.  a;3  - 25a;2  +  (;9r+^2)^ ^,.3  _^^^^._ 

16.  rx^  —  {pq  +  ^r)x^-\-{p^-.2pq-\-''dr)x  —  {pq~r). 

33.    -1.         34.  1.         35.   -1.         36.  1.         37.   -1. 
38.  a-^h-^rJrd.  39.  a+i+c+ti.  40.    -16. 

42.  Let  a  and  c  be  the  lengths  of  the  parallel  sides,  and  h  and  k 
be  the  lengths  of  the  diagonals,  the  square  of  the  area 

=  ^^{h+k+a-\-c){h+k  -  a  -  c)(a  +  c-\-h  -k)(a-irc  ~h-^h). 
48.  Let  a,  6,  c  and  rf  be  the  lengths  of  the  sides,  the  required 
polynome  will  be 

^^(a-{-h  +  c-d){a-\-h-c-\-d){a—hJrC  +  d){-a+h+c-ird). 
Hints  and    Solutions. 

2.  x^-\-cx^+dx-\-e  =  {x-l^)(x+^){x-^){x-^r).  Equate  the 
coefficients  of  x^,  .:  0=  -l^+3-4J+r,  .-.  r  =  3.  .  For  r  sub- 
stitute this  value  and  expand.  (The  factor  x-{-r  must  be  intro- 
duced into  the  right-hand  member  to  raise  it  to  the  same  dimen- 
sions as  the  left-hand  member.  In  the  whole  of  this  Exercise  the 
sign  =  must  be  understood  as  the  symbol  of  identity.) 

3.  x^+hx-+cx-^^i  =  (x-2)(x-{-^)(x-r).  Equating  terms  in- 
dependent of  ic,  24  =  6r,  .-.  r  =  4. 
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.-.  «  =  3. 

5.  ax^-{'Cx^-d0x-^e=a(x—U)(x-h^){x-2i){x-{'r).    Terms  in 
x^;  0  =  a(-li+4-2^+r)  .-.  0= -H+4-2i+/  .*.  r  =  0. 

Also6  =  rt(-l^)(4)(-2i)r  =  0:    ~30-=a(- li)(4)(- 2i)  =  15 
.-.  a=  -2. 

6.  Slx^-\-erx^-}-idx  +  e  =  Sl{x-U){x+Si)(x-U){x-r) 
...  0=-lt  +  3i-H-r     .-.  r  =  i. 

7.  ax^+bx^-{-cx^-81  =  a{x—^){x-i){x-'S)(x+rj.     Terms  in 

Also  81  =  |.f  .3.T-V     .-.  a  =  200. 

8.  aa;4+c.»3  4.^/a._|.^  =  a(a;-2)(a;-li)(a;4-l)(a;-fr) 
...  o  =  a{-2-n+l+r)     .'.  r  =  2i 

.-.  14  =  a(l-2)(l-li)(l  +  l)(l-f2i)  =  3ia     .-.  a  =  4. 

9.  ^2;3-|-ra;  +  c?  =  a(a:-li)(a;-2i)(a;4-;-) 
.-.  0  =  a(-li-2f  +  r)     .-.  r  =  4. 

.-.  49=a(3-li)(3-2i)(3  +  4)  =  4|a     .-.  a  =  W 
.-.  value  =  16(-3-li)(-3-2^)(-3  +  4)  =  391; 

10.  .'.  x—l=a  or  6  or  c. 

.-.  (x-l)^-p(x~l)^+q{x--l)-r. 

1  —p  q  —r 


-1 


1  —y  —  X       ^+jo  +  l;        —r  —  q  —  'p  —  \, 

1  -^-2;     ^  +  2i?+3 

1;       -i^-3 
1 

a;3         _(jo4.3)a;3+(^+2i;  +  3>-(r+^4-i;+l). 

11.  .*.  a;+l  =  a  or  6  or  c 

.-.  (a;-hl)3-/)(a;+l)2+2(a;-hl)-r. 

12.  .*.  :j =  a  or  5  or  c, 

1  -a? 

•••  (r=^)    -^(l^)    +'?(r::^)-^-      Multiplying    by 
-(a;-l)3  this  becomes  r(a;-l)3+9(;i;-l)24.p(^i._l)  +  l. 
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r         q  p 


-1 

r  q—r  p—q-\-r\  1— jo-f*?  — ^» 

r  5'— 2r;       p  — 2^+3/* 

r  *  q  —  'dr 
r 

We  have  solved  this  problem  at  leDgth  from  the  data  and  by 
the  methods  used  in  the  preceding  problems,  but  the  work  might 
have  been  much  shortened  by  taking  for  granted  the  following 
theorems  which  the  student  should  note : 

If  x^  —px^  +qx  —  r  vanish  for  ic  =  a,  or  i  or  c 

x^-\-px^-\-qx-\-ryji\\  vanish  for  a5=  —  a,  or  —5  or  —g 

and  rx^  —  qx^  +px  —  1  will  vanish  for  a;  =   —  or  -3-  or  — . 
^         ^  a         6         c 

Therefore  rx^  -\-qx^  -\-px-\-l  will  vanish  for  x= or  — 7- 

1 

or . 

c 

Combining  this  with  the  solution  of  No.  10,  we  get  at  once  the 
solution  given  above. 

r         7'         r  a;  1         1         1 

13.    .*.  x=  —  or  —  or  -7- ;  or  —   =   —  or  -7-  or  — 

c  a         0  r  a         o  c 

IxX'i         lx\^         lx\       1 
.■.r(-]    -,(-)    +P(-,-'- 

ov  x^ —qx^ -\-prx  —  r^. 

11.    .*.   y/x  =  a  or  b  ore       or  \/x=  —a  or  —h  or  —e 
.-.  {x-\-q)^/x—{px-{-r)  or  {x-\-q)^/x'^{px+r) 

.•.  the  required  polynome  =  {{x-irq)\/x-{px-\-r)\  x 
{{x+q)'^x-Y{px^r)}={x-\-qYx-{j>x+r)^^x^-{j'-^)x^-\- 
{q^-2yr)x-r^. 
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15.  p  =  ai-bi-c,  q  =  ab-{-bc  +  ca,  r  =  abc. 

r 

.-.     a{b-{-c)^q-bc  =  q-   — 


'  '       r     ~       a  b  c 

■•■    't'r-]'  +  ^'(-V^]+P^^V^-     See  note  to  No.  12, 
above. 

X+l         1  1  1 

lb.  .'.  — —  =  —  ^^  ~r  ^^'  —  ^ 

.'.  r(a;+l)3-jo^(a;-hl)2+i?3(ic-j.l)-p3. 

17.  {:G-iy^ --x^  =  (x''--'yx  +  lY'-x'^ 

=  Mult.  of  {(x2-2.6-+l)+.u}  o:  x^-x-\-\ 

A.lso  (a:  — l)'2__^6_j_(^2_^_|.lj3  vanishes  for  .c  =  l 
an'l  .-.  =^  Mult.  (a;-l).  * 

But  x^  -x-\-l  does  not  vanish  for  a;  =  l, 
and  .-.  it  is  not  a  Mult,  {x—1) 
...  {jc  -ly^  -x^ ^-{x^  -x  +  l)^  =^^Vi\i.  {x^  -x+l){x-l). 
OT  x^-1x^--\-2x-l. 

18.  (a;-l)^6_^8  =  (.,,2_2.y-fl)8-a:8 
=  Mult.  {(a;2_2.c  +  l)-4  &c. 

=  Mult.  {(2;c2-9;/;+10)-.^;}  or  2(x3-4a;+5) 
.-.  (.c-2)io(2a:— 5)io-a;io+2io(^2._4;c_j.5^5 

=  Mult.  (ic2  — 4.^  +  5). 
Also,  2io(a;2  -4j:-f  5)5-:c^o  =  45(a;2-4aj+5)5-(a;2)5 
=  Mult.{4(.'c2  -4^.-1-5)  _.c2}  or  3^2  -  10.^+20,  which 
=  (.c-2)(3.c-10j 
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.-.  2»o(a:-4a^-f.5)«-a;io  =  Miilt.  (a;-2) 

.-.  (^-2)io(2d;-5)io-a;io  +  2io(^_4a;+5)5=  Malt.  {x-2). 

[Instead  of  the  part  from  Also,  we  might  have  proceeded  by 
enquiring  whether  the  expression  would  vanish  for  .c  — 2=0  or 
2a;  — 5  =  0,  the  factors  of  the  first  term  successively  equated  to 
zero.] 

x^—4:x+5  and  x—2  are  prime  to  each  other,  .-.  since  each 
measures  the  given  expression,  their  product  will  do  so  or 
(x-2)io(2a;-5)io--a;^o^2(a;2_4a;-}-5)3 

=  M.\ilt.(x-2){x^  -ix  +  5)  ora;3_6^2^13^_10. 

20.  (a;2+4aj+3)i8_a;i8 

=  Mu[t.{{x^-{-ix+S)-\-x}  ora:2  +  5.c+3 
.-.  (a;2+4a;-h3)i»-a;i8-a;'--5u:-3  =  Mult.(.c3  +  5a;+3). 

The  factors  of  x^+4:x+S  are  u3-hl  and  j;-i-3.  Trying  these 
we  find 

x^^-{-x^  +  5x-\-S  =  0Ux+l  =  0, 
.-.  (x^  +ix+3)'^  -x'^ -x^  -  5^-3  =  M.alt.{x+l){x^ -{-5x-\'S). 

21.  (9a;-4)2i(a;-l)2i_a;2i 

=  Mult.  {(9a;-4)(a;-l)-a;}  or  9a;3 -14a;+4. 
.-.  (9.^; -4)3  1(^-1)2 1  _a;2i-(9u;2-14a;+4)3i 
=  Mult.  (9.c3_  14^+4). 

Alsoa;2i+(9.c2-14a;  +  4)3i 

=  Mult.  {a;+(9a;2-14a;+4)}  or  (9a;-4)(a;-l) 
.-.  (9a;-4)8i(a?-l)2i-d;8i-{9a;2-14a:-l-4/^i 
-iMult.  (9a;- 4X^-1). 
Again  (9a;- 4)(a;- 1)3 1  - (9a;9  -  14a;+4)3 1 

=  Mult.  {(9a;-4)(a;-l)-(9a;2  --14:c+4)}  or  a; 
.-.  (9a;  -  4) 2 1  (a;  -  1) 2 1  - a;2 1  -  (9a;2  -  14a:+4)2 1  =  Mult,  so 
.-.  (9a;-4)2'(^-l)2i-a;2i-(9.c3-14a;  +  4)ai 
==  Mult.  a;(a;  -  l)(9a;-4)(9a;2  -  14a;  +  4). 
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22.  {6(.i--l)}is-(2a:2-f-3x-4)i3 

=  Miilt{6(x-'l)-{2x^-{-'Sx-4t)}  or  -  (2x^  -  Sx -^ 2)  ; 
{6{x-  1)}  '  3_^(2a;3  _  Sx+  2) » ^ 
«:Mult.  {6(a;-l)+(2a;3-3a;  +  2)}  or  2a;2  +  3a; - 4  ; 
(2x2  4-3a;-4)i  3  -  (2.»;3  -  3:c4-2)i  3  = 

Mult.  {(2a;2 4-3.C-4)  -  {2x^  - Sx+2)}  or  6{x-l) ; 
.-.  given  polynome  =  Mult.of6(a;-l)(2a;3+3a;-4)(2aj3-3x+2) 

23.  As  in  22,  1st  and  2nd  taken  together  are  found  to  be 
mult,  of  3rd ;  2nd  and  4rd  taken  together  are  found  to  be  a  mult, 
of  1st. ;  and  3rd  and  1st  are  found  "to  be  mult,  of  2nd. 

24.  (2a:8+3a;-4)'6-{6(a;-l)}i« 

=  Mult.  {(2a:3+3a;-4)-6(a;-l)}  or  (2a;2 -3a;+2) 
(2^2  _  3a; 4- 2)  ^ «  -  {6(a;  -  1)}  i « 
=  Mult.  {(2a;3-3a;-f-2)  +  6(a;-l)}  or  (2a;2+3a;-4) 
and  the  given  polynome  vanishes  if  a;—  1  =  0,  .*.  &c. 

[Problems  17  to  25  are  merely  cases  of  the  following  simple 
theorems 

(lt4-y)2n+l  _^^3n+l  _-y2n+l  ^Mnlt.  2^i;(^-f  V)  ; 

(?^  — i;)2«-?*2»-'y2«  +  2it'"i;2«-'"  =Mult.  uv(u-v.)] 

20.  If  a;2+a;+l  =0,  (See  Example  10,  p.  49,  Hand-BookJ. 
.'.  x^  =  l,  x^=x,  x^ —x^ 
.-.  .^4-.c4  +  l=a;a-|-aj-l-l=0, 
i.e,  a;8+a;*  +  l  =aifa;2+^-fl=0 
...  a;8H-a;4+l=Mult.  (a;24-a:+l), 

27.  If  a;2+a;7/ +2/2=0,  ,'.  x'^-Vx^y-^-x])^  =^, 

.'.  x^+x^y+xy^+y^=:y^,  .-.  x^-\-2j{x^ +xy-{-y^)=:ij^, 

.'.  x-3=?/3,  .-,  x^=y^,  .-.  x'^^=xy^  and  a;^  =a;2?/3 

.-.  x'^y^=X'7j^   .-.  x^^+x^'y^-^-y^^  =xy^-\-x^y^  -^-y^"^ 

=  ?/8(a;//+a;2+?/2)  =  0,  .-.  x^^ -{-x^y^ +y^'^  =0 

if  a;2+x?/  +  /y2  =  0or  a;iO-+a;''2/^+//'«=Mult.  (x^+xy-{-y^). 
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28.  Ifx^+x^+x^-\-x+l  =  0  .'.  x^  =  X  .'.x'^=x^,.r^=x*, 
x^=x  .'.  x^'-^-{-x'+.r('+x^-\-l=X'+x*+x+x^'hl=:0. 

29.  By  last  exercise  ;  x'^^  =x,  x'^'^  =x^,  x^  =x^  and 
.-.  x^^+x^^-hx^-hx^  +  l=x  +  x^-{-x^+x*-^^l  =  0  if 

x^+x^+x^^x-hl  =  0. 

30.  If  x^+x-h/+x!/^+y^=0  .-.  x^=y^  .-.  x^^=x^y^\ 

.'.    x^^  +x^^  y'^  +x^y'^'^  +  ij^^  =  {x^  -\-x^y+xy^  ■\-y^)y'^'  =Q, 

31.  May  be  written  x'^'^  —x'^-\-x^+x^-\-x^-{-x  +  l 

=  Mult.  {x^+x^-\-x^-\-x^l).      x^''  -x^=x^{x'''^-l) 
=  Mult.  (:c5-l)  =  Mult.  {:x^^x^+x^-tx-\-l). 

32.  \+x-[-x'^+x^+x^+x'^-\-x^ -^x^^—x'^ 

=  ^\\\i.{l-^x-\-x^-\-x^+x^+x'^'\-x^).      x'-^^-  x^ 

^x\x^^—l)  =  Miilt.(a;7  - 1) 

=  Mult.  (x« +a!'^ +^-* +:c3 +.T- +^+1). 
[31  and  32  may  also  be  solved  by  the  method  employed  above 
to  solve  Nos.  26  to  30.  See  also  the  note  to  the  solution  of  Prob. 
2,  page  13.  Probs.  26  to  32  may  also  be  solved  by  the  methods 
illustrated  in  Art.  XII.  of  the  Hand-Book.  The  solutions  of  £8 
and  29  by  the  second  of  these  methods  will  be 

'x^-\-x^^x''-\-x-\-l      ~    {x^-l){x^-{) 
(^^^-l){(a;«-l)-a;(a;^-l)}    ^    (a;^^  -  l)(a;«  -1) 
>«-l)(a;3-l)  '(x5-Y)(u;3-.l) 

(x^''-l){x'>-l)x 
{x^-\){x'-\)' 

^^     a;i6^a.i2^a;8  4-a;^  +  l    ^    (a;«o~l)(a;-l) 
«*  +  a;^+a;2+a:+T      ~    {x^* -l){x^ -\) 

"      {x^-\){x^-l)  (x^-\){x''-l)    ]' 
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38-37  and  40.  If  6-c  =  0,  these  polynomes  vanish,  hence 
they  are  multiples  of  b-c,  and  /.  by  symmetry,  of  D.  But  they 
are  only  of  the  same  dimensions  as  D,  viz.,  6,  .•.  they  are  numer- 
ical multiples  of  D.  The  numerical  multiphers  may  be  deter- 
mined, as  is  done  in  Ex.  9,  page  48,  Hand-Book,  by  assuming 
particular  values  for  the  letters,  or  it  may  be  determined  by  div- 
iding the  terms  involving  a^b-c  in  the  several  polynomes  by 
—  a^b^c,  which  is  the  term  in  D  involving  these  letters  to  these 
powers.  Thus  in  33  put  d--0  (since  d  is  not  involved  in  a^b^c) 
and  we  obtain  at  once  -{■a^b^c-\-&c  ;  and  -\-a^b^c-. —  a^b^c=  —1. 

38.  This  polynome  is  symmetrical  with  respect  to  all  the  letters 
it  involves,  and  it  vanishes  if  b-c  =  0,  hence  it  either  vanishes 
identically  or  it  is  a  numerical  multiple  of  {a-\-b-i-c  +  d)D,  for  a 
numerical  multiple  oi  {a-^b-{-c  +  d)  is  the  only  linear  symmetri- 
cal function  of  a,  6,  c  and  d,  and  the  polynome  is  but  one  degree 
higher  than  D.  Assume  values  of  a,  b,  c,  d  that  will  not  make 
{a  +  b-\-c-\-d)D  vanish,  and  the  numerical  multiplier  will  be  found 
to  be  1.  Or  divide  the  term  involving  a'^b^d  in  the  polynome  by 
the  corresponding  term  in  {a-*-b-\-c  +  d)D. 

39.  The  above  solution  of  38  will  apply,  word  for  word,  to  39. 

41.  The  sum  of  the  fractions  — ,    — ,    —  —  increased 

12       3  n 

by  the  sum  of  their  products  two  by  two,  increased  &c. 

=  (i  +  t)  (i  +  i)  (i  +  t) (•  +  t)  - 1  -wch 

=  144 «_+i-i  =  («+n-i=«. 

12       3  n 

42.  The  area  will  vanish  if  the  parallel  sidos  lie  in  the  same 
straight  line,  in  which  case  h+k  —  a  —  c  =  0,  or  a-\-c-{-h  —  k,  or 
a  +  c  —  h-\-k  =  0.  The  area  will  also  vanish  if  the  diagonals  (and 
consequently  the  sides)  vanish  simultaneously,  i.e.,  if  h+k-{-a-\-c 
=  0.  Hence  the  area,  and  therefore  its  square  or  any  other  power, 
will  involve  h-\-k-\-a-\-c,  h  +  k  —  a  —  c,  a-^c-\-h  —  k,  a-i-c  —  h+k  as 
factors.   But  it  is  given  that  the  square  of  the  area  is  a  polynome 


88 


CHAPTER    TWO. 


of  four  dimensions,  hence  it  can  only  be  a  numerical  multiple  of 
these  four  factors.  Write  s^  for  the  square  of  tlio  area  and  m  for 
a  numerical  constant 

s^  =  7n{h  +  k -\-  a  +  c)(h+k-a-  c){a  +  c-\-h  - k)(a+c -h  +  k). 

To  determine  m,  let  c  =  0  in  which  case  the  trapezium  becomes 
a  triangle  with  sides  a,  h,  k  and  by  Ex.  6,  p.  47,  Hand-Book, 

s^  =  ^^^{h-\-k+a){h  +  k-a){a-\'h-k){a-h-\-k). 

Or  VI  may  be  determined  by  taking  as  a  particular  case  a 
rectangle  with  adjacent  sides  of  lengths  3  and  4,  in  which  case 
a  =  c  =  4,  A=^  =  5,  and  s  =  12,  from  which  it  will  be  found  m  =  ^^q, 

[The  formula  for  the  area  of  any  quadrilateral  is 

in  which  s  is  the  area,  h  and  k  the  lengths  of  the  diagonals  and 
a,  by  c,  d  the  lengths  of  the  sides  taken  in  order.  This  formula 
is  due  to  Gauss.] 

43.  The  only  way  in  which  the  area  of  a  quadrilateral  inscribed 
in  a  circle  can  vanish  is  by  three  of  the  sides  becoming  equal  to 
the  fourth,  i.e., 

a-{-h-}-c-d  =  0,  or  6  +  c  +  rf  — a  =  0,  or  d-{-a-\-f>  —  c-0. 
If  all  the  sides  vanish  simultaneously,  it  will  be  found  to  be  only 
a  particular  case  if  one  ofHhese  four,  or  rather  of  all  of  them 
simultaneously. 

.-.  8^=m{a  +  b-{-c-d){a+b-c+d){a-b-^c-hd){-a-hb-\-c-^d). 

To  determine  7/1  tnke   the  case  of  the  square  .-.  a  =  6  =  c  =  t/, 

.'.  a*  =  ?r?2a.2a.2a.2«. 

Exercise  xxii.,  page  58. 

1.  Transfer  the  right-hand  member  and  the  resulting  polynome 
on  the  left  vanishes  for  a;  =  0  or  +6  or  —6,  i.e.;  for  three  different 
values  although  it  involves  only  the  second  power  of  x,  hence  it 
vanishes  identically. 
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2  and  3  may   be  proved  in  like  manner.     In  No.  3   divide 
through  by  z^  and  replace  z  by  c  ;  the  formula  will  then  be  seen 
.  to  be  symmetrical  with  respect  to  a,  b  and  c, 

i^These  theorems  are  merely  cases  of 

lx—a)(y  —  a){z —a)  .     .,       ,  , 

—71 rr~ — ^ +  two  similar  terms  =  aj4-v+2     a  —  o—Cy 

{b  —  a){c  —  a)         '  ^ 

{x  —  a){y  —  a) 

^         ^^^  +     "         "  "      =1,  and 


{b  —a)[c  —  a) 
(x-a){y-a) 


-I- three     '*  "     =0 


(b  —  a){c  -a){d  -a) 

respectively.     They  may  be  proved  like  Example   1.,  Page   53 
Hand-Book,  or  by  the  method  applied  to  Probs.  8-25,  Exercise 
xxiii.     For  the  general  theorem  see  the  solutions  of  those  prob-  ' 
lems.] 

4.  Change  the  signs  of  a,  b,  c,  in  Example  1.,  page  53,  Hand- 
Book. 

5.  Holds  for  rt  =  0,  or  —6  or  -c  or  —  (64-c)  .-.  &c.     Or  thus 
bc{b^^c^)+ca{c^  -a^)^ab(a^ -  b^)  = 

{b  +  c)bc{b-a)-\-{C'^a)ca{c-a)-^{-i.+b)ah(a-b)  A. 

Also  0  =  rtk(6  — c)+  bca{c  —  a)-^         c  ab[a — 6)  B. 

then  A-\-B  gives,  &c. 

6.  Treat  as  a  polynome  in  a.     This  identity  is  a  case  of 

{x-y)ix~l){x-u)-^  ^^'^^  ^i^^l^^  terms  =  0. 

7.  a^b~c)+b^(c-a)  +  c^(a-b)=-{a-b)(b-c){c-a) 

and    (a-|-6H-c)3-aS-63-c3  =  3(rt+6)(/;+6')(c  +  a,  by  [8]. 

8.  See  Prob.  2,  Exercise  V. 

(a^-^b^}(c^'-^d^){e^-\-n)  =  {{ad-j.bc)^+{bd-ac)^}(e^+P) 
^\{aJ-{-bc)f-^{bd-ao)e\^  +  {ad-j-bc)e-{bd-acyi^. 


40  CHAPTER    TWO. 

9.  See  Prob.  9,  Exercise  XI.     Or  thus 

If  x^-^xi/-{-i/-  =0     x^  =  y^  and  .X'  {x-\-y)=  —y'^ 

.'.  x^{x  +  y)^  =  —!/^^  =  —x^y  .'.  [x-hy)^  =  —x^y 

•'.  (x+y)^  —x^  =  —x^y  —  x^  -x^y-  =  —x^{x'-\-xy+y-)=iO. 

•••  {x-\-y)^-x^-y^=Oiix^^xy-\-y^=0 

.'.  X'+xy-^-y^  is  a  factor  of  {x-\-y)^  -x^—y^. 

Also  (x-^y)^  —x^—y^  =0  if  .^  =  0  or  ?/  =  0  or  .c  +  ?/  =  0 

=  -hkxy{x+y){{x-\-y)^-^x^+y^. 

Determining  k  it  will  be  found  =  5. 

Substitute  a  —  b  for  x,  b—  c  for  y,  and  .*.  —  (c  — «)  for  x+y 

{a-hy  f-(6  — c)5-f  (c-«-)5 

=  |(«-6)(6-c)(c-a){(^-6)2  +  (6-c)2  4-(c-rt)2}. 

10.  The  left-hand  side  vanishes  for  ic  =  0,  or  ?/  =  0,  or  z  =  0,  and 
it  is  of  but  three  dimensions,  .  •.  it  =  kxyz.  k  may  now  be  deter- 
mined. Or,  transfer  the  left-hand  member,  and  the  resulting 
polynome  on  the  left  will  vanish  for  x  =  0,ov  y  —  z,  or  —y-\-z,  c; 
—  y-z,  i.e.,  for  four  values,  hence  it  vanishes  identically. 

11.  By  Ex.  2,  p.  18,  Hand-Book, 

(a-/>)3  +  (6-c)3+(c-rt)3  =  3(«-6)(6^c)(c-a) 

and.-.  (a2-/y2)3+(52_<;2)3^.(c3_rt2j3 

=  3(a3-62)(62-t-2)(c2-a3). 

12.  x^{y-\-z)^+x;iz{y+z)  =  x{y-{-z)(xy-\-yz-\-zx) 
y^{z+x)--\-xiz{z-irx)  =  y{z+x){xy-\-yz  -t-  zx) 
z'^{x+y)^-hxyz{x+y)=z{x-\-y){^i-y+yz-\rZx) 

.*.  by  addition,  &c. 

Exercise  xxiii.,  page  67. 

ANSWERS. 

1.  6fe4  +  l5c4.  2.  6.  3.  3. 

4.*  -  {A{b-tc  +  d)-\-B{a  +  c-j-d)-^C{a  +  b^d}-{-D(a-{-h  +  c)}, 

5.  0.  6.  5h^-d0ab^i-'d0a^b^-5a^b,  8.  0.  9.  0. 
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10.  0.         11.  1-  12.  a+b-^c+d.  13.    -1. 

14.  a  +  h  +  c+d.       15.   {a-j-b-\-c){a^ -{-b^  -^c^ +ab-{'bc  +  ca)+abG. 

16.  (a  +  6+c)2(«2+62H-c2)+2«5c(a  +  &-hc). 

17.  a+^  +  c+(i).  18.  (a-{-b  +  c+d)^. 

19.  (a  +  6-fc  +  t^)[(a  +  64-c+(^)2-(rt6+^>cfC(i+ac  +  &<^+ft£Z)}  + 

20.  a  +  b-^c,  21.  3.  22.    -1. 
23.  0.                                 24.  0.  25.  0. 

26.   l  +  lx~lx^+^\x^.  27.  l-fT-^x^-T-i^a^s. 

28.   l4-ic4ic3-ha;3.  29.  l-2icH-3a;2_4a;3. 
30.  l  +  ^2;-i.c2+/Ta^3. 

Hints  and  Solutions. 

7.  Let  {1 -\- ax+bx^ -\-cx^  +  &c.){l  -  ax+bx^ -cx^+&c.)  = 
l-\-Ax-^Bx^  +  Cx^  +  Dx^+Ex^+SoC. 

Change  x  into  —  x. 

.-.   (l-rta:  +  6a)2-c.«3_|.&c.)(l+r/a:+5a;3+c^3_|.&c.)  = 

l-^a;+ 5aj3  _  (7^3 4.D^4  _£'a:^ +&C. 
.-.  l  +  Ax+B^v^  4-  Ca:3  +&c.  =  1  -  Ax+Bx^  -  Cx^  +  &c. 
,'.  Ax+Cx^-\-Dx^  +  &G.  =  0. 
Now  this  is  to  hold  for  any  value  whatsoever  that  may  be  given 
toic;  .-.^=0,   C  =  0,   D=0,  &c. 

(it- —  a)  (a;  -  6)  (a;  -  c)  (x— d) "" 

+ — 7  + + J  K^) 

x—a'x—bx— cx-d  ^' 

Multiply  by  {x - a)(x -  b){x -c){x-  d) 

,'.  l  =  (^+^  +  C  +  Z))a;3-&c. 
.'.A-¥B^-C-\-D=^0. 

Multiply  both  sides  of  (a)  by  a; -a  and  in  the  result  put  x  =  a 

1 


•*    (a  —  b)(a~c)(a  —  d) 
'.  by  symmetry,  &c. 


=  A. 
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9.  Assume  7 w r-r/ r? -j\  =  —  4-&C. 

(x  —  a){x  —  h){x-c){x-d)     x  —  a^ 

10.  Example  1,  page  66,  Hand-Book. 

11.  Assume  7 r? tw r? j,  — +<fec. 

(x~a)(x  —  o)(x—  c){x—  d)     x  —  a 

x^  A 

12.  Assume  7 w tw tt T:  =  .r +&c. 

.'.  x'^=x^-{a-\-h-\-c^d-A-B-C-l))x^-\-k(i.. 
,'.  ^  =  a^h■Vc^^d-A-B-C-'D 
...  ^^j^B-\-C^'D  =  a-\-h-\-c-^d. 

1  ii 

13.  Assume  , w tw w :3T7 \= —  -f&c. 

Also  -4  =  — -,    Br^&c, 

{a  —  b)(a-'C){a-d){a  —  e) 

'''(a-b){a-c)(a—d){a-e)  "^ "^ (e -«)(<?- 6) (e-c)(e-rf)  ~ 

Let  e  =  0,  and  multiply  by  abed ; 

6cc?  1      n 

•*•    (a-6)(rt-c)(a-rf)   "^    "^   ■^="' 

Or  thus:    Prove  by  the  method  employed  in  Ex.  1,  p.  58, 
Hand-Book, 

{y-b){y-c)(y-d)  _ 

{a-b){a-c){a-d)    "^    ~    ■"• 

Then  take  the  case  2/  =  0. 

14.  1st  Solution.     Find  a  polynome  in  x  that  will  become 
a{a+b){a+c),  h{h-\-c){b-^a),  or  c{c-\-a){c-\-b)  according  as  x  =  a 

or  b  or  c. 

a{a^b){a  +  c)  =  i{a-[-a){a-\-b){a+c) 
b{b-\-c){b'ha)  =  i{b+a){b+b){b-^c) 
c(c+a)(c  +  6)  =  J(c+«){c+ft)(c-fc) 
.-.  required  polynome  =  i(x  +  u){x+b){x+e). 


CHAPTER    TWO.  48 

Assume    (^4-«)(^+i)(^+o)  ^  ^  ^  jL  +  g,,,  („) 

{x-a){x-b){x  —  c)  x—a        ^ 

.-.  «3  +  (a4-6+c)a;2  4.&c.  =  a;3_i(a-)./,4-c)-(4  +  5  +  C)}a;3+&c. 

Multiply  (or)  hy  x~a  and  let  x  =  a. 

•  •  --, 7Y/ -T^  =  ^,  values  of  5  and  C  by  symmetry. 

Add  together  the  values  of  A,  B  and  C  thus  obtained  and  take 
half. 

2nd  Solution.     Assume  (x  —  a)(x—b)(x—c)  =  x^-\-px^-\-qx+r. 

/.  j9=  _(«+/; -fc),  q  =  ah-\-bc+ca^  r=—abG. 

Express  a{a-\-b)(a-\-c)  in  terms  of  a,  p,  q,  r. 
a{a  +  b){a-^G)  =  a{a--\'ab  +  ac-\'bc)=a^(a-\-b  +  c)-\-abc=  —pa^  —  r 

Substitute  x  for  a  and  use  the  resulting  polynome  for  a 
numerator. 

(x— a)(a;— 6)(a;— c)  x—a 

...   _pa;2_,.  =  (^^54(7)a.3_&c. 

Determine  A,  B  and  C  as  before. 

[Either  of  these  solutions  is  easily  derived  from  the  other,  for 
any  multiple  of  {x*-a){x—b)(x—.c)  may  be  added  to  or  taken 
from  any  polynome  satisfying  the  conditions  stated  in  the  first 
solution,  and  the  resulting  polynome  will  still  satisfy  those  con- 
ditions.    Now 

\{x-\-a)(x-\-h){X'^c)~^(x  —  a){x  —  b)(x  —  c)=  —px^  -r, 
showing  how  the  second  solution  may  be  derived  from  the  first.] 

15.  a^{a-{'b){a-hc)  =  —pa^-ra^, 

-px^  —  rx^  „         A 

Assume     , r; ^.-TT r  =  —px  +  »2  +  -. -I-  &C. 

(x-a)(x-b){x  —c)         ^      ^       x  —  a^ 

.-.    -rz=:p^-pq^A-\-B^C 
.'.  A-{-B+C=--p{p^-q)-r, 
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16.  a^(a-\-b)(a:=c)=—pa^—ra^ 

2pr-{-A  +  B+C)x^  —  &LC, 
...   A+B+C=]j^-2p^q->r'A2)r. 

17,  18,  19,     a(a  +  6)(rt-|-c)(r/+r0  = 

a{a^^a''{h-^c  +  d)+a{bc-\-cd-{-dl)-\-hed}  = 

if  (:c— «)(a:— 6)^— c)(^— G?)=ic4  4-^a;3  4-r;:K2_|_,,^_|.5  g^  ^jj^^ 

r=  —[abc  +  bcd  +  cda-^-dab),  s  =  abcd. 

m      -,^  —px^—rz  A 

bor  17,  assume  > w ttt t, 3\= +  &c. 

{x—a)(x—b){x—c){x  —  d)     x—a^     , 

giving  ^  +  J5+C+D=-^, 

_  —px^  -  rx^  A 

For  18,  assume  ^^^zr^s^^^zr^J^^^^-  '^+^3^+^^- 

giving  ^  +  i^ + C + ^  =^i(?  2 , 

^      ^^  -px^-rx^  A 

For  19.  assume  (^_„)(^_;:)'(^.,)(^_rf)  =  -P^H-^'^  +^3-„+&c. 

giving  4+^+(7+D=  "-;^3_f.p^_^, 
[Divide— ^?a;®—ra;3  by  x^-\-px^ -\-qx-i-r  and  compare  the  coeffi- 
cients of  the  powers  of  x  in  the  quotient  with  the  values  of  the    * 
expression  in  14-19] . 

20.  Ist  Solution.     Let  {x-a){x-b){x-c)=x^-^px^+qx'\rr 
b  =_(a-f2?)-c 

c  ==  -{a+p)-b 

b-\.fi—a=  —{a-\-p)  —  a 
...  icffj+c-abc)=-{{a-{'p)  +  a}{(a+p)  +  b}{{a'\-p)-\-c} 

=  -{a^p)^-{-p(a+p)^  -q(a-^p)^r 
...    ^^c{b  +  c)=^{aA-p)^  -pia+p)^-\-q{a+p). 
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Substitute  x  for  a  in  the  right-hand  member  and  expand  (See 
Ex.  5,  p.  47,  Hand-Book),  and  we  obtain  for  numerator 

Assume    -J_±Ji^^^tM^^  =  1   +  ^  +  &c.         («) 

.'.  x^-}-2px^  +&c.=x^  +(p  +  A-\- B  +  C)x^ -\-&c. 
.'.  A  +  B-i-C  =  p=--{a-}'b-\-c). 
Mult,  (a)  hy  x  —  a  and  then  put  a;  =  a. 

(a  —  b)(a~c) 
2tid  Solution.  6  +  c=— («.+;;).     bc=  —a{b+G)-^q  =  a^-\'ap-\-q. 

The  solution  now  proceeds  as  in  1st. 

3rd  Solution.     bc{b-\-c)  =  bc{a-{-b-{-c)  —  abc=—pbt-\-r 

Assume    P^+P^+Pgzl    =   .J     +  A„. 
(a?-a)(a;— 6)(a;— c)         x  —  a    ' 

.:.  A-\'B-}-C=p. 

21.  1st  Solution.     2a-\-b  =  (a  —  p)  —  e 
2a-\-c=(a~p)  —  b 
a-\-b-{-c=:(a  —  p)-a 
.\(a+b+c){2a-{-b){2a-}-c)  =  {a-p)s+p{a-p)^-{'g{a-p)-^r 

=  a»-2pa^-^{p^+q)a-{pq-r). 

Assume   ?i-2/-^J:(;'+^  ^  ^  ^_  _^  ^^, 

Determine  A-^B-{-C,  and  ^,  ^,  G.  (It  will  be  ft)und  to  be 
necessary  to  divide  through  hy  a +  0-^c,  which  was  introduced  as 
a  factor.) 

2nd  Solution.     (%(-{-b)(2a-{'c)  =  4:a^+2a{h  +  c)+bc 
^Sa^+a{a  +  b+c)  +  ab-\-bc-\-ca 
^3a^  —pa-\-q. 
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Sx^  —  px-{-q  A 

.'.  Assume    / tt tt7 ^v    =     — —  +  &o. 

{x-a){x~b){x-c)  x—a 

.-.  A+B-^G=3, 

22.  a{b  +  c)  =  —a{a—{a  +  h-^c)}=  -a{a-j-p). 

Assume     Z±J'J!^..^.     = _^  &c. 

{x  —  a){x-o){x  —  c)         x  —  a 

...  A-\-IJ-\-C=  -1. 

23.  b-\-c-i-d=-'{a+p) 

Assume ~   ~^ —   _l  Xrn, 

(x-a){x-b){x-c)(x-d)   -   .»-«  +  *°' 

Or,  («  +  &  +  c+^)(Problem  8) -(Problem  9). 

24.  66'+c^  +  rf6=  —  rt(/^  +  c  +  r/)+5'  =  a2+prt  +  ^, 

A  x^{x^+px  +  q)  A 

Assume    j w ttt tt ^  =  a;  +  —   4-  &c. 

(»  — «)(a;  — r>)(a;  — c)(a;  — <^^/)         'x  —  a 

.'.  x'^  +px'^+qx^  =x^  -i-px^  -{-{q-\-  d  +  D -i-  C+  D}x^  -{-SiO. 

Or,  a3(jc+c<i+d6)  =a{a3(6c+cfl?+c^6)} 
=  a{a(abc+bcd  +  cda-\-dab)  —  ubcd\ 
=ia{—ra  —  s}. 

—  rx^-~s  A 

...  ^+i54-O+Z)  =  0. 

25.  6c+c(i+d6  =  a2  4-joa+g' 

...  ^  +  Z?+O+D  =  0. 

[Probs.  8-25  are  all  included  in  the  general  theorem,  "  If 
there  are  m  quantities  h^,  h^.  h^,  .  .  .  .  h^  and  n  quantities  (no 
two  of  which  are  equal)  a^,  a^,  a^,  .  .  .  ,  a„- 
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term  independent  of  x  in  quotient  of 

{x{x-hi){x~h^)  ....  (x~hj}^ 
{(x-a^){x-a^)     ....  (x-a^)}. 

Cor.  If  wi+1  is  less  than  n,  there  is  no  *  term  '  and  the  value 
=  0  ;  if  7/i  + 1  =  M,  the  '  term  '  =1. 

The  student  will  find  it  an  excellent  exercise  to  obtain  Probs. 
8-25  from  this  general  theorem  ;  thus  for  8  let  m  =  l  and  n  =  4, 
and  assume  h^  =(«j  —1,  a^  =a,  a^  =  h,  a^  —  c,  a^^d.l 

26.  Assume  l-\-x  =  {l-\-ax  +  hx^ -^-cx^  +  kG,)^ 

=  l  +  2a.i;+(a2  4.26)x2  +  2(a6+c)u;3+&c. 
.-.      2a  =  1     .-.  a  =  i. 
a2+26  =  0     .-.  6=-f 
ah->r   c  =0     .*.  g=:^^. 

.'.  ■j/(l+a;)  =  l+ia:-ia:2+Vira58. 

80.  Assume  l+x={l-\-ax-\-bx^+cx^-{-&c.)^ 

=  H-3rta;+3(a2+6)a;2+(a3+6a6+3c)a;3+&c 

a^+6a6+3c  =  0  .-.  Bc  =  -^\-^\  =  ^,  .-.  0  =  -/-^. 
Exercise  xxiii.  (a),  page  61. 

ANSWERS. 

9{Q{p^-q){qr-pt)-{pq-r){pr-t)}x 
{S{pq-r){r^  -qt)  -  (pr-t){qr-pt)}. 
fj       4a;"(a;8+3;?a;^  +  3ga;  +  r) 

10.    -4;);  (4i>)2-2(6^);   -  (4/>)3  4.3(4?;)(6^) -3(4r) ; 
(4rt*  -4(4^)2(6(/)  4-4(4p)(4r)  +  2(G^)2  -4t 
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-m'+5(ip)^6g)-5(4.py{4.r)  - 5{4:p){eq)^+5{Ap)t-\-5(6q)(ir); 
(4p)6     6(4j3)4(C^)  +  6(4/?)3(4r)  +  9(4jo)2(6(7)3  -G(4:p)2t 
-  12(4p)(6q){4:r)  -  2{Qq)^  +  6(6^)i+3(4r)2. 
11.  «oS4  — 46'i.S3  +  3s* ;  SqSq—6s^s^  +  15s^s^  —  10s]. 


12.    -?!(^!^28^±li;.,=0,.,  =  28,.3=-3, 


544.  s,  = 


-70,56  =  8683;    2(^-^)4  =  4526;    E  («-^>)«  =  264122. 
Hints  and    Solutions. 

1.  U=:x^-\-px+q,   V=x^-\-p'x-\-q, 

Any  common  factor  of  U  and  F  will  be  a  factor  of  (F—  i7)  —  « 
=  x^—x-\-p'—p. 

.'.  x^—x+p'—p  and  x^+px+q  must  have  a  C.  F.  Now 
apply  Ex.  1,  Art.  XL,  p.  58. 

2nd  Solution.     Any  C.  F.  of  U  and  V  will  be  a  C.  F.  of 
{{x+l)U-V\^x={p-^l}x+{p-p'-hq) 
and  V-{x-ij)U=(p^-^p'-q)x+{p-j-l)g 
.-.  if  £/  and  F  have  a  C.  F. 

y+1         __  p-p'+q 
p^+p'-q    ~    (z^+i)? 

or  (2?+l)2^  =  (it^-;>'+?)(i?2+J^'-?). 

2.  If  expn.  =  exact  cube  it  must 

=  (a;2+a3ic+/)3=x«+3rt2a;*+3(a4+y>*H-(a6  +  6aV>3  + 
8(/2  H-a4/);c2+3ay2a;+/3. 
Equating  coefficients  (Theor.  IV.), 

a«4-6aV=c 
P^a^f    =d  01  bf=d 
a2/3=ea 
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S.  1st  Solution.     U=ax^-^bx+Cy   V  =  a+bx^-{-cx'^ 
B={(ax+c)V-{cx+a)U}  ^x  = 

(c2  - a^  +ab)x^  +bcx^  —bcx  -  {c^  -a^-\- ah)  = 
(c3  -a^j^ab){x^  -  1)  -\-bc(x^  -  l)x 
{(c2_«2+rt6)(a;^  +  l)+6ca;}(ic2-l). 
8=(cx  +  b)U-axV=  ■     ■  ' 

bcx^  -t{c^  -a^  -\-b^)x+hc. 
Any  quadratic  C.F.  of  U  and  V  must  be  a  C.F.  of  R  and  S'  or, 
(rejecting  the  factor  x'^  —1  in  R  which  involves  a  particular  value 
of  x)  of 

(c^ -a^^ah)x^  ■\-}>ex-\-{c^-a^+ab) 

and  br,x^^-(c^-a^-\-b^)x-[-bc\ 

c2_a^^ab  be  c^^a^-\-ab 

•'•  be  =^2   _^2_|.^3=  be 

2nd  Solution.  If  ma;^  -\-nx+p  is  a  factor  of  U,  px^  +nx+m  will 
be  a  factor  of  F,  .*.  if  mx^  +nx-{-p  is  a  C.F.  of  U'and  F,  ?>i=j[;  and 
.•.  every  C.F,  is  of  the  form  mx^  +nx-^m  which  may  be  writtfiin 
m{x^-h/cx-\-l). 

(ax'^+bx+c)  -=-  {x-  -\-kx+l)  =  ax^  —akx^-^lower  terms. 
{c+bx~{-ax''^)^{l+kx-{-x^)  =  c  +  {b-ck)x-[-  higher  terms. 
Assume  U=  {x^-tkx-{-  i){ax^  —  akx^-\-(b-'ck)x-{-c} 
i.e.  ax^-\-bx  +  c  = 
ax'^-[ak^-}'ck-a  —  b)x^~{ck^-{-ak^bk-c)x^-\-bx-hG. 
,'.  ak2-{'Ck-{a-\'b)  =  0 
ck^-{.(a~b)k-c  =  0. 
These  equations  must  both  hold  for  one  and  the  same  value  of 
k.  they  must  .*.   have  a  common  factor,  .-.  by  Ex.  1,  Art.  XL, 
Hand-Book, 

b^c^  =  (c^-a^  -ab){e^  -(a^ -b^)}. 

4.  1st  Solution.     {{ax+c)V—{cx-{-a)U}-TX  = 

(c3  -a'iyx^-\-abx^-abx-{c^-a^)  = 
(ex^  -a2)(^4  „  i)^ab{x^-l)x  = 
^ic-"  -a^){x^  +  l)  +  ahx}(x^--l)  =  W. 
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Also  {ax^-\-c)V-(cx^-{-a)U}-^x^=: 

abx*-{-{c^  -a^-bc)x^-{c^  -a^  -bc)x-ab^ 
ab(x^  —  l)-^{c^-a^-bc){x^-l)x^ 
{ab{x^  +  l)i-{c2-a^  -bc)x}{x^-l)=^W' 

.*.  W  and  W  can  differ  only  by  a  numerical  factor, 
c2  _  rt,2  ab 

•*•        ab      =o2ir^'2  _Ijc' 

2nd  Sol     {ax'^+hx^i-c)  =  {x^-{-kx-['l){x^-akx^-ck-{-l):a 
ax^  -  {ak^  +ck—a)x^  -  {ck^-\-ak—c)x^ -^-c 
,\   ak^  -\-ck-a  =  0  and  —  {ck'^ ■\-ak—c)  =  b 
i.e.  ck^  ■hak-\-b~c  =  0 
.-.    aH^  =  {a^-c^){a^-hc{b-c)}. 

5.  ax^-^bx^  +  rx-\-d=  {x^ :j-kx-{-l){ax^  +  ib  -  ak)x-\-d}  :» 
ax^+bx^-{ak^-bk-a-d)x^-{ak-dk-b)x+(i 

.-.  ak^-hk-(a  +  d)  =  0 
and  (a  -  d)k  —  (6  —  c)  =  0 
.-.  dk^-ck-{a->rd)  =  0 

,'.  (a-d)^{a-^-d)^={bd-ac){b{a+d)-c{a-{-d} 
.-.  {a-d)^{a+d)=:{bd-ac){b-c), 

6.  {x^+2yx'^-hqx-\-r)^(x'^-{-ax-\-b)» 
a?— (a  — p)+linear  remainder. 

For  exact  division  this  remainder  must  vanish,  and  .•.  x-(a  —  p) 
must  be  a  factor  of  x^-{'px^  -^-qx-^-r,  which  will  .'.  =  0  if  in  it 
a  -JO  be  substituted  for  x. 

Expand  by  Horner's  method,  Hapd-Book,  Art.  VIII. 
(x^  -^px^  -j-qx-^-r)  ^  {x'^  -{-ax+b)  = 

[a;  ^  —  j  -h  a;  (linear  polynome) 
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.».  X  4  -1  must  be  a  factor  (Ax'^-\-^x^  \qx-\-r,  which  will  .-. 
h 

-Oifa;=  -I. 

7.   (x*+i»a;+?)^(a;3  4-aa;+6)  = 

x^-ax-{-{a^  —b)  -h linear  remainder ; 
.•.     (x^  -\'px-\-q)  =  {x^  +ax-{-b){x^  —  ax+a"^  —6)  = 

x^-h(a^-2ab)x+{a^-b)b. 
:.    a^-2ab=p.     {a^-^b)b  =  q  .',   {2a^ -'2aby2ab=c4a^q 
.-.     {a^-\-p){a^—p)  =  ia^q.  I. 

Also    a^b{a'ib--2b^)^=pH^ 

•••    (2  +  62)(^-62)2=2?263.  ^  11. 


8. 


4/?  6q  4r       t 


a  +  ip       a^-}-4:ap-^6q  a^-^4:a^p+6aq  +  4:r      R 

a  2a^-\-4:ap  'da^-{-Sa^p-\-6aq 


1     2a+4p     3a^-\-8ap  +  6q;      4:a^  ±12a'p+12aq  +  4r 

.-.  4a3  + 12^2^4. I2ag'  +  4r  =  0. 
.*.  x^  +  Spx^+Sqx-\-7'  is  divisible  by  «  — a 
and  .-.  has  a  0.  F.  with  px^-{-Sqx^+drx-\-U 

Q        1  1  1  1 

x  —  a         x-b     '     x-c         x—d 

4x^-S(a  +  b  +  c-{-d)x'^-}'2'Z(ibx—{abC'hbcd-\-cda-\-dah) 


x4+4j^a:3  +62.^-2. ^4,.^4.^ 

Ax^-i-12px^+12qx+4.r 

a*  +  4:px^  +  6qx^  +  4ric  +  « 

Multiply  this  by  of*. 

10. 

-4^ 

-4r 
—  t 

4         12/>     12q            4r 

-16i?     16;>2      _64;>34.48jo^     256^* -288;)^^4-48;?r 
-242-                       24:pq                -96p2^+72^2 
-16r                   Wpr 

4,      -4jy,     16/?2_12^,       -642>3+72py~12r, 
Continue  the  division  to  three  more  terms. 
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11.  (x-a)*  +  (x-b)^-{-(x~c)^  +  {x-il)*=' 

4:x*  ~^a+b-hc^^d)x^4-^5{a^  +  h2-{-c2+d^)x^ 
-4(rt.3  +  6S^c3+cZ3)a;H-(a4+64-|-c*+d*) 
=  4a;4_  45^3.3  -{-QsqX^  -•4:S^x-{-.'i^. 

Puta;  =  «,  =6,  =c,  =<nn  succession, 

(a_6)4    +(6-c)4  +  (/>-^)4    =.So64-4si63  +  6s.3/>3_4.,^^^^.^ 
(rt-c)*      4-(/^  — c)^  +  (c— c/)^=SoC*— ^SicS+GsgC'S  _  4.S3C+S4 

...  2{(«-6)*-h(a-c)*+  ...+(,_rf)4|  = 
«0«4  -  4S1S3  +  6S3S3  -4.S3S1  +4S4 

...  2(a-^')*=SoS4-4«iS3-t-34- 

Similarly;  (a;-a)«+(a;-5)6  +  (a;  -c)6  +  (a;-c/)«  = 

So*^— 6sia;^ +156-20;* -SOsgicS-hlos^a;^  -6s..k  f5g. 
Put  a;  =  a,  =&,,  =c,  =(iin  succession  and  proceed  as  before. 

N.B.  Sq,  Sj,  S3,  &c.,  are  the  coefficients  of  the  terms  taken  in 
order  of  the  quotient  in  No.  10 ;  they  are  .*.  known  polynomes 
in  jp,  q,  r  and  t. 

12.  Substituting  in  Ex.  9,  p  =  0,  6^  =  - 14,  4r  =  1,  t  =  -  38,  the 
result  there  obtained  becomes 

a;"(4a;3-28a;+l) 
a.4-.14a-24.a;_38* 
Dividing  as  in  Ex.  10,  omitting  the  line  for  p. 


4 

0 

-28 

1 

14 

66 

892 

-42 

7616 

-1 

-4 

-28 

3 

38 

152 

1064 

4 

0 

28 

-3 

544 

-70 

8683 

.-.  s,  =4,  s,  =0,  6-2  =  28,  «8=  -3,  .4  =  544,  s,  =  -70,  .,  =8688. 
Now  substitute  these  values  in  expanded  and  reduced  expres- 
sions for  2(«-^)*  aiid  2(«-*)®. 
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Exercise  xxiv.,  page  62. 

1.  (3m  +  2)2;  (c^-l)^. 

2.  (?/3-z3)2.  4?/2(2a;+i/)3. 

8.  (3a6+2c)2  .  4,y^Sx-y)^. 

4.  (iic2-42/a)3  ;  (la^  _i62c2)3. 

0.  (.-«.,.!  (I) --(ij-f. 

9.  (a  +  fe+C-r)2=(rt+6)2;     (Ap3_4^3)2. 

10.  {Sx-4:y-2x-hSyy^  =(x-y)^. 

1-2.  (5a;''^+2^//+-7//3-4a;2-6//2)2 
=  (a;2  +  2^y+^2)2  =  (^^.+2^)4. 

"•I(t)"-(I)T-    "■'"-'+•)■■ 

15.  (a^— 62-6')2. 

16.  (a-6)2H-(6-c)2  +  (c-«,)2_^2(rt-6)(6-c) 
-2(rt-6)(c-a)-2(?>-c)(c-a) 

=  {a-64.6_c-(c-a)}2=(2rt-2c)2. 

17.  (2rt2_364.4c)2. 

^olve  last  three  as  in  Example  4. 

Exercise  xxv. 

1.  (7(e-f2/;)(7rt-26).  2.  (3a+t5)(3^-i5). 

8.   (9a2-462)(9a2 4-163)  =  (3a+26)(3a-2&)(9a2+4&2). 
4.  (10x-6y)(10^+6^).  5.  5b{a+2xy){a-2xy). 

6.  (3a;3-4i/2)(3x3+4i/2).  7.  (fc  +  l)(|-c-l). 
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10.  («2_462)(«,2+4^2)(^_2/,)(a+26)(a2+468). 

11.  a^^  -h^^  =  {a^  -^8)(a8+68)=: 

12.  a-^_(/;-c)2  =  (rt  +  6-c)(a-6  +  c). 

13.  (a  +  2&  +  3a;-4*/)(a+2&-3a;+42/). 

14.  (a;3  +  2a://+?/3)(a;2  -2a;y+y)2  =  (a;+i/)^(ar  -y)^  or  (a;«  -j/^)' 

15.  (a;4-?/+22)(a;+?/-2z). 

16.  (8.c  +  8)(2-2a;)  =  16(a:+l))l-a?). 

17.  (2a;?/+a;2  +  ?/3  -23)(2^?/ -a;3  ^y2  +38) , 

18.  {x^  -\-xy-y^ ^x^  -xy  -y^)  y. 
{x^+xy+y'^-{x''-xy+y^)}^(2x^-%j'i)X^Xtf 

=  ixy{x+y){x-y). 

=  {(;C-z)3-y3}|(^4.^)2_y2l 

20.  2(a  +  c)x2(fe  +  6Z)  =  4(a  +  c)(6  +  rf). 

21.  4(l+2a;3)x6a;  =  24a;(l+2a;3). 

22.  2{a^+2ab+b^)x4:ab==8ab{a-{-b)^. 

23.  (a3_62+c2-(/3+2ac-26£/)(a2_ft3  4.c2  -d2-2ac+2&rf) 

=  {(a+c)3-(6  +  t/)3}{(a-c)2-(6-ti)3}a 
{a+64-c+^i)(a+c— 6-d)(a-6-c+rf) 

24.  (a;3  -y2-z^^2yz)(x'^  -?/«  -;j2  4.2^2) 

=  {a;^-(2^  +  z)3}{a:3_(y_^)2} 

=  {x+y-{'z){x-y-z){x+y-z){x-y  +  z). 

25.  2(a«-3aS63+6«)x4a363=8a368(a«-3^/3/,3  4.66). 
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26.  (a^-^b^){a^-b^)  +  6a^h^{a^-b^)-Sa^b^{a^-b^) 

=  (a3  _63)(^3  +63)(rt3  _/,3)2  =  (^3  4-63(^3  _  ^,3)3. 

27.  (a;2  +  ?/2+32)(3.2+y2+22  -2a;i/-2//z-2zx-). 

28.  ^j:  - ^-^zy  -{y+z)^  =  (xJr'iz)(x-2y), 

29.  -(a4+64+c4-2rt3i3_2rt3c2_2636-2) 
=  _(rt2_i2_c2)2+462c2 

=  (26c+«2_63-c2)(26c-«3+62-|.c2) 
=  {«2_(^_c)2}|(5_|.c)2_a2[ 

=  (a+6-c)(fl^-/^+c)(i+c+a)(6-|-(j  — a). 

30.  x^-^u^+z^-h^x'y^ -2xH''-2y^z^ 
=  (x^~-'>j^-z'^)  —  lu''Z' 
=.{x^.-{y2^2yz+z^)}{x^-{y^-}-2yz+z^ 
=  {x-y+z){x+y-z){x+y+z){x-y-z). 

Exercise  xxvi.,  page  67. 

1.  (x-7)ix-{-2),  {x-7)ix-2);    (a;+4)(a-+3). 

2.  {x-d){x-5);  (a;-7)(a;-12);  {x-12){x+5).    . 

5.  (2.c-5)(2.^;4-4)  =  2(2.c-5)(a:+2); 
(3x-20)(3j:-30)=3(3a;-20)(a;-10). 

4.  (ix+12)(ia:-3); 

(5.f  +  5)(5.c+3)  =  5(a;+l)(5a;+3) ; 
•  (3a;3-4)(3.c3-5). 

6.  {^x+4:)(ix+S) ; 

(4a;2  -  5)(4a;-^  +4)  =  4(4cc-  5)(x+l). 

6.  (a;2_«,2)(^.^2_/;2)  = 

(a;-a)(a;+rt)(a;-6)(ar4-^>)  ; 

{2(;.  +  ^)--ll[{2(x  +  2/)  +  9} 

7.  (a;2+^2_,,2)(^2+^24.62). 

8.  (a+6-3c)(a+i+c).      9.   {x-hy-h{x-^ijy}  {x  +  y+{x-yy] 

-=(x-\-y){l+^+y){x+y-^{x-yy}. 
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10.  {a  +  b-(a-hb)^}{a-\-b  +  {a-b)^}^ 
{a-\-b)(l^a-b){a+b  +  {a-b)2}. 

11.  Last  three  tevms= —(2x-\-y){xi-2ij)  .*.  the  required  factors 
are    (x^  +xy+y^  +  2x+y)x  {x^  -\-xf/-^y^ -{x  +  ^jj)} 

12.  {a-S{b-c)}{a-^{h-c}^{a-Sb-hSc){a  +  b-c). 

13.  l{x^  +  y^)^+2a^{x^-^y^)+a^\-b^=» 
{x^-^y^+a^)^-h^  =  &G. 

14.  (x^-lOx-UXx^^lOx-hS). 

15.  (a;2  -  14.C+40 -  30)(x-3  -  14a:+40  -{-5) 
.={x^-  14a;+10)(a;3  -  14a;  +  45) 

=  (x^  -  Ux-\-10){x--d){x-5). 

16.  {(x^  -xy-{-y^}-^3xy}(x^-xy  +  y^  -xy) 
=  (xi-yy{x-yy  ={x^  -yl)^. 

17.  (z^-l){z^-2)  =  {z  +  l){z-l){z'^-2); 
(x^  -  S)ix^-^1) ;  {3x^-{-5y^){3x^  -  2y^). 

18.  {c^+2)(c^-l);  {x^-2){x^  +  l) 

=  {x^-2){x+l){x^-x-^l);  (a;"'-42/^)(.c'"4-2^'»). 

19.  («"*— a^'')(a;"*+62^'»). 

Exercise  xxvii. 

1.  (x-hy)(bx-y), 

2.  {Sx+hy){2x-y)  =  S(x  +  2y)(2x-y). 
8.  (56a;-20//)(a;-?/)  =  4(14a;-5//)(a;-2/) 

4.  (56x-20y){x-y)=4t{Ux-  5y){x-y), 

5.  (56a;-4)(a;-20i/). 

6.  (28a;-20//)(2.f-?/)  =  4(7a;-5y)(2a;-7/). 

7.  (28a:+?/)(2a;-20,y)  =  2(28a;+2/)(a;-107/). 

8.  (28.r-107/)(2a;+2//)  =  4(14a;-5i/)(a;+y). 

9.  {Sx-5y){7x^4:y).  10.  (8.r:  +  5.v(7rr-47/). 
11.  (3a;+?/){2x-/>?/)  =  2(3ar+//)(a;-3//)  12.  {3x-2y)[2x+Sy). 
18.  (28a;  +  y){2x-\-20y)  =  2(28a;+y)(a;+  lOy). 
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14.  {5ex-10ij){x-2i/)  =  2{2Sx-5y){x-2ij), 

15.  {'ZSx+5y)(2x-4:y)  =  2{2Sx  +  5y)(x-  2y). 
IG.  {5(jx-5y}{x-4:y). 

17.  (8.c-2?/)(7a;-10^}  =  2(4aj-2/)(7a;-  10//). 

18.  {o6x+4.y){x-5y)  =4:{Ux+y){x-5y). 

19.  {dx+Sy){4.x-5y)=S{Sx-[-y){4:X-5y). 

20.  (8.c+5?/)(9ic— 8i/). 

Sxe.cise  xxviii. 
1.  {5x-7){2x+d).  2.  (5a;+3)(2^-7). 

3.  (5a;-3)(2a;4-7).  4.  (2a;-5)(8^'-ll). 

6.  (4a  +  l)(3a-2).  6.  (3a;-7)(4a;-3). 

7.  (3a;-h7)(4a;-H3).  8.  (5a^  ^4:b^)(Sa^+5b^), 

8.  (5a3_463)(3rt2  +  562).  9.  (4a;+l)(3^-l). 
10.  3y^x-y){'dx-{-2y),                  11.  (2ar  +  3y)(2;r+y). 

12.  x^{Sb-i-x){2b-Sx).  13.  (3a;3+72/2)(2a;3-52/^). 

14.  (2a;3-9)(a;2+5). 

15.  (4:x^-y^){;v^-9y^) 

=  {2x+y){2x-y){x-.Sy)(x+Sy). 

16.  Here  we  have  exactly  the  15th  with  x-\-2  for*a;.  .'.  the 
factors  will  be  found  by  changing  x  into  aj+2  in  the  factors  of 
the  15th. 

(2x-\-4.-\-y){2x+^-y){x-{'2-Sy){x  +  2  +  3y). 

17.  hetz  =  {2x+Sy)  and  a  =  (3a;-2y). 

It  becomes  6z^  +  5az~6a^  =  {Sz-2a){2z-\-Sa). 
.-.  Ans.  {ex-^-dy-Qx-^-iyXix+Gy+dx-Gy) 
=  13yxiSx=16dxy, 

18.  Making  same  substitutions  as  in  the  17th, 

6a4-f 022^2— Grt*  =  (322  -2a3)(223  +3«3) 

=  (12.C2  +  S(jxy+27y'^  -  18a;2  -l-24.cz/  -  8^2)  ^ 
(8a;2+24a:2/+182/2+27a;2-36an/+122/3) 
=  (19//2 4-60.cy  -  6a;2)(35u;3  -  12x^/4-302/3). 
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19.  Leta={x'+y^+x>/),  b  =  (x^ -xij+y''), 

:.    6a^  +13ab-  3S5b^  =  {a-7b){6a-\-55b) 
=  {8xi/-(]x^  -6y^)(61x^-i-4:9xij-\-61y^) 
=  2{4^y~3x^  -3?j^){61x^  -'i^dxy-{-61y^): 

20.  Leta  =  {x^-{-2xy+2y^),  b  =  (x^ -2xy  +  2y^), 

.-.  (21a2  _  5ab  -  662)  =  (7a+3b){3a  ~  26) 
=  {10x^+8xy-[-20y^)(x^-i-10xy+2y^) 
=  2{5x^-^4.xy  +  10y-^)(x^  +10xy+2y^). 

Exercise  xxix.,  page  73. 

1.  {7x+6y+8)(x-y-z),  2.  (ox-5y -22){4:X+y-\'i). 

3.  (3a;2-f-4?/3+13)(^2_y2_i.)  4.  (4a;-f-57/)(5a;-42/  +  7). 

6.  {9x+Sy-20){8x-y-l).        6.   (a;+32/)(ic~42/-5). 

7.  (4a;+3z/-z)(2a;+3y+«).  8.  (3a; - 2^ -2^) (2a; -3^ 4-42) 
9.  (3a;2-2?/--h523)(2a;2+5?/3-5). 

10.  (16a;2  +  8yM-5z3)(a;2_27/2-f323). 

11.  (2a-56-7c)(2rt4-36+3c). 

12.  Expression=(a2_ft2_c2)2_452c3 

=  (a2_^3_c2^26c)(a3_53_c3-26(j) 

=  {a2_(5_c)2}{a2-(6+c)2} 

=  (a-6+c)(a+6-c)(a4-6+c)(a-Z>-c). 

Hints  and    Solutions. 

Most  of  these  examples  can  be  factored  by  the  method  of  Art. 
XVII ;  but  a  few  solutions  by  the  method  of  next  article  may  be 
given. 

1.  (lx-{-6y)ix-y);  (7a;+8)(a;-2) ;  (-y-z){6y+8) 

7x+6y,    7a;-h8,    62/4-8,    x—y,  x-z,    -y-z.     Hence  the 
factors  are,  &c. 

3.  Factoring  the  partial  products  as  in  Art.  XVIII,  and  arrang- 
ing in  two  lines : 
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Sx'^+iy^         3^:2  +  13,         42/^+13 
x^-  y\  x^-   1,       -2/2-   1. 

Hence  the  factors  are  3a;2  4-4?/--{-13  and  x'^—y^  —  l. 

Note. — In  cases  where  numerical  terms  appear,  consider  these 
terms  as  involving  z^, 

5.  (•9a:+8</)(8a;-2/);  (9a;-20)(8a;— 1) ;  (8^-20)(-7/-l),  and 
arranging  in  two  lines  as  before. 

9x4-8?/,         9a; -20,         8*/ -20 

8a;-   y,         8a;-    1,        -y-   I 
.•.  the  factors  are,  &c. 
9.  Omit  terms  involving  z,  Qx^-lOTj^+llx^y^-J^lOy^ -16x^ 

Factoring  the  first  three  terms  we  have  Sx^  —  2y^ 

2a;2+5?/3  ;  but  the  last 
two  terms  show  that  the  third  term  of  second  factor  must  be  —  5, 
hence,  &c. 

Exercise  xxx.,  page  75. 
.  1.  Quantity  =:a;4+7a;3 +  4^9- \5  =  (jj3  + 7)2  _ 45^    ^liicjj   gi^^s 
the  factors  a;2+|-  +  ii/5;  2x^+^±^y5, 

2.  a;2-l-^?/3-h|?^2^5^  as  in  last  Ex.  ; 
quantity  =  yV(36a;4 +60a;3?/2  4- 25^4  - 13^4) 

=  TV{(6^^+5?/3)2-l3i/4},  which  gives  the  factors 

T-V(6^'+5?/3+|/3y^l3). 

3.  Quantity  =  i(l 6a;4 +40x3  4-25-13),  which  gives 
^{4:X^-{-5±i/lS) ;  writing  k  for  a;-|-y,  the  quantity  = 

3k'^  +  5k^z'^-{-z^y  which  factor  as  in  second  part  of  Ex.  2 
above,  and  restore  the  value  of  k  and  factors  are 
tV{%+.v)^+5;s3+,2^/13)|. 

4.  (a;34.iy2)^a;3  +  6^2/');  (x^  ^\h/'){x^  +  y^), 

6.  (2a;3+4iy2)(2a;3  +  xy3).   ^{4(a  +  6)3  +  5fc  +  ^/13}. 

6.  Multiply  by  4  X  3,  quantity  =  ^V(36a;4  4-96a;32/3  + 55^4) 
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Second  part  derived  from  the  first  by  putting  ?/  =  1, 
.-.  factors  are  {6x^  -\-5)(Gx^  +  11). . 

7.  i(5a;--^4-10d=3|/10);    (2a24.3±2/2). 

8.  From  second  part  of  last  Ex.  we  write  at  once 

{2(a;^v/)3-|-(3±2|/2>2}  ;  from  first  part 
^{10a;«+(10d:3|/10)?/2}{10ic2  +  (20- 6^-10)2/2}. 

9.  Quantity  =-J(81^4^_i26a;2 +36)  =  ^(81a;4+126a;2 +  49-13) 

=  K9a;» +7  +  1/13)- 
In  second  put  m  for  y-\-z,  and  afterwards  restore  the  values  ; 
factors  are 

^{2a;3+(6±A/16)(2/+^)3}. 

10.  J(2a;2  +6+  ^6).     In  second  quantity 

=  |(49y;*  +  280a?3  +400-  85),  which  gives4(7aj'+20±'  \/85). 

11.  Quantity  =  i(16a;4+72a;22/2  +  58y4) 

=  l{16x^+12x^y^+Sly* -2Sy^),  which  gives 
J  {4a;2 +(9+^23)2/2} 

12.  |{7(a-6)2+8c2+c,/29};  l{Sa^±b^s/^}. 

13.  i{3ic«  +  (3  +  i/3)«/2}  ;  in  this  write  a+&  for  «,  a-b  for  y 
.-.     ■i{3(a  +  />)2+(3±y3)(a-6)2}. 

14.  {7a«  +  (6+A/14)62};  (5m^+9n^){om^+3n^). 
16.   {7(m+n)2+(6  +  i/14)(;7i-n)3} 

Exercise  xxxi.,  page  77. 

1.  (a;2  +  2a;7/+3y»;    (x^±xy-y^):  x^+xy+y^). 

2.  (a;»±2a;?/  +  2i/3;   (4a;2  +  3a;»/+i/a) ;   (^x^  ±xy^y^), 

3.  (a;3dbv'2.c  +  l);  (a;2zhi/6a;//  +  3i/2) ;  l+:2t/-4//2). 

4.  (x2±3a;+l);  (a:2±  A/6a;+3) ;   (ia;2-K2ary+2/3. 

6.  Expn.  =  2/4  +  lla;2//2  +  »-^-la;4  -  ^^' x*  =  y^ -h '^' x^ ±^x^'  ^6  ; 
Expn.=a;^+4a;*^*  +^®  -4a;4/y*,  which  gives  the  factors 

x^  +  2y^±2x^y^  ; 
Expn.=a;*+Su;2  +  lG-4a;2  =the  factors  x^'\-4:±2x. 
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6.  Expn.  =  (2x^  -\-ij^)^  -  12^x^y^  =  2x^-^y^±lxy ; 

(x^+y^)^  -^^x^y^=x^+7j^±ixyVS9; 
4«4  +  l  =  (2x^-]-l)^-4:X^  =  2x^+l±2x, 

7.  a;2m^3^2m-|.4a;~?/"';  x^'^-{-2y^'^±2x'^y'^;^x^- ly^±xyV5. 

8.  2ic2'-l±2x;  Bx^n.= -{ix^-ex^y^  +  d6y^-x^yg) 

Expn.  =  x^  +  2rt2^2^2  +(^4^4  _ 2a^x^y^  =  x^  -\-a^y^  ±axyy/2 

9.  w?a;2-w?/3±aJ//A/it>;  expn.  =a;4'»4-2  .  2"*-i2/2'«-2.22"'-i2/2'" 
=  a;2"*  -f  2"*~i?/2"»^^2'"^'". 

10.  Expn.  =  (4a;« -3)2 -0:2  =  4a;2-3+a;;2a;2-2±2ari/2; 
Expn.=  +(9a;4-12a:2?/2  4-^/4)  = 

-  (3a:2  -2«/2+a;//)(3a;2  _2</2  -.ry). 

11.  (2;c2±4^?/-3^2);  a;2±:2a;  +  5). 

=  («2  +a6+62)(2o2  +  2rt6  +  2/;2) 

=  2(a2+«&+?;2)(rt2  4_^5^ij,),=  2(a2+a6  +  52)2. 

If  6  =  1  we  get  the  second  part  2(a2-j.a+l)2. 

13.  {{x+yY  ■^^x-\-y)z^z^}{{x^yy -d{x+y)z+z^^}. 

14.  Expn.  =  (a4/>)^  +  7c2(rt+6)2-|.4^9c*-Vc* 

=  (rt-f6)2_j.7c2_j_3c2^5. 

15.  {4ffc2  +  5a(6-c)  +  2(6-c)2}{4a2_5a(6-c)  +  2(5-c)2} 

16.  {2(a+^)2±3(a2-63)_3(a_&)2}  = 
4(a2  +  5ab-2b^){b^  +  5ab  -  2a^). 

17.  From  13th, 

{(^2 +2/^ -a;?/)2  ±3(a:2+T/2  _a:?/)(a;+2/) +(aJ+!/)M 

18.  From  14th,  {a'' J^ab  +  b^)^l{a-by ±l{a-bY^6}, 

19.  4a2±2«+l);  (x2±7a;4-4). 

20.  (a;2 ±9x1/4-9^2);  (i4-32_|-522). 
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Exercise  xxxii.,   page  78. 

1.  (•^^-h3)(^.2  +  2^-3)  =  (.;2+3)(a;+3)(a;-l), 

2.  2tx-^+S)(x--+x--S). 

3.  {x''^i)(x^-^3x~4:)=:(x^+^)(x^i){x-l). 

4.  i'-c^  -^){^x''+x-{-12)=:{x+2)(x-'2){Sx^^  +x+m, 

6.   (x^-S)[5x--\-ix+U).         6.   {x^  +  6)(10x^-{-5x-60). 
7-  (i-«^+TW(i^^  +  40.?;-TV)-     8-  {^-^^-Ijiox^-Sx+l). 

Expression  =  li(25^4_ 64) -Gx(5^-8). 

10.  7(90^4-16) -13x(3^3_4)  ^(3^3  _4)(2U3_1B.^_  28). 

11.  10(81^4 -i)  +  fa:(f.c2  4-i)  =  (18a;2  +  l)(452;^+fc+^). 

12-  2(121a:4_l)-3a;(lla;3  +  i)  =  (na;34.i)(22a;3_3a;-.2). 

13.  a^^-|)(^a^2+.^+|). 

14.  8(a;3-22/3)(10:c3-4;cir+20y2). 

15.  {2x^  --5y^ ){12x^'  -6x1/  i-SOi/^). 

16.  («2-16y2)|2a;2  4.^^y  +  322^2) 

17.  (a;2-f)(lla;2  +  10.c+«6). 

18.  10(a;2+2)(4a;-'+3.c-8). 

19.  (x^  -6?/2)(13a;2-12ic/y+78.v-). 

20.  (a;3+4v/2)(3a;2  +  3u;//- 127/2). 

2i.  (a;2-3//2j(5a;2  +  4a:^  +  15?/2). 

22.  2(a;2-2//-)(2.c2-7a:?/4-2?/2). 

23.  {x^+iy^}{x'^+SOxi/-lj/^). 

24.  (a:2-62/2)(2a;'-a:2/+122/2.) 


Exercise  xxxiii.,  page  79. 

(a;2 4-27)2  -  6a;(a'2 +27)  +  9a;2 -  36ic3 
=  («2+3a;4-27)(a:2-9a;+27). 
2.  a;4  4-8a;3-5a;3+2^(a;3+4)={(a;-2  +  4)2+2^(a:2+4)+a;^} 

8.  {x^+l-{-l{'i±v'5)x}, 

4.  (a;3  -hl)3-4aj(a;2  +  l)  +  4a;3-5a;2=:r2-i-T-3-^2rhi/5). 

5.  {2x^+2-Sx±x\^{23)}  6.   (cS -M5.u- 5)(;c2 -a;-5). 

7.  (4a;2-2)(4a;2-6x-.2).  8.  (aj2  +  8a;+4)(a;3 -.8a;+4). 

9.  (a:3  +  7a;-2)(a;2-a:-2). 

10    (x^  +  5x}/  +  Sy^){x^  -  xy-^Sy^) 

11.  (x-3-l)2-f-6a;(a;2_l)  +  9a;2-16a;S  = 
(a;»+10a;-l)(a;2+2aj-l). 

12.  {x^  ^7xy+y^-)ix^  -Sxy+y^). 

13.  (2.c3- 52/2)2 -f2a;«/(a;^-52/2)+a;2^2-46a;2y2  = 
(2ic2 +a:?/ -  52/2  zhxvv/46.) 

14.  (x^-\-lxy-y-){x'^ -xy-y^). 

15.  (a:2  4-22/2)2+6j;y(a;2+2//2)-f9a:2j/2_3a;22^2== 

(a;2+22/2+3a;i/±a;7//3). 

16.  (3a;2+10a:^-2i/2)(3a;2-4a;7/-2i/2). 

17.  tV{  121a;*  +484a;22/2  ^. 4847/4  +  10a;?/(ll«2  +22i/«) 
-^Qiix^y^}=Mllx^+22y^^+bxy±^i^xyVn}. 

Exercise  xxxiv.,  page  78. 

1.  (y-2)(x2-t/). 

2.  ax{hy^c)  +  {hy-c){hy-\-c)^(hy-\-c){ax^-hy-c\ 

8.  (22  4.^i)(a;_^rt)(a;_a).  4.  (2:K-rt)(a;-26). 

5.  (a;+3a)(ic+26).  6.  (a;-62)(a;-a)(a:+a). 

7.  {X'-b){x-\-h){x-a){x'' -^-ax-k-a^). 
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8.  {2x+Sa){ix  +  5b).  9.  {a+bx){a-hx+cx^). 

10.  (^a  +  bx){a-  bx)i-cx^{a  +  bx)  =  {a-bx){a  +  bx+cx^). 

11.  Group  the  terms  containing  a,  also  those  containing  6. 

.*.   (((x-d)[bx'^-{-cx-J'). 

12.  {px-q)(x'-x-l). 

13.  ifwrhtGna^+ab  +  2ac  —  2b'^  +  5hc-3c^  it  becomes 

{a-b-c){a  +  2b-hSc), 

14.  x^  +x^  +x  +  ax^ -\-ax+a  =  {x  +  a){x^  +X  +  1). 

1 5 .  (w?.c — n)  (^aj  2  4-  ^.r  —  r) . 

16.  a;(.c2— 6a; -rtaj+^c)— a(ic2_ia;  — aa;+6c)  = 
{x  —  a]{x  —  b){x  —  c) 

17.  a;3-(6  +  cU2^?*£'^-j-aa;2-ff.(Z>  +  c).f4-«6c 

=  «(a;2  -  6  +  cx-t-&c)+«(aj2+6  +  t'ic  +  6c)  =  (a;+£^)(a;-6)(»-c) 
Group  terms  as  in  last  example. 

18.  .-.  {x+a){x+b){x-c). 

19.  a^{x^  -ax-y  -  xy  -\-  ay^)  +z[x^  —  ax^y  —xy-[-ay^) 
=^(a^+z){x^-ax^y-xy+ay^)  =  {a^-^z){x-ay){x^-y). 

20.  abx{ax+by)-[-cdy{ax-{-by)—efz{ax  +  by)' 
(abx  +  cdy  —  ^g)  (ax + by) . 

21.  aa;(rta;*  —  6.'cH-c)  +  <^(«iC^  —  &a:  +  c)  =  {ax+c){ax^  —  bx+c), 

22.  wa;(a;2-2/2)-n^(:^2_y2)_^;.2^^2_2/2) 

=  (a;2 -2/2j(,,j_^_^^_^,,2;)  =  (a;-2/)(a;+2/)(ma;-W3^4-?'2). 

23.  ax{mx  —  ny)-\'by{mx  —  ny)  +  cz{mx—ny) 
(mx  -  ny)  (ax + by + cz) 

24.  mx{ax—  bcx  j-a)  +n{ax  —  bcx-}-a)  =  [mx-{-n)(ax  —  bcx-\-a). 

— a»(a262  -b^xy  - a2?/2+a;^2g)  ==  (^^  -  xz)(b^  - yz){a^  -  xy). 
26.  Arrange  in  three  groups,  terms  in  m^,  terms  in  a,  and 
remaining  ones. 

.-.  x^ {x^  - (n-n^)}  -m3a;2 {x^  - n-n^}  --alx^  -n--7i2) 
=  (a;3  -  m'a:^  -a)(iB2  -n-n2). 
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27.  {l+x~x^)-axil-tx-x^)-\-bx''[l  +  x-x^) 
-cx^{l+x-x^)  =  {l-\-x-x'^){l-ax  +  bx-^-cx^). 

28.  Group  terms  in  d,  .-.  ax{a^x^  —  abxy+acxy  —  bcy^) 

—  dy{a^x^  '-  abxfj-\-acxy  -bcy^)  =  {ax  —  dy)(ax—b)j){ax-\-cy). 

29.  mx{m^px-  —npx-{-m^nx  —  n^) 

-\-q(m  -px^  —  npx + m'^nx  —  n^)  =  {mx  +  q){px  +  n)  {vi^x  —  n) . 

30.  m^x^ip^x^-\-p^x^-\-q^xy^+(j^y^)- 
n^y^ip^x^  +p^x^  ■^q'^xy-bg^y^)  = 
iinx-\-ny){inx  —  ny)(p'^x^  +q^y-){x-]-\). 

Exercise  xxxv.,  page  82. 

1.  {a-{-x){a  —  o).  2.  {ax  +  hy)(bx—ay). 

3.  x^-a^  +ax{x-  -a^)  =  {x-  a){x  +  a){x'^  +  ax  +  a^), 

4,  x(a'\-x)[a^  -irUx-\-x^).  5.   {ax  —  b){cx-\'d). 

6.  25x^-5x^-hx^~l  = 

{25x^  -  1)  -a;(5a;2  - 1)  =  (5x^  _  l){5x^  -x  +  1). 

7.  (a-ft)(a  +  *+a;-c).  8.  {a^'{-b){a-{-b). 

10.  {x-y-hl){x^+xy+y^).  11.  (6-2.c)(2  +  6x). 

12.  a;3  - 1  +  3(x3  - 1)  =  (a;  -  l)(a;2  +4a;  +  4)  =  {x--  l)(a;+2)3. 

13.  (p-q){p-^-2q2). 

14.  a34.rt2-2  =  ^f3  _a2_|.2a3-2  =  a2(a_l)+2(a3-l) 

=  (a-l)(a2  4-2a  +  2). 

15.  3a264_2rt63 -1  =  3^264 -3a62+r,/;2_i 

=  3a62(a63-l)-f(^<63_i)r=(a53_i)(3rt/,2_Li). 

16.  y(y2-l)-.2iy-l}  =  {y-l){y^^y-2)  =  {y-^l)2{y^2), 

17.  2a3_a26-a62  4.263  =  2(a3-|-63)_^6(a+6) 

=  (a+6)(2a2-3rt6  +  26'-^). 

18.  63'" -  1  +62"'- 1  =  (6"»— 1)(62"'+26"4-2). 

19.  1/3n_2,y2n2n„2v«z2«-}-2!3n=,  (yn^2n^(y2n_3^n2«^j53»). 
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20.  a{a^-b^)-Bb^ia-b)  =  {a-b){a^+ab-3b^). 

21.  ^"'(ei"* - c")  -  2c"(a'»  -  c")  =  (a™  - c'*)(a'"-  2c«). 

22.  (ax-b)(x^-ax-b). 

23.  35a;2«+15a2a;"-21rt2a;»— 9rt4  =  56''(7a;«4-3a2)-3a» 

(7ic''  +  3a2)  =  (5a;~-3a3)(7a;'*  +  3a2). 

24.  a^b^  —  {hc—ca)^  =  (ab-\'bc-ca){ab  —  bc-hca). 

25.  (?»2_^2)(a-//i)  =  (;/i-6)(m+6)(a-m). 

26.  (i-3a2)(l-9^t3)  =  (i-3a2)(l-3a)(l4-3«^). 

27.  (a;-3/)3-(a;-.v)2z-f-(u;-7/)2!-22 

=  (»— y)  2  (a;  -  2/ -  2) +2(aJ  -  2/ -  y) 
=  (ic-2/-2)(a:2--2a://+//2+2) 

28.  6m(4m2 -^n^) - 7n[4:m^ -\-n^)  =  (6m-7n){im,^  +  n^). 

30.  ic^  +  2i(;3^H-a;2y2_(a2a.2_^2aa;i/2+2/*) 
=  (a;2  4-3;^ -}- ^lic  4-^2  ^^^2  _j_;^^  _  ^a;  _  ^2), 

Exercise  xxxvi.,  page  84. 

1.  (x^-y^Kx^-i-y^) 

=  {x-y){x-^y){x^+xij  +  y^){x^  -xy+y^)  ; 
(x-l){x^+x-hl):  (a;+2)(a;2_2a;+4); 
{2a-dx)i4:a^  +  6ax+9x^);  (2+ax){4:-2az  +  a9x^). 

2.  a;*  -  (a2)fi  =  {a;-a2)(a;4+a;3a2  +a;2a4  -|-a;a6  +^8) . 
(3a-4)(9«2  +  l2«+16);  (a^  -64)(a64-64) ; 

=  (a3-62)(«34./,2)(^6 4.^,4);  (^2)5 _ (22/)-^  = 
(a;2  -  2j/)(a;8 +2x6^4-4a;4z/2+8a;2?/3  +  16i/4). 

3.  (a- 6).  4.  (x-h4.y). 

x^-y^         {x-  y)(x-\-ij){x''  +y^){x^-\-y^) 

6.  Hixpn.  = =  ~ 

^  x-y  x—y 

s(a;+y)(a;2+2/2)(a;4+^4). 
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6.   {(32/2- 22^3) -(a7;2- 2^/2)}  {(3^2  _  2^2)2 +  (3,/2_2a,2)x 

(3^2  _  22/2) +  (3.1-2  -2^2)2} 

=  5(?/3-a:2)(7.'c4_lU-3?/2+7?/4); 

=  {x—y){x^  +xy-\-y^—x^-  -xii-\-y)  =  y{x-ij){ij+l). 

8.  6(a:3-a3)+rta;(a:2      a^)Jra'\x-a) 

=  {x-a){h{x'^  +ax+a')  +  ax{x-\-n)+a^\ 
=  {x-a){{a-\-h)x^-\-nx{a  +  h)+a^{(:i+h)} 
z={x-a){x^-\-ax  +  a^){a+h). 

10.  (a;2   -^3)(a;4+.'cV+^*)  +  2.cv(a;3+a;27/2  4-2/4) 

=  (a^4 +a;22/3 +2/4)(.r3 -f2.i;//-2/^) 

=  (a:3 +a;?/4-.V^)Gr2  -a;i/+2/2)U=^ +  2a;^  - //2). 

11.  (a3-6a-|-26c){(a2-/>c)3-26c(a3-6c)  +  462c2|^ 
(a3+6c)(a4-4^t2ic+763c3). 

12.  (a;-a)3+63  =  (^-^+/0{(a;-a)3-(aj-rt)6+^;3}. 

13.  (a;+2?/)(a:2-2a;?/+4?/2)+4a;?/(a;--2a;i/+4?/2) 
=  (a;3-2;c^+47/2)(a;+22/4-4.'7/). 

14.  8a;3+27//3  -  6.K^(2a;+3i/)  =  (2;c-l-3^)(4a;- -6«i/4-9^2  -6a;z/) 
=  (2a;+32/)(2ic-3»/)3. 

15.  l-2x+4a;3(l-2a;)  =  (l-2.r)(l+4a;2). 

16.  The  expression 

a^-h^C^     __     (rt3-63^3)((j3  4.J3c3>^ 

"~      a  —  6c  a  — be 

=  (a3  4-ak+62c2)(rt-j-6c)(a--a6c  +  62c2). 
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Exercise  xxxvii.,  page  89. 

1.  Putting  x-{-y  =  0  the  expression  vanishes. 

Put  x=l,  y  =  l,  z=lt 

.-.  24  =  8m,  .-.  m  =  3. 

.-.  Expression  =  3(ic+?/)(?/+z) (2 -f-x). 

2.  bc(b  —  c)+ca(c  —  a)-hab{a  —  b)  =  {a—h){h  —  c){a  —  c). 

3.  Proceed  as  in  1  above,  3  (a^  -b'^Xb"  --c^){c^ -a^). 

4.  {x-{-y){y+z){z+x).  5.  3(a+&)(6  +  c)(c-f-a). 

6.  See  Hand-book,  Ex.  5.     {a-{-b-\-c){a~b){b-c){c-a), 

7.  (a  +  b){b-\-c){c-\-a). 

8.  Putc-63  =  0,    .-.     a^{c-b^)  +  b^(a-b^)  +  b^(b-a^) 
H-a63(a68  _  l)=ab^  -6^  +67  - a^b^-\-a^b^ -ab^  =  0 

.  .  c—b'^  is  a  factor,  &c.,  result  is  (a^  ^  b)(b^  —  c)(c^  —  a), 

.  9.   (a+6)(6+c)(6-  +  «). 

10.  Expn.  is  of  three  dimensions  and  vanishes  when  a  — 6  =  0, 
.-.   {a—b){b-c){c  —  a). 

11.  {x^+y^{y^+z^)(z^+x^).  • 

12.  a  —  b  is  a  factor,  .*.  b—c,  c  —  a  are  factors.     So  that 

(a  — b){b-c){c— a)  is  Qj  factor :  the  remaining  factor  is  of  two  dimen- 
sions and  symmetrical  in  a,  6,  c,  and  must  .*.  be  of  the  form 
m(a^ +b^-\'C^)-\-n{ab+bc-^ca)y  where  m,  n  are  numerical,  and 
may  be  positive,  or  negative,  or  zero ;  to  determine  them  put 
c  =  0,  .•.(a-6)'*  +  6«-a*=  -rt6(a— 6) {?/i(«2 4-62 -}.ntt6}  multiplied 
by  some  numerical  quantity,  p,  suppose,  (independent  of  the 
letters)  to  be  afterwards  determined.  Hence 
-5ab{a-  b){a^  +ab  +  b^  -2ab}=  -pab{a  -  b){m{a^-{-b^)+nab\ 
whence  a^+b^ —ab  =  m{a^ +  b^)+ nab,  .-.  7;i  =  l,  n=-l: 
.*.  the  quad,  factor  required  is  a^  -^b^  -\-c^  —  ab—bc—ca. 
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18.  Put  a-\-b-j-G  =  0,  i.e.,  «+6=  — c,  &c.,  .'.  —abc—abc  —  abc 
-{-(a-i-b)^  +  c^—3ab{a  +  b)=  -'3abc  —  c^  +  3abc  +  c^=0.  As  in  last 
Example,  the  other  factor  is  a  symmetric  quadratic  in  a,  b,  c,  and 
.-.  ol  the' form  m(a^  +b^  +c^)-\-n{ab-\-bc-\-ca). 

Put  c  =  0,  .-.  a6(rt+6)  +  (a3^^3^  =  (a^.^4.0){m(a34-63+03)4- 
n{ab+0-\-0)}  multiplied  by  coefficient  which  is  independent  oim, 
riy  and  to  be  afterwards  determined:  hence  ab-\-{a^ —ab-\-b^)  = 
m{a^-{-b^)-\-nab,  .*.  ?«  =  1,  n  =  0,  and  required  factor  is  a^ +5- 4-c2. 

14.    (e_63)(«_c3)(6-a3).  15.    (x^  -y^){y-i  -z^^x^  -z^). 

16.  {x -\-y -tz){x-y+z){i/ —z-hx^z-^-y - x). 

17.  {a-b){b-c){a-c). 

18.  Byformula  [8]  expn.  =  {2(a+64-c)}3  =  8(a+6-f-c)3  ; 
Or  substituting  a-f  6-j-c  =  0  we  get  the  same. 

19.  Substituting  a^  for  6  the  expression  vanishes  .".  a^  —  ft  is  a 
factor. 

20.  (x+yV  -x^  -y^  =7xy{x+y){x^+2x^y+3x'^y'^ 
-\'^xy^+y^)  =  lxy(x+y){x^+xy-\-y')^. 

21.  Substitute  a;2  =  5x- 6,  5x'2  -  6a;-45a;+54  +  26a;-24. 
Substituting  again  25a;  -  30  -  6a;  -  4oa;+  54+ 26a;  -  24  =  0, 

a;-  —  5a; +  6  is  a  factor. 

22.  Substitute  a  =  b-c  .-.  {b-c)^{b^c)-b^+c^{'lb-c)-Y 
bc{b—c)  =  {b^-c''){b-c)-b^+c2{2b-c)+bc{b-c)  =  0, 

.'.    a  —  b-{-c  is  a  factor. 

23.  Substituting  «»  =2-36 

962  +  12a64-96^-962_i2«644.96«=o,    .-.   a^+U   is  a 
factor. 

24.  (a-6)(6— c)(a-c)(a2  +  6-'+c2  +  a6-{-6c+ca). 
Note. — The  quadratic  factor  found  as  in  13  above. 

Exercise  xxxviii.,  page  96. 
1.  (a-2)(a3-7«+2).  2.  (a;- 2) (a; -3) (a; -4). 

8.  (a;-3)(a;-2)8.  4.  (a;-2)3(a;+4). 

6.  (a;+l)(a;3+2a;+3).  6.  (x-3+2a;4-3)(a;2  +  2a;-f  8). 
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7.  (x+2)(x-l)^.  8.   (a;2^-2a;+8)(a;2-.2a;4-3). 

9.  {m-n){m^  —  2mn-27i^).  10.  None. 

11.  (w-n)(w-2w)2.  12.  (Z)  +  3c)(62-26c4.1362). 

13.  -(w-n)2(m2— mw+n).   14.  (a  +  2/>)(a-2/>)(a3  _7rt/>  +  4&S), 

15.  {x-b)(x-S)^.  16    (a;+2Har2+3a;-M). 

17.  (^-I){a2_2a-195).        18.  (;j  +  2)(p-l)(jt?+4). 

19.  (a-l)2(a  +  2)(a4-3).         20.  (a-"-l)(a2»_2)(a2n_3)^ 

21.  ^^2+4624-7^6.  22.  (a-6)2(a2  +  2rt6+263). 

23.  {p-2)(p^~2p-^2).  24.  (a:''-l)(a;2"  +  5ic''  +  5). 

25.  (y~2){y^-Sy^-h2y  +  4:).     26.  None. 

27.  (a-fe)(«2+2r(6  +  3/>2).  28.  (a«  +  l)(2a2" -3rt'»+2). 

29.  (a:-2)(a;-3)(a;-6)(a;-7).    30.  {x-y){x~2y)(x~3y)^ 

Exercise  xxxix.,  page  100. 

1.  2{x-l){x^^-9x+10)',  {x-2yY-{x-dy). 

2.  (4a-+3?/)(3a;2-ic?/+//2);  {x~l){ix-2){2x.+2). 

3.  (a;-6a)(3a;2+a2);  {2x-\-3y){x''--^3xy-y^). 

4.  (6+c)(6-4c)(262_/,c4-f2);  (5a4-46)(3a2 +7^6-363)- 

5.  (2;?+?)(2jo+35)(p2+g2). 

6.  (10:c-9i/)(15a;+16.v)(ie2-5a;2/+82/3). 

7.  (2a;-3?/)(2a;+3^)(3a;  +  4?/)(3a;-5?/). 
^  (52;-22)(^i:.c3-8a;2//  +  8a;^2^i2?/3). 


CHAPTEB  IV. 


Exercise  xl.,  page  108. 

1.  Dividend  =  (!-«) -I- a;2(l-a;) 
.-.  quotient  =  l+a;2. 

2.  Dividend  =  (aj4-l)2+(.i'2  +  l)2(a;2_l)2, 

divisor  =  (a;S  + 1)2, 
.•.  quotient  =  (aj2  —  l)^. 

.-.  quotient  =  (a;4  4-a3a;2  4.a4)(a;8-a4a;4+fiS). 
4.  Dividend=(.e-22/)(a;+2?/)(a:3  +  8^2), 

.-.  quotient=(a;+27/)(x3  +  8«/3). 
6.  Dividend=(lH-2aj-3a;3)(l~2a;  +  3a;2), 

.-.  quotient  =  1  -  2a; -f  3x^ . 

6.  Dividend  =  (a3_a;2)(a_a.)(^4.a;)2, 
.-.  quotient  =  (a  — a;)(a+a;)2. 

7.  Dividend  =  (a;-i/H-z)(a;2+y 2 +23 _|-^y 4.^2     zx), 
.'.  quotient  =  x^'\'y^+z'^i-xy-jryz'-zx. 

a  Dividend  =  (a  +  6)(3a+6)(2a2  -3a6+462), 

.*.  quotient  =  (a+6)(3a+6). 
9.  Dividend  =  (a:-:^)(2a;  +  3?/)(2a;2-a;^+oi/^), 

.-.  quotient=(a;— 2/)(2a;+3j/j. 

10.  Dividend  =  (a3 -62)2  _c4, 
.-.  quotient  =  a2- 62 +c2. 

11.  Dividend  =  (7a2-3a6+262)(3a2  -rt&+6»},. 
.-.  quotient=7a2  -3a6+262. 
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12.  Dividend  =  (2^3 +  7^+3)  (a -7), 
.'.  qiiotien'=r^  — 7. 

18.  Dividend  =-(..-/,)(6-c)(c -«)(«  + 6+0), 
.-.  >luotient=  -{a-  b){b~c){c-~a), 
or  {a- b){a~c)(b—c), 

14.  Dividend  =  (:i;-a)3_j_/f,3^ 

.-.  quotient  =(x-a}2 -b{x~ a) -tb^. 

15.  Dividend  =  (a;3+22j2_  ^^3  ^1^2^ 
.*.  quotient  =  ;c2 +23 +2/2+1. 

16.  J)iYidend  =  x(x^—ax-\-b){x-c), 
.',  quotient  =  :e( a;'-  -ax-\-b) 

17.  Dividend  =  a;2+?/ 2^ 

18.  Dividends  ^-=^   =   (_^_:zy}(^±y)(^l+j')(^''hy^) 

-'.  quotients  {x—ij)(x^  +  7j2). 

19.  Dividend  =  (rt2  _/,3)3_(^c2+i-)2^ 
.*.  quotient  =  a2  _  52+^2  +  1. 

20.  Dividend=(«3_^3_,3)(^^26+3c),  see  Exercise  XXXIII.. 
.'.  quotient  =  a^- b^—c^. 

21.  Dividend  =  6(^3— i};2)  +^^^j2_^2^^ 

=:(x-hh){a~x){a-\-x), 
.*.  quotient  =  rt+aj. 

22.  Dividend=  -(«-6)(a-c)(6--c)(a+6+c), 

divisor=(a— 6)(rt-c), 
.-.  quotient  =  -{b  —  c){a-j-b-\-c), 

23.  Dividend  =  a2/^3_6-2(ft+fej2^ 

divisor  =  {ab  -ca~  bc)[ab  -cai-  be), 
.*.  quotient  -ab  —  ca  -  be. 

24.  Dividend  =  (:c4-//-l)(a;2+y2  +  l_a,y+a;+2/), 
.-.  quotient  =  ^2+^.2+i_^^^^^^^ 
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25.  Dividend  =  (a;3_2)(aj3  +  l)  =  (x3_2)(a;4-l)(a;2-a;+l), 
.*.  quotient=(a;^— 2)(a;  +  l). 

26.  Dividend  =  (a2-5a-7)(«3+5a  +  3), 
.-.  quotient  =  ^2  ^_  5^ ^3^ 

27.  I>iYidend={{2x—y)a^-{x+y)ax-\-x^} 

X  {{2x-y)a^-\-{x+7/)ax-x^}, 
.-.  quotient  =  (2a;  — 2/)«^  -  {x-\-i/)ax+x^. 

28.  Dividend={(a;-l)a3  -(a;-l)a+3}{(a:2+a;  +  l> -(«+!)}, 
.-.  quotient=(a;2+a;+l)«  — (a;+l). 

Exercise  xli.,  page  107. 
1.  a;3-3.  2.  x+a. 

3.  Factor  as  in  Art.  XXIII.,  and  the  CM.  =x^-x-\- 1. 

4.  Factor  as  in  last  Example,  ax^-^bx-{-c. 

6.  No  Common  Measure  :  as  may  be  found  by  adding  and  sub- 
tracting. 

6.  c«-f-c«*.  7.  {a-b){x+a).    8.  6(a;+2/). 

9.  {a-b){b-c)(c-a).  10.  a^m  +  i. 

11.  The  C.  F.  must  measure  x^+ax^-\-hxi-c 

-x{x^-{-a'x  +  b')=x^(a-a')-{'X{b-b')-}'C. 

12.  a  — 6  is  seen  to  be  a  factor  of  1st,  .'.  also  b  —  c,  c  —  a  are 
factors ;  so  writing  a^  for  a,  &c.,  in  2nd  expn.,  its  factors  are 
a^-b^,b^-c^,c^-a^.  It  is  also  seen  that  5  is  a  C.  F.  .-. 
6(a—b)(b  —  c){c—a)  is  the  H.  C.  F.  The  quadratic  factor  may  be 
discovered  as  on  page  229,  Hand-Book. 

13.  First  quantity 

=  (y2^lXx-l){2{y~2)x^-\-{2y-l)x+2y-l}; 
2nd  quantity  =  (2/- l)2(a;-l){3(2/-2)a;+3?/+l}, 
.-.  H.  C.  F.is{y-l)(x-l), 

14.  Letx  +  abethe  0.  F. 

Then  a^  -pa-{-q  =  0  and  a^  —ma+n  =  0,  .-.  (m—p)a~n-j-q  =  0, 

.*.  a  =  -^,  substitute  this  value  of  a,  &c. 
m—p 
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15.  x^-Sx^-}-3x-l  =  {x-l)^,  x^-x^-x  +  l=^{x-\-l){x-l)^. 
x^  -  2.r3— 2a;-  1  =  {x^  -  1)  -  2a;(.i-2  - 1) 

=  (a;2  -  l)(x^  -  2a: +1)  =  {x-l)^[x  +  l) 
a^* -2a:3-h2a;2 -2a;+l  =  («* +2a;^ +1)  ^2a:(a:2+l) 
=  (a;2  +  l)2_2a;a;^  +  l)  =  (a;2  +  l)(a;3-2a;+l) 
=  (a;2-hl)(a;-l)3.     .-.  L.  C.  M..  =  (x^-\-l){x-\-l)[x-l)^. 

16.  a;3  +  6a;2+lla;  +  6  =  (a;+l)(a;+2)(a;+3) 
a;3  4-7a;2+14a;+8  =  (a;+l)(a;+2)(a;+4) 
a;3+8a;2  4.19a;  +  12  =  (a;  +  l)(a;+3)(a;4-4) 
a.3  4_9a;3+26a:+24  =  (a;+2)(a;  +  3)(a;  +  4). 

All  these  factors  may  be  easily  found  by  substitution. 
.-.  L.  C.  M.  is  (a;+l)(a;+2)(a;+3)(a;+4). 

17.  Denote  first  quantity  by  «,  second  by  6;  then  6  — ax  a;?/ = 

(?y^+2/)«+%-l ^i-  a-r^x2x  =  xy+4. r^.  r^~r^(y  +  l) 

—  y  —  5 ?*3,  which  must  =  0,  .'.y  =  5. 

18.  The  L.  C.  M.  of  a  and  6=-«7;  -F. 

(F  =  H.  C.  F.)  =  ^{a^-\-b^),  .'.  a^+b'^  =  2ab,  or  a^-\-b^-2ab  = 
(a  — 6)2  =  0.  .-.  a  =  b.  .-.  the  other  quantity  is  same  as  given 
quantity. 

19.  Since  a;-f  a  is  a  measure,  and  also  a;— a, 

—  a^+pa^  -qa'\-r  =  0,    (1). 

and  a^-\-pa^+qa-{-r  =  0. 

Adding,  2pa^-^2r  =  0y  .-.  a^  =  -  -I-. 

P 
Substituting  in  (1) 

^  —  -  1  —  qa+r  =  0,  ar=:pqa,  r  =  pq, 
P 

20.  Since  a;2-2a.r4-a3  is  a  factor  of  both  expressions,  there- 
fore if  2aa;-a*  be  substituted  for  x^  both  expressions  will  vanish. 

Therefore,  2ax^  - a^aj-f  qx-\-r  =  0, 

^a^x-2a^-a^x+qx'\-r  =  0, 
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also,  4:a^x-2a^  —a~j:-{-mx+n  =  0, 

.'.  (m  —  q)x-{'n~r=:0  for  all  values  of  a?, 
.'.  m  —  q  =Oandw — r  =  0,  .•.  m  =  q  and7z  =  r, 
.-.  gr2^3  _|^2y.3,     Note  that  the  expressions  are  proved  iden- 
tical. 

21.  Let  x-{-b  be  the  other  factor  of  x^  +  mx-^-n, 

llhQn{x-{-a){x-\-b)  =  x^-\-mx-^n 
x^  -\-{a-\-b)x-\-ah  =  x^  +mx+n, 

,•.    a->tb  =  m\  ox  b  =  {m  —  a) (1). 

Also,  L.C.M  of  x^-\-px-^q,  and  x^  -^mx-^-u 
__    {x^+j)X+q){x  +  a){x-\-b) 
~  x+a 

^{x^  -\-2JX  +  q){x-{-h):=x^-\-bx^-\-px''  ■^{bp'{-q)x  +  bq...{'l). 
Also,  since  a; + a  is  a  factor  ot  a;^  +px-^qy 
.*.    —a3— pa  4-^  =  0, 
.'.  q  =  a^-\-pa 
hp-j-q  =  mp—pa  +  a^+pa  =  a^-{-mp 
bq        =a(m  —  a)(a^-\-p), 
,-.  (1)  becomes  x^  +  (7n — a)x^  +px^-\-{a^+mp)x-\-a{fn-'a){a^  -hp) 

22.  Since  x-\-a  is  a  factor  of  x^+qx-^1 

and  also  of  x^  +px^  +qx-\-l 

.-.   a^  -qa-\-l=0 (1) 

a,nd-a^+pa^ -qa-{-l=zO  .',  a-"  -[p-l)a^  =  0 

.-.  a  =  0-l)._ 
Substituting  in  (1), 

(l-p)fi-q(l-p)^l  =  0 
Ol{p-l}^q-{p-l)^l=0. 

23.  From  21,  if  we  let  (x+b)  be  the  other  factor  of  x^-{-mx+n. 
The  L.C.M.  in  this  question  will  be  {x^ -\-px'^+q){x-\'b) 

=  x^-h{b+p)x^  +  bpx^-^qx+bq. 
Also  as  in  21.     b=:m  —  a. 
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But  since  x  +  ais  &  factor  of  x^+px^+q 

.'.  q  =  a^ —pa^  =  a^{a—p). 
Substituting  these  values  for  h  and  q. 

x^-{-{h-\-p)x^  +hpx'^  -\-qx  +  hq  becomes 
x^-\-{m-a  +  p)x^+X>{m  —  a)x^+a^{a—p)x 

-{-a'^[m  —  a){a—p). 

24.  Sincea;  — aisafactor  of  both  x^-{-px+l  o.ndix^+px^^qx-k'l 
.'.  a^+pa+l^-.0 (1)  SLuda^+pa^-i-qa +  1  =  0. 

Multiplying  (1)  by  a,  a^+pa^  ■\-a  =  0. 

.'.  a(^-l)  +  l  =  0,  .-.  a(^-l)  =  -l, 

_     -1 1_ 

"=  ^^   ~    1-^' 

25.  (a2-62)3_^(i2_c2)34.(e2_a2)3 

=  S{a-b){b-c){c-a){a-\-b){b-hc){c-}-a). 
But  a  —  b,  b  —  c,  c—a  are  factors  of  the  other  expression  ;  also 
(a +6)  is  not  a  factor.     .-.  also  {b-\-c)  and  {c+a)  are  not. 
.-.  H.  C.  F.  is  (a-6)(6~c)(c-a). 

26.  a,  /3,  y,  each  contain  ^  as  a  factor.    _£.,   ^,    and  _.,  have 

PL             b(^          ocliy          bcS      ca  a6y         ca8 

no  common  factor,  .♦.  __   j.   r^tJ.  or   ,    __   j;.   ii^iL  or  -il!_ 

and ^   ^—^  or   ,  have  no  common  factor,    ,•.  L.C.M.  = 

52      •       53  a^y 

L.O.M.  of  numerators         abc6 
a/Jy  a/Jy 

27.  x^-hax+b  =  (x'\-c)[x+a-c}      ]      :.  L.C.M.= 
x'^+a'x-\-b'  =  {x-\'C){x-{-a''-c)]{x  +  c){x-\-a^c){x-\-af^c). 

28.  H.  C.  F.  isl-a;. 

.-.  L.  G.  M.  =  (l+2/+2+2/2)(l-2/-^+Z/^)(l-») 

r.{(l-^yz)+{y+z)}{{l+yz)-(y+z)}{l-x) 


CHAPTER    FOUB.  77 

Now  substitute  for  x. 

x-y^-^z^  -y^z'^y  and  the  L.  0.  M.  becomes 

29.  a;8  +  2a;6  4-3a;*-2:c2  +  l  =  (a;4+»2+l)2-4a;2 
=  (a;4+a;3+2^+l)(a;4+a;2-2a:  +  l). 

If  a;4+a;3 +227+1  be  a  factor  of  Qx^  -{-x'^  ^-llx^  -Ix^  -"l,  we 
see  at  once  that  Qx^  must  be  the  other  term  ;  then  to  get  x^  the 
second  term  must  be  x^  :  also  there  is  no  x^,  .'.  the  third  term 
must  be  —Qx'^\  also  a;3+l=a;3  and  —  6a;2  x  2a;  = —12a;3.  .-.  to 
get  —Ix^  the  next  term  must  be' 4a;  and  the  last  term  —2. 

.-.  x^\-x^  -6a:3+4a;-2  other  factor  of  second  expression. 

.-.  H.  C.  F.=a;^+x'3+2u;  +  l. 

Exercise  xlii.,  page  111. 

a;2-7a;+6 (x-l){x~Q)         __         x-1 

a;3_2a;3-8aj-96   ""    (a;2+4a;+16)(a;-6)   "   a;2+4ic+16' 
dxy^-13xy-\'Ux   _  ig(3y-7)(y-2)  _  a;(3y-7) 

7^/3  _  17^2 +6?/      -   y{7y-B){y-2)  ""  2/(7^-3)' 

a;^+a2a;3+a4  (a;3 -aa:+<i^)(.T3+aa;  +  a^) 

x^+ax^^a^x  —  a^  ~  {x-^a){x  —  a){x^+ax-\-a^) 
x'^-ax  +  a^  a;3+a;-12  (a;  +  4)(a;-3)         a;+4 


1. 


3. 


{x+a){x—a)'  a;S_5a;3+7a;-3     (a;-l)3(a;_3)  "  (a;_l)2" 
a.s_3a;4.2  (a;-l)(a;-l)(d;+2)  (a;-l)(a;+2) . 


a;3+4a;2-5  (ic  -  l)(a;2+5a;+5)    ~     a;3+5aj+5 

a;4 4.20;^  4-9         _  '(a;^+3)3-4a;2     (a;-+2a;+3)(a;3— 2a;+3) 
a.4_4a;3+ 4^3-9    ~    a;3(a._2)3_9  ""  (a;-"-2a;+3)(a;3— 2a;— 3) 
a;3-|-2a;+3 


4. 


a;3_2cc-3 
2+hx  2+iaj 


26+(63_4^)_  26a;2    "    (6 -2a;) (2+ 6a;)   ""   6- 2a;' 

g3+2a;^  +  2a;   ^       a;(a;3  +  2a;+2) a;3+2a;+2 

a;^  -1-  4a;  a;{(a;3  +  2)3-4a;3}  "  (a;3  -  2u;+2)(a;2_  2a;+2) 


1 


a;3  =  2a;+2 
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20x^-{-x2-l        _       (4.-»-2+l)(5a;2-l)       _       4a;2  4-l 
25:^4  4-5x3-^-1    ~    (5x3  4-u;+l)(5x3_i)    -    o^s^x  +  i' 

g  x^{x^—x^y-\-xy^  —  y^)  +  y^{x^-x^ij-^xy^—y^) 

~   x^[;x^ -\-x^ y -^-xy'^  +y^)  +y^{x^ -\-x^ y +xy^ -\-y^) 
{x^+y^){x'^^y'^){x-y),  ^   x-y 
{x^  +  y^)^x^+y2)i^x+y)         x^y 

Or  thus,  numerator  =   -_^1^,  the  denominator  =       ~^  . 
x+y  ^~y 

:.  given  fraction  =  ^^"^^  .    ^"^      =    -H^. 
a; -1-2/       x^ —y^          ^-\-y 

7  3a2a;4_2aa;2-l (3ffa;2  +  l)(aa;2-l) 

4a3^6  _2a2^4  _  3«^3  ^  1  -  2a2;2 (2a3:«4  _  ax'  -  1) -  ((/a:^  -  1) 

{^ax^  +  l){ax^-l)  _  3aa;2  4-l 

"   (4a2;c*+2aa;3  —  l)(aa;"  - 1)    ~    4a2^4-2aa;2 -1 » 


Mt-I)--^      hy^ji^-^) 


ax  +  hy 
ax -by 


Q     a3(^>-c)-K62(c-a)-fc2(a-6) 
a6c(a  —  6)  (A  —  c')(6- —  rt) 

The  numerator  vanishes  when  a  — 6  =  0.  .-.  a  — 6  is  a  factor  ; 
also  6  — c  and  c  — rt  are  factors,  and  the  numerical  coefficient  is 
—  1.     .*.  numerator  = —(a — b){b  —  c){c  —  a). 

■^{a-b)(b-c){c-a)  1 

abc{a  —  b){b—c){c—a)    ~    ""     abc ' 

{a+b-\-ey (a  +  6+c)8 

a^{b'-c)-+b^{c-a)-\-c^{a^b)~—{a—b){b-a){c—a){a  +  b-^c) 

a-j-b+c 


{a-b){b-c){c—a) 
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10.  Let  — a;  =  6  — c,   —y  =  c  —  a  and  consequently  x  +  y  =  a  —  b. 
Substitute  these  values  in  the  results  of  Ex.  4  referred  to, 

then 

2{x-^-\-xij-\-y^)   ^   x{x-{-y)  +  y^-+x^  +  (x+y)y 
6xy{x-[-y)       ~  ^xy(x-{-y) 

(x-\-ij)^-{-x^+y^  _    (a-b)^^(b-c}^+{c-a^) 
5xy{x  +  y)         ~  5(a  —  b){b—c){c-a} 

11.  (x-{-y)^  —x^  -y^  =  5xy(x  +  y)(x'^  -{■xy+!/^)  ; 

{x-^yy  -x'  -y'  =lxy(x^-{-Sx^y  +  5x^y^  +  5x^y^-\-Sxy^-\-y'^) 
=  lxy{{x^+y^)+3xy{x^-{-y^)  +  5x-y^  x  +  y)} 
=  7xy{x  +  y){x^-{-2x^y+3x^-y^  +  2xy^+y^) 
=:lxy{x  +  y){x---hxy-{-y^)^, 

(x-hy)'^  -  x^-y^  _    5xy{x+y){x^  -f  xy-\-y^) 5 

••  {x+y)'-x'  -y'"  7xy{x-^y)[x^'+xy+y^)^'  - 1  (x^ J^xy +y^) 

12.  This  may  be  inferred  from  Ex.  11,  in  same  manner  as  Ex. 
10,  fiom  Ex.  4. 

Exercise  xliii.,  page  113. 

1.    z — A'-i — 171 ^i   multiplying  both  numerator   and  de- 

1— 3^ji  —i^yi  —X)) 

6--3+(l-a:)         4.-X 
nommatorbye   .-.    ^.^^^^yZ^   =   5^^' 

a+b         a^b 

a  —  b         a-\-b 

,  _ ,     Multiplying   numerator   and   denominator   by 

a-'b         a'\-b 

X                 X                  „         „\  f    ^  ^ 

2    f+y         x-y    _  [x  +  y x~y} 


x^  -y^  \         if  J  (a;^  — i/2j 

x{x-y)-{-x{x+y)    _   2» 2  _ 

2x  ~    2x~^' 
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1  i_  g  rj_        1   ) 


1-a  +    1+a  ^^~''  Ul-a  1 +a  J 

3.   _1 

a  a(l-fa) 


i  + 


rt(l  +  a)  l4-2-«  +  3^/^ 

2na  result  =  x. 


^l  +  2a  +  3a'         ~      l  +  3fr+4a3 
a^+h^  262  (^2-62)2  ^ 

~2^2~    ~    'ci^J^~b2   ^  2a2(a2:q:"p)  _  '^2  ^  ^ 

1 r — !! T\"       ab^(b^  -6+1)  a63  * 

6-1  +  1       «^'(6-l+i) 

^     a+6         a— 6 

^-    c^  +  -^ITd   _    (a  +  6)(c-^)  +  (a-6)(r4-^) 
777 ~b   ~    (^  +  ^K^^+c/)+(a-6)(c-«^) 

a(G-d  +  c  +  <^)  +  b{c—d-c-d) 
^   a(c+rf+c-c^)  +  6(c+T-t+i/^ 

2(rtc  — 6c?)         ac  —  hd 
~   2(«c4-6fl^)    "^   ac+6d 

a+64-^      a6  («  +  ^  +  -^)         6(a2-M64^    _     b_ 

a +  6+—      a6  k/  +  6+  — 
6  \  6  / 

6.  Multiply  numerator  and  denominator  of  second  fraction  by 
xyz,  then  it  becomes 
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Bxyz  —{xy-^-yz-^  zx)    _  Sxyz 

'^y  +  i/2  -^-zx  ~   xy-\-yz+zx 

dxyz  Sxyz 

yz-zx—xy         xy+yz-\-zx 

Bxyzjxy + yz  -\-zx  -  yz  -\-zx  j-  xy)  _        Qx'^yz(y-\~z) 

y^z^-x^{y-^zY'        "       +    J-    -    2/^23 -a;2(^+z)2    ■+■      • 

7.  Multiply  both  numerator  and  denominator  by  a^b^c^^  the 
fraction  then  becomes 


263c24-2c2rt2^_2a3^2  4.«4^i4_j_c4 

(rt3  4.524.52)2 

abc{a 

^■'+b' 

'4-C2; 

a4-64 

= 

a6c(a2  +  /;2  4-c3) 

a2j.62^_c2 
a6c 

8. 

a^j^aH-irah^ 
a^-a^b-\-ab^ 

+  63 

-63 

rt-6 
-    a4-64 

a-i-6 
-   a-6- 

a  +  6 

a3-|-2aft+62 
a'-b^ 

fl+6 

-a-6' 

a+6 
a-b 

a-hb 
■^   7    =  1. 

a-6 

/a-f6         a2-f-62\      (a4-6)(a  4- 6)4-^^  +  62     2(^24-^6  +  6^) 
»•     \^fc  +  a2  -63/  ~  a2-62  "         a2-63 

a-b         a8-63       _     (a-6)(a34.63)-(^46)(a3  -6S) 
a+6  ""  a3  4-63      ~  (a4-6)(a3  4-63 

a{a^^b^-a''i-\-b^)-b{a^-{'b^-\-a^-b^} 
"  {a'+b)(a^'^b^) 

-2a6(ff2_62) 
~    J^b)(a}~^irb^ 

2(ag-|-a6  +  62)  -2(/6(a2-62    _        a44.aa524.54 

a2-62  "    (a-f6)(a3+63    -~       ab{a-bf 
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1          1 

1              1 

b  +  c-a'     ^'          26c 

a          b-\-c 

10 


26c 4-62+02 -gg    _    (b-\-c-ha){b+c\~a) 
^  26c  ~  26c 

b  +  c-^a         [b  +  c+a){b-\'C-a)  (a-{-b+c^ 


{•c-a 


'2.bc 


2bc 


11.   The  first  fraction  = 


The  second  fraction 


c-ra  x-a  ^  _  I (^x-a^^-ixA-fi) 
g-^  ,  ^  +  ^1  ~  V(x-a)^'\-{x~'{^) 
-  •  -         x  —  aj 


12.  ^  ^  1  +  1.    i-r. 


X 


^-1  +  JL 
y  ^ 


1  + 


Cancel  numerator  of  first  fraction  into  numerator  of  second,  &c. 

i-i' 


Then    1  ^ 


1+^ 


x-y 


a-b\9 


(i-^-_Y   i^y 

18.  The  fractions    "^       T  "  T^  '  [^^-^j  ' 
\a-b       V         ^^-6/ 


' 

CHAPTER   FOUB. 

x^-y^ 

14.  The  dividend  = 

x+y          x—y 
x^-y''    ~   x-{-y 
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x^y 


x-y    ^      lx—y\^    _  ^    .    xj~y    _   xjj-y 
x-^y    '      'ic-h?/ 

15.  The  dividend  = 


x-yv  _  J  ^  ^-y  ^  ^j±y 

x-{^y]     ~        '   x^y        x-y 

jnd  = 

1+x  1-x     \ 2   ^^ 

1  +  x+x^   "^    1-x-^x^l     ~    il+x+x^il-x+x^) 


The  divisor  = 

/      1  +  x       _        1-x     ^.     ^    ±c^ 

\l-\-x-\-x^          1-x+x^]  ~    {l-x-Yx^){l-x-Vx^) 

,\  the  quotient  = 

2 ^ 2^£3 _     J^ 

(\+x+x^}{l-x^x^)    "  (l+ic+x2)(l-.f4-a2j     -    a;3 
a__              b         _  _1_ 

f  46      )  1- 

17.   =  V    1 


i"-(l+6)2j     -    ±1+6 

18.    =1+   v'(a+6a;)--i/(a-6a;)    ~    i/«(l+c-H-c)    ~     c 

Exercise  xliv.,  page  117. 
1.  (x-a)  -rS.  2.  a  +  ?>. 

a^—x*  a^—x* 

A  ^  6  a  b 

~     a-\-b  a  —  h  a  —  b  a-\-h     ~ 

a:-2  ^^       ic+2  '     a;3-4     "    «;+2 
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7     ii(3.^+2y)2-(3a;-23/)^  (    _        12a;;/ 


8. 


4y' 
6x  3;c-l  a; 


4:c2-l         x{2x-l)     '    a:(4aj2-l)     '    ^IGa;*  - 1) 

4a;^+2 
"■    a;(16a;4-l)* 

9.      -^     J.   ? == ^r_? ,  to  this  add 

x+2    ^   2(a;+3)         2(ir+2)(a;+3) 

*zi — ^,  and  result=  - -t-- .*  to  ^^^  ^^^ 

(a;+2)(x+3)  .     2{x+2){x-t3) 

.,  and  result  =  1  -f-(a;+l)(a;  +  2)(a;+3). 


2(x+l)' 

10.  First  and  second  fractions  =  4 (x^^^yo^  _j_  (^,2  —  ^/S),  to  this 
add  third  fraction  and  result  =  16.i;2 ^3  _j-  ^a;*  -2/*)>  to  this  add  last 
fraction,  result  =  4(a;*+4a;-?/2  4-?/*)  -r-  {x^-y'^). 

11.  (a-6)3--(a;  +  «)2(a;+6)2. 

1 2.  Combine  first  and  last  fractions  (of  dividend),  and  take  result 

with  second,  and  that  result  with  third.     .*.  16a^a;-r  (a^— oj®). 
Similarly,  divisor  =  8a6a;2  ^  ^8_3,8^    .,  22  -?-  «. 

13    =  1  +    '  IQ      -  1  -  JL   -     236 -77a; 
lla;+8  18   "    18(lla;-8)* 

14.  l-4-(a-6).         15.   15a(3a-a;)-^(9a+2a;)(a+3a;). 

16.    = I^^'lL.^.  L__.    17.2.     la.^/V-a;"). 

(2a;-5)(a;-l)     (2a;-7)(a;-4) 

19.  First  and  third  comhined  =  (a-6)2'»4-(a-6)»+l. 
Second  and  fourth  combined  =  -(a  — ij^  +  l. 

.-.  result  =  (a-6)2«-f2. 

20.  Combine  first  and  second,  result=l -^  (a;2-|-a2)(a;3  4.63). 
Combine  this  with  third,  result  =  0. 

21.  Combine  first  three,  result  =   ,  this  with  last,  result 

x^  —  l 

=  4a;8  ^(a;i2-l). 

22.  -(aS+fca)(aa«a6-f63)-i-(a2_/,2)(a-^+a6+6»). 
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Exercise  xlv.,  page  121. 
^.(.-2,)3     ,^-2.)3^^_      (s,,  Exercise  IX.,  Ex.  10). 

2.  =  7 r;"5 =a-\-b. 

{a  —  b}^ 

3.  L.  C.  M.  of  denominators  is  {a  —  b){h  —  c)c  —  a). 

.',  First  num.  is  a^  —b^,  second  is  6^  -c^,  tliird  is  c^  —a-^.  .* 
result  =  0. 

—  b+c—c+a—a+b    _ 
^*    "^     {a-b){b-c)lc-a)      ~ 

6.  L.  C.  M.  of  denominators  is  (a  +  b){b-\-c){c-\-a)  ;  first  three 
fractions  give  numerator  =  (a  — 6)(6+c)(c+a)  -|-  anal -h  anal;  of 
which  a— 6  is  found  to  be  a  factor,  .*.  b—c,  and  c—a  are  factors, 
and  it  becomes  — (a  — 6)(Z)  — c)(c  — a),  .*.  result=0. 

6.  L.  C.  M.  of  denominators  is  {a-hb)(b  —  c){c+a){x-\-a)(x-j-b) 
(x  +  c),  result  =  {{a-hb)(c-^a)x^  +  2(ab+bc-hca)ax-2a^bc}-i- 

{a  +  b){c-\-a){x+a}{x  +  b){x-^c). 

7.  =:(x-y){y-z){z—x)-^{x-2/){y-z)iz-x)  =  l, 

-^a^{b-c)-b^{c-a)-c^{a-b) 
^'    =  (a-b)(b-c){c-a)  ^  =  «  +  6+c. 

9.  ={-bc(b-c)-ca{c-a)-ab{a-b)}-^{a-b){b-c)(c-a)  =  l. 

10.  a;S-t/S.         11.  0.         12.    =—(a-b){b-c){c--a)-r- 
(a  +  b){b+c)[c-}-a). 

13.  Sum  of  numerators  = —a3(6  —  c)(a;—6)(a;  —  c)  — anal  — anal, 
which  vanishes  for  a  =  6,  r.  a  —  b,b  —  c,  c  —  a  are  factors,  and  the 
other  factor  is  of  the  form  mx^+n.  See  Ex.  2  in  Hand-book. 
n  =  0,  w  =  l,  .'.  result  is  x^-r-{x  —  a){x  —  b)(x-c). 

14.  Numerator  =  (a;-?/)(y-2)(2-.«),  .-.  result  is  1. 

15.  Numerator  =  { —  (a  -j-  6) + (6  -  c)  -f  (c  +  a)  }  s  -  0. 

-  ^       b{x-ha  —  b)-\-ax 
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Exercise  xlvi.,  page  127. 


«2  a 

^     ~     T     "^  C2-   C<i  +  d5 


rt2      c2     a^ —c^      a      a  —  c     a -\- c 

■p=  \6"r^/     ~\6+^    "    b^~d2-\b-d)   ~\b-\-dl 


8.      T^  =  -r  = 


4.      Jl  =  — 


a^ 

c      a^  +  c^               a 

c 
"T 

a^+c^  . 

X 

3       2x^-x^y-^y^ 
'  2'    x^y-{-xy^-\'2y^~ 

2.r3 
2/L 

a;2 

-^2 

+1 

y  ~ 

^2 

2/^ 

X 

y 

4-2 

4       4^            22 

""93^         23 

ma- 

—  nc—2:)e               (  w  J 

-Wt! 

5       —  — 

mb  —  7ui--pf  vib  —  nd—pf 

(a)  i  a]  \  a\ 

mb  —  nd  —pf 
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6. 


(a--mc-^ne]  »  =  J  6  (-^  )-md  -^)  -{-nfl-^y 


b  —  md-[-nf 


=|^(t)-"-^(t)+^^Kt) 


X-x 


h  —  md-\-nf 

n.-x+x^\ 


_  J  a    {h  —  md+nf)]  _«^. 


b_nJrx+x^ 
a   \l—x-\-x^ 


or 


1-x^ 

V{a-^x)-^  V(a-x) 


2^ 
2 


h  —  a 


2\/(a-a;) 

a— .T 

2aj 


[See  (5),  p.  122] 


a 
T 

a-1 

(a- 1)2 

(a  +  l)2-(a-l)2 4a 

2^  ~    (^4.T)2~+(a~lJ2    -    2(a2  +  l) 

mx-c-d         (mx-\-a+b)  —  (^nx  —  c—d) 


nx-  b 

a  +  h-^c-\-d 


a+b  +  c-\-d 
.'.mx-\'a-^h  =  nx+a-\-c,  {m  —  n)x  =  c 


{nx+a-\-c)  —  {7ix  —  b  —  d) 
1 


10. 


a~b 
ay-^bx 


b-c^ 
bz-\-cx 


c  —  a 
cy-yaz 


b,    .'.  X  = 


a'\-b-\'C 


ax-^by+cz 

(a-6)  +  (6-c)  +  (c-a)+(a+6  +  c) 


(ay +bx)  +{bz-^cx)-\-  {cy +az)  +  {ax+by  +  cz) 
a-^b  +  c  1 
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11.  Let  eacli  of  given  ratios  =  m  ;  then 

(a+b)+  ^   +   ':±^   =   m{(a-6)+(6-c)-f(c-a)}  =  0. 
Clearing  of  fractions,  8a  4-  96+  5c  =  0. 

12.  1^W  +  t/(^-^)   ^   i. 
y'{a)  —  i/{a-x)  a 

2i/{a-x)    _    1-a      .     a-x   ^     /l-«\  ' 
^l/(«)       ~    l  +  «      '"       <^       ~     \1+W    * 

13.  Each  ratio   =     difference  of  numerators 

difference  of  denominators 
x^-y^+z(x-y) 

=  -^ =  ^+.v+2.. 

14.  From  the  given  ratios  the  value  of  xy  is  found  to  be 

»+y+4. 


2        ' 

;c^  +  2a;  +  l         2/2 

+  2?/  +  l          a;2 
-2^+3   -    x^ 

-2/2  4-2(rc- 

■2/)    ~ 

JJ+2/+2 

:c3-2a;  +  3   ~   y^ 

a;+i/- 

-2 

f2/4-4-2         - 

f?/+4       , 

_  ^^: 

-1 

X' 

2        -^ 

*■  aj+2/+4-6        - 

2         ~  ^ 

a;^- 

-3 

10a;  +  8 

(5a;+4)(5aj- 
-    ~    2(5ic  +  4) 

4)         5a;- 
"       2 

4 

3(a;2-4) 

3(a;+2)(a;--2)         3ric+2) 

2(a;-2) 

2(a;-2) 

2 

5ic-4 
••       2 

3(a;+2)       . 
"2 

6a;— 4  =  3a; +  6. 

2a;=10;  «  = 

^-  ^+2  =  y 

=   #. 

Ifi              ^^^ 

16-     y   =    r-— - 

.    y        2c 

••    26    ~    6+c 

2/ -^26 
'  y-2i  ~ 

h-}-Sc 
c-b 

V 

[See  (6),  p.  122.     Similarly    ^±|l   =   ^ 
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2/-I-26         yj-2^   _   b-^Sc    _   36+c    _    2(g-5)    ^    ^ 
y^^         2/— 2c    ~     c  —  b     ~~     €  —  0     ~      c  —  b       " 


17.  Let  each  of  given  ratios =w. 

a^  +  b' 


a2  +  62 
Then    ^ —  =m{a^^b^) 


=?7?(c2— a2) 

— ^ — H g — + — g — =w7(a2-/)34-68-c»  +  c2— a2)  =  0. 

Multiply  through  by  60  ;  then 

16(a2 +62)4-12(63  4-c3)  +  10(c^2_|.a2)  =  0  =  25rt*+27ft2_|_22c2. 

rt2  62  c2  a2_^62+c3 

"1  Q  ^  __ _. : _ 

'    x^  -  yz     y^  —  zx    z^  —  xy    x^-\-y^-\-z^ —xy  —  yz- zx 

a2  a^x  b^y  c^z 

9>g^vo.,  ^2  ^yz~ x^  —  xyz ~ y^—  xyz ~ z^  ~ xyz 

a^x  +  b^y-{-c^z  a^x+b^y-\-cH 


x'^-\-y^  +23  _  ^xijz         {x-\-y+z){x^+y^  -^z^  —  xy—yz  —zx) 

a2+62+c2 a^x+b^y+c^z 

''  X'+y^'^-z^-xy-yz-zx~{x-\-y+z){x^+y^-hz~^^xy—yz-zx) 

a'^x+b^7/-{-c^z 

Clearing  of  fractions  rt2a;+622/  +  c22=:(a2  4.68_|.c2)(a:  +  ?^+2). 

19.  Let  each  ratio  =  m,  then  x  =  m{a -\-b)—c) 
.'.    {a-b)x  =  m{{a^  -b^)-{a-b)c} 
(6-c)7/  =  m{62-6'3-(6-c)a} 
(c  —  a)z  =  rii{c^—a^  —  (c~a)b} 
,\  (a-6)a:+(6-c)?/4-(c-a)2  =  ?7i{a3-62-(a-6)c+63-<ja 

-(6-c)a+c2-a3-(c-a)6}=0. 
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62+^2_|.y2 


(  62+d2  4./2  J  [        ^,2_^.rf2^./2         )         ^* 

again,  -^  =  ^  =  jj  =  ^4 _^:^p^py4  .*.  I^-^  4.^2  4.^2  j    =  o"^  +  d^  _}-/4' 

21.  Let  each  of  given  ratios  =  m. 
Then  bx+ay  =  m(a-b) 

and  hx+ay+cy-\'hz-{-az-\-cx 
=  mia  —  h-\-b  —  c-\-c  —a)  =  0, 

.-.  a;(a  +  6  4-c)+^(a  +  6-f  c)+2;(a-f-6-i-c),  or 
{a-\-h-irc){x  +  y-^z)  =  ax-\-by-)rCZ. 

x^  —  5x^a  —  5:ca^  —a^  {x  —  a)^  —  2xa{x  —  a) 

x^^x^a+xa^-^a^^     "^    {x+a)^  +  2xa{x'^a) 

2xa(x — a)  sum  of  numerators. 

~   2xa{x-{-a)    ~    sum  of  denominators. 

(a; -a) 3   Ix—d 


22. 


a;— g 
a;4-a 


a)3   /x—ay         x  —  a    ^    /x  -  ay  _ 
a)  8  \x-^al      ~   x+a   '  '   \x+a/    " 

±1,   .*.  a:  =  0,  or  a  =  0. 


Note. — If  the  sign  before  bxa  (in  numerator  of  given  fraction) 
be  — ,  the  result  is  5. 

23.  Inverting  each  fraction, 

6(ct+6)    __    b{h+c   _   10(^4-^) 
a  —  b      ~~      b — c      ~        c  —  a 

Let  each  of  these  ratios  =  m  ;  then  6{a+b)  +  5(b+c)  +  10(c+a) 
=  m{a-b  +  b-c-i-c~a)  =  0,     ,\  li}a-{-llb+16c  =  0. 
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^^     x^  ^^xyz-^yH^-     _    l-j/3 


y-+%cyz+z^x^ 
.     x^-y^+y^z^- 

~    1 
-zH^ 

-x^ 

(1- 

1 

1- 

-(1- 

-x3) 

y^-j-2xi/z-^z' 
Dividing  both  by  a;-  - 

1-2-2 

y^+'lxyz+z^x'^         l-x^ 
Clearing  of  fractions  and  transposing, 

l_,t-2-i/3-22_2;c?/;3  =  0,     .-.  x''^ ^ y^ -\- z^ ■^■'Ixyz  =  1 , 

25.  Let  each  ratio  =  m ;  then  «  +6  +  c  = 

m{x—y)'\:'m(y—Z)-\-m{z  —  x)  =  m{x  —  y+y—z-^z—x)  =  0 

26    —   -  ~      •    -^   _   Vj^ 

'    b^    "    bd     "     b     ~   y\bd) 

a+b  V(ac)-\-  V(bd) 

•••    a-6    =    v\ae)-v\bJ)      [See  (6),  p.  122] . 

„„     la+mc+ne  lb  l-f-)  +  md    IS-\    +  nf  (-1) 

^'-    U+md+nf  =         ^^/       l<! \ll 

lb-{-md-{-nJ 

.    "  (t)  +  "^  (t)  +  "-^  (t)  ^  T<'*-'""'+"^^  _  ^ 

Ib-^md-^-nf  ~pF4-?/ki  +  w7"y  ^ 

If  « .  y  __  g 

2a+26-c   "~    26+2c-a   "*    2c-f-2a-6* 

then   ^^  +  ^^-g    _    26+2c>-a   __    2c+2a-6 

ic  ""  2/  ~  2 

_   2(2a+26-c)+2(26+2c-a)-(2c+2a-6) 

"  2x+2?/72 

2(2^>  +  2c-a)  +  2(2c+26t-6)-(2a+26-c) 
_________ 

2(2c  +  2a-6)4-2(2a+26-c)-(26  +  2c~a) 
2z+2x-y 
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9c 


9a 


2x-l-2y-z         2y-{-2z-x  2z-h2x-y 

b  c  a 


28. 


2x-\-2y-z         2y  +  2z-x  2z  +  2x—y 

a  c        ^      a  b  a  —  b 

b     "    d  c     '~    d  G—d! 


v/j!>^"+^^") 


29.  Let  each  ratio  =  r;  then 


X  X 

—  =  r(2/+z)  and  —  {y-z)  =  r{y^ -z^\ 


Similarly  -j-  {z—x)  =  r{z'^ -x'^)  and  —  {x-y) 

^r{x^-y^)   .'.  ^(,^_2)  +  ^(2     xn^ix-y) 
=  r(x^-z^+z^-x^+x^-y^)  =  0. 
30.  Let  each  ratio  =  r ;  then 

-l^  =  r{ny-niz)  .'.  -j^  {l-x)  =  r(ny-mz)(l--x) 

—  (m-y)  =  r{Jz-nx){m-y)  and 


m 


(n  -  e)  =  r{mx  -  ly)(n  — «) 
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=   r{  (ny  —  niz){l  —  x)-\-  [Iz  -  vx)  {m  -  ?/)  +  {mx  —  ly)  («—  z) }  =  0. 

31.  z  =  ^^-     —,'.  y-'z^  =  {ay^-a^) 

also,  x'^y'^  =  (ax^  -  a-), 

y^z^    _   a(y^-a)    ^      z^     _    //^ -a  . 
a;2?/2    ~    a{x^  -  a)   '  '    x^     ~   x^  ~a\ 

Clearing  of  fractions 

x^y^  —ctx^  =z-x^  —az^,  ax^  —a^  —  ax^  =z^x^  — az'-^ 

.*.  z^x^  =  (iz~  -  a-      .*.  x=  — 

s 

32.  See  solution  of  18. 

Or  tlius,  x'^  ^-y-  +z'^  - xy -ijz-zx-o^ -^h^~^c^ 

x^—xyz+y^  ~.ryz-\-z^  ~xyz—(i^x-\-h^x-^c^z 
that  is  {x-\-y-\-z){x^ -\-y^ -\-z^  —xy  —  xz-zx)  =  a^x-^b^ y-\-<:^z. 
Substitute  value  oi x^-\-y- •\-z^ —xy—xz—zy, 

then  (x+y-\-z)(a^  +h^  -\-c'^)  =  a^x-^h^y-\-<:^x,  &c. 


oo       ^' 

m3      a;2          /?i2     ^2 

n-2        y2              ^j2 

S3-  ^ 

"    ic-  '  a2    ~    ic2  '   6-2    " 

-     ^  '  ^2      =     '^ 

r2 

r2        g2              ^2              „i2 

n^         r2 

c^ 

-    ^F  •  ^    -    ^   •  •    ,,2 

+   IT    +    -5- 

W2 

n2          7-2          3m2 

3(m2+w2+r2) 

=  "^ 

+    ^    "^    ;.2      -       a;-^        - 

a;-'  +  «/2^a- 

84.    ^3« 

C3»              a^n_^3n 

-     ,'lZn      -     l^n  _f/3n' 

-    hU^e-  ^^^  b-    -   ^  ' 

^n              rt"    -  c"  +  e" 

-      /•«      -      /,"   _^n     1    /n^ 

^Sn  /^n   _  c"  -f-e"\   3^      rt.3»  flWc'^e" 
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(a»  _  c"  -f-  e^ )  3  a^c^d"  -  (a"  -  c''  +  6;")  3 


_ 


Hence  the  equality  required. 

/>:        ^^       6,63       b,h^       h,h^~b^b^-^...{-lf-\,_,h, 

also  since  tt— 7~7r    •  •  "r"=    / /TTir  \  ^^^  tt  =  ir — 777 — r~\* 

SimJarly  ^ -  -r~^^,^j^^  =  Y^^^^pj;^  =  ^-  ^ 

g^      <2^  >v/(a-^<7,3)H-^2|/(«3^/4)4-&c. 

'"'    ^:  ~b,i/{b^fysr+hV{h^^)^''^' 
Hence  the  equality  required. 

36.  From  first  equation 

1-bc 
From  second  equation 

4-  _£ic-i.a)-i-C{a+b) 
b  +  G 
JB(l-ca)-{-C{l-ab)    _    B{c  +  a)+C{a-\-b) 
1-bc  "  b-\-c 

Hence    ^^^'^^   =   ^ife^         (1) 

1+Z>3  14-^2  ^    ^ 

Similarly  ^^^-i)    =   4(^^)         (2) 

.'. \a  —  b-\-o-c  \  =  (c-a)  -  --    4.   — -— U 

Transposing  and  dividing  by  a  —  c 

A_  B  _C 

r-f-a2    +    l-f/.3    +   "H-(;2    -    ^• 

Secondly,  dividing  both  sides  of  (1)  and  (2)  by  a  and  c  respect- 
ively, we  get 

Bja-b)     _     C{c-a)     ^^^     B(b-c)    ^    A{c-a) 
a{l+b'')  a(l  +  c2)  c{l+b-2)  c{l  +  a^) 


.        B     ia- 


+ 
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=     (^-«)     [^^)     + 


(l  +  c2)     ^    c(l+a2)  j 


i}6    f«-c]     _    c-ai      C  A 


Transposing  and  dividing  by 


Aa 


Bb 


Cc 


.2        '        l_l_/.2 


we  get 


0. 


l+a2     '     1  +  62     '     1  +  c- 
Dividing  both  numerator  and  denominator  hj  a,b  and  c,  we  get 
5  C  „ 


+ 


+ 


a  + 


&  + 


c  + 


37.      Q    •    "~5"   — 


r 

63 


/  X 


yk 
=  1 

2 


iC^ 


zZ 


xh 


(da^\  2 


9a 


again, 


a* 


^2 

A;2    ~ 


63 


64 


2^ 


22^2 


i3 


a3  62 


3a4 


and 


(X  II  Z  \   2  ^2  fc2  c3\ 


Exercise  xlvii.,  page  134. 

1    x^-\-ah-(a-^rh)x-c^=x^-\-2px-\-p'^, 

.-.  2p={a-irb),         p^  =  ah-c^,         .-.  4pa  =  (rt  +  6)3, 
.-.  >-f-6)3=4(fl6-6'2j,  or  (a-6)3  +  4c3=0. 

2.  4(2a;2w)  =  64a;3  ;  .-.  ?i  =  8. 
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3.  Extracting  square  root  (See  Ex.  1  in  Hand-Book),   we  find 
remainder  to  be  -3a; +30,  which  must  =  0;   .-.  a;  =10. 

=  {(a-6)2-(a2  4-63)}3  +  (a2_^,2)2 

=  4a262  +  (a2_^2)2=:(^2_|.^2)2^     ..,  sq,  root  =  a2  4-62. 

5.  2a;2_^4.1 

4:X^ 


^x^-x)       -4a;3  4.53.3 

4i«2-2a;+l 

(2-m)x-h{n-l) 
.'.  {2-m)x-{-(n—l)  =  0  for  all  values  of  x, 
,\  2  —  m  =  0  or  m  =  2  and  n  —  l  =  Oorn  =  l. 

6.  Given  expression  = 

a;4-2a;3+4-4a;2=a;4_6.^'2  4.4  =  (a;2-2)2-2a;2, 
which  is  a  perfect  square  if  2a;2  be  added ;  also  a;*  -  6a;2  +4  is  a 
square  if  5  be  added. 

7.  (x*  +mx-{-Q)(x^  '\-7ix-]-S)  =  n'*-{-x^-16x^-4:x+4:S 
=  a!*  +  (w  +  nU-3  -h(wn+14)a;2  H-(8w+6n)a;  +  48, 
.'.  m+n  =  ly  and  8wi+7n=  —  4,  .-.  ?w=  —  5,  n  =  6. 

8.  Extracting   the  square  root  as  in   example   5  above,   the 
remainder  is  found  to  be 

180 -c-^]  ex  /80-rn-' 

in  whieh  the  coefficient  of  a?  =  0,  and  the  the  last  term  =  0 ;  these 
conditions  give  c=  zbl2.  The  roots  of  the  resulting  expressions 
are  2ic2  -  '6x+l,  and  2x'^-{-'dx  -  1. 
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9.  Expressions 

=  (rt3_^^2)2(c2+^i2)2^  ...  sqimre  root  is  {a^+b^){c^-^d^). 

10.  Applying  condition  of  perfect  square, 

(a  +  h)^>>=4:(a^  ~b^){a+b){a-b)  .-.  (a+b)^  =i{a-b)^, 
.'.  a-^b=±:2{a—b),  :•  &c. 

ax-i-2b  +  2c 
^^'  a^x^+4:ab:^4:acx  +  5bc  +  b*^c^ 

a^x^ 

2ax  )  Aabx4-iacx-\-5bc  +  b^c^ 

2aa:+46  +  2c  )  Iacx+5bc-^b^c^ -4:b^ 

4:acx  +  SbG-\-4:C^ 

—  36c  — 4c2 +62^2  _4^>s. 

12.  Expression  =  (x^  +mx  +  p){x^ -^-nx-^-q)  — 
x^-\-{m-\-n)x^ +  {p+q-\-mn)x^ -k-(np-\-mq)x+pq\  equating  coeffi- 
cients, .'.  m-\-n  = —4: (1) 

p-{-q+mn=~l (2) 

np-\-mq      =   16 (3).  •  If  jo  and  ^  are  rational 

integers,  their  values  must  be,  since  pq=  —12,  1  and  12,  or  2  and 
6,  or  3  and  4,  one  positive  and  the  other  negative.  Now,  if  3 
and  -  4  be  substituted  for  p  and  q  respectively  in  (2)  and  (3),  the 
resulting  values  of  m  and  n,  obtained  from  (3)  a-nd  (1)  are  —4, 
and  0  respectively,  and  these  values  satisfy  (2),  .*.  factors  are 
(.^2— 4d;  +  3)(a;2  —  4).  By  similar  reasoning  other  values  of  jo,  ^, 
m,  71,  may  be  found,  x  giving  (a;2 -3a;-f  2)(ic2  _a; — g)  and  also 
(x^  +x-2){x^  —  5x-\-6). 

13.  Let  x^  -\-pax-\-a^  be  the  other  factor. 
Then  {x^  +pax+a^){x^  -\-max  +  a^)  = 

x^  +  {m-^p)ax^  +  {mp-{-2)a^x^  -\-{m+p)a^x-{-a^ 
.*.  'm-\-p=  —1,  and  wjy-f  2  =  1  or  mp=:  —  l. 
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4:mp  =  —  4 


14.  Let  it  be  the  square  of  /  x^  -r-^Uc  -{-  —\. 
Then    lx^  +  —  x-[-—f=:^   x^-i-ax^+bx^  +  cx-\-d, 

t,e.f  x^+ax^-^  i  —    4-  — \x^+cx-\-  — 
\  a  4l  I  a^ 

=  x^ -[- nx^ -^bx^  +cx  +  d 
/.-  +  -   =   6,  and  -   =   d, 

.'.  8c  =  a{U-a^),  .-.  64^  =  (4A-a3)3. 

15.  {{xVia)+yi/{b)+zV{c)}^  = 

ax^  -\-bij^  +cz^  +2xy^/{ab)+2yzy^{bc)  +  2zx  V{ac) 
.-.  2i/{ab)  =  d,  2^{bc)  =  e,  2^/{ac)=f, 
4:ab  =  d^,        4:bc  =  e^,        4cac  =  P, 

T  ~  72'  y  ~  ^'  T  ~  73* 

16.  Let  x-{-p  be  the  other  factor, 

Then  {x+p){x^+2dx-\-d^)  =  x^ +{2d-{-p)x''  +  {d^  +  2pd)x+pd* 
.'.  2d-\'p  =  a,d^\-2pd  =  b.     pd^=c 

pa  =  d(a-2d)     =i{b-d^)=~ 

17.  Let  {x-^a  -  ^d) ^  =  ax^ -hx^+cx-d. 

ax^-dx^f'{a^d)  +  Sx^{ad'')-d  =  ax^  —  bx^-\-cx-d, 
.:S^{a^d)  =  b,     3^(2d2)  =  c 
.-.  27a2d     =63,  27ad^=^c9 
a  63 

d  c3' 
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18.  The  remainder  on  dividing  is  (So^-^^ah+-  Sc)x  + 

d-3a^b~2a^,  .-.  Sa^ +eab-\-Sc  =  0 (1) 

and  2^4+3^26       =d (2). 

From  (1)  (a2-f-6)2=62-ac;   from  (2)   d  =  2a^{a^  +  2h)-aH  = 
-2ac-a^b,  .'.  c^  ~bd  =  c^+2abc+a^b^  =  {ab  +  c)^  = 
(ab-a^-2ab)^=a'^{a^+b)^,  .-.  4:{b^ -ac){c^ -bd)=  , 
4:{ac-b^){bd-c^)  =  4:a^a^-\-b)2(a^  +b)^=4:■2^a^-hb)^. 
ad  =  Sa^b  +  2a^  from  (1);   -bc  =  a^b+2ab^  from  (2), 
.-.   (ad-bc)^  =  {2a^+4:aH-\-2ab^)^.  =4.a^{a^  +  2a2b^b^)^ 
=  4a4(rt2  +  6)4,  .-.   {ad-bcy-  =4:{b^  -ac){c^  -bd), 

19.  ljetx^+px^+q={x-\-m)(x^ --2ax-{~a^) 

=  x^-i-{m-2a)x^  +  {a^-2am)x  +  a^m, 

a 
.'.  m—2a         =p,  and  w  ""9" 

a^  ~2am      =0,  .'.    a    =    -|/>; 
Also   a^  —  2a^m   =0,  or  a^  _  2^  =  0,  .*.  a^  =  2q, 
.'.  2q=-^\p^,  or  4p^-\-21q  =  0. 

20.  Let  x^-{-max  +  a^  be  the  other  factor,  then 

x^-^-ax^  +  a^x^  +a^x+a^  =  (x^  +nax+a^{x^  -^max+a^) 
=  x^  -\-a{m+n)x^  +  a'-^  {2+mn)x^  ■+  a^{m-{-n)x-\-a^ . 

.'.  m-{-n  =  l,  2  4-mn  =  l  ;  from  these  equations  m  — n=+A/5' 

.-.  2n=l±i/5,  .-.  ?i2-n-l  =  0. 

21.  Let  x^  +  ax^+bx^+cx-^d  =  {x+vi)^(x-hn)^  = 

x^ -\-2{vi+n)x^  +  {m^  -\-  n^  +4:mn)x^  -\-2mn{m+n)x-]-ni^n^ . 
.*.  2{m+n)  =  a,  7n^+n^-\-imn  =  b,  2mn{m-{-n)  =  c, 

m^n^=d;  .-.  (Ab~a^)^  =  {i(m+n)^+8mn-4:{m-[-n)^} 
=  64m2w2  =  64d.     Also  (46-a2)a  =  16??i7i(m+n)  =  8c. 

22.  Let  «4+pa;3+^a;2+ra;+s  =  j  a;2+ii;^+^<?  f 
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28.  Dividing  by  ax^+2bx-\-c,  the  remainder  is  found  to  be 

.-.   2c  -  _=0,  orac  =  />3 (1) 

a 

and  d  —  —   =    0,  ox  ad  =  he (2). 

a 

From  (1)  6  =  -,/(r/c) 

.-.  ax^  +2bx+c  =  ax^  +  2  y{ac)-{-c  =  {xi/a-\-  \/c)*, 
(1)X(2)     .-.  b^c  =  a^cd     .-.  b^  =  a^dsLnd.b  =  aid^ 

Also      = .•.      ad^=c^        .-.  c  =  ad. 

ac  b^        " 

.-.  ax^  +  dbx^-\-Scx  +  d  =  ax^  +  Saidh--^ ^Sa^dhc-\-d  =  {a^x-i-d^)' 

24.  4.ni^x'^{pq-\-q^)=2:>^x^,   .'.  p^  -4:jn^qp-4:m-^q2  =0, 

25.  Let  x-\-   —  be  the  other  factor,  then  x^  -hpx^ -^qx-\-r~ 

•i 

(x+2)^{x  4-  ^)  =  x^+{4:  +  -L)  x^--\-{r-^4.)x-^r. 

:.  p  =  4:  +  -L;  q  =  r+4. 
4 

.-.  4p  =  lG-f/'  =  ^  +  12,  or  4(/;-3)  =  (7. 

26.  If  divisible  by  Sx^-\-2px  +  q,  it  is  divisible  by  .t^  —  fpa;-(- 1^, 

Let  x-^m  be  the  other  factor  ;  then  {'-c-i-ni){x^  -^^px-j-^q)  = 
a;3  ^px2  ^qx  +  r  =  .c=^  +  {ui-{-  lp)x2  +  (^^-.j.  |„i^j^  ^  ^„^^  . 

.*.   w+t/^=i>>  orw=    ~    «  +  //*  — a; -j-  -^ 
3  3 
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Exercise  xlviii.,  page  137. 


1.  Ji  aa'  =  bb'  =  cc^  then  will  {a-b')a'=^{b-a'W 

(b-c)bi  =  (ci-V)c  and  {c' -a')c  =  {a-c)a' 
...   {a-b'){b-c){c'-a')  =  {b-a>)[c'-h'){a-c). 
Nos.  2  to  7  may  be  proved  in  like  manner,  or  thus  :  • 

2.  Interchange  b  and  6'  in  1  and  it  becomes  — 
11  aa'  =  b'b  =  cc'  then  will 

(a-b)(b' -c)(c' -  a')  =  {b'  - a')(c' -b)(a-c) 
which  is  2  with  the  members  transposed  and  the  factors  in  differ- 
ent order. 

3.  Interchange  a  and  a'  in  1  and  it  becomes  — 
U  a'a  =  bb'  =  cc'  then  will 

{a'-b')(b-c){c'-a)  =  {b-a)){ci-b'){a'-c) 
a  mere  variation  of  3. 

4.  Interchange  c  and  c'  in  1  and  it  becomes  — 
li  aa'  =  bb'  =  c'c  then  will 

{a-b'){b-c'){c-a')::^(b-a'){c-b'){a-c') 
which  differs  from  4  only  in  the  order  of  the  factors  of  the  right- 
hand  member. 

6.  Divide  4  by  2,  member  by  member. 

[b-c')(c-a){a'-b')    "    {c-b'){b-a){a'-~c') 
Rejecting  factors  common  to  both  numerator  and  denominator, 

lc-a)(a'-b')    ~    (6^r^i,^^:r^) 

from  which  5  may  be  immediately  obtained  by  a  transferrence  of 
factors. 

6.  Divide  4  by  3,  member  by  member. 
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7.  Divide  4  by  1,  member  by  member. 

6  and  7  may  also  be  obtained  from  5  by  operating  with  the 
substitutions  (abc\a'b'c')  and  {abc\a'b'c')^  respectively. 

8.  From  1  by  actual  multiplication 

(ac'  +  a'b'-aa'-b!c'){b-c)  =  (ab  +  a'c-aai-bc)(c>-b') 
:.  *a{bci-cc')  +  a'{bb'-b'c)-baa'+b'cc'+caa'-c'bb'  = 

a(bc'-bb')-\-a'{cc'-b'c)-bcc'-{-b'aa'-{-cbb'—c'aa' 
.-.    {a  +  a')(bh'-cc')'h{b+b'){cc'-aa')-\-{c-\-c'){aa'-bb')  =  0. 
Hence  the  equation  in  8  is  merely  another  form  of  that  in  1. 

The  equations  in  2,  3,  and  4  may  be  formed  from  that  in  1  by 
interchanging  b  and  b',  a  and  a',  and  c  and  c'  respectively,  hence 
variations  of  them  may  be  formed  from  the  equation  in  8  (proved 
to  be  a  variation  of  that  in  1)  by  the  same  system  of  interchanges. 
But  these  interchanges  have  no  effect  on  the  equation  in  8,  i.e.^ 
they  leave  it  unchanged,  hence  the  equations  in  2,  3  and  4  are 
merely  different  forms  of  that  in  8  ;  and  consequently  the  equa- 
tions in  1,  2,  3,  4  and  8  are  all  merely  different  lorms  of  one  and 
the  same  equation.  Also  5,  6,  and  7  have  been  shown  to  be 
formed  from  1,  2,  3  and  4,  and  consequently  they  may  all  be 
formed  from  8. 

(The  example  and  exercise  of  Art.  XXXVIII.  are  important 
geometrical  theorems — See  Chasles'  Traite'de  Qeometrie  swpetieure). 


CHAPTER  V. 


Exercise  xlix.,  page  138. 
1.  5,  3J,  a,  -3.  2.    -41,  -a,  2,  10. 

3.  a-^b,  c-a,  b-c,  3.  4.    -2,  6,  -5,  12. 

5.    -14,  a -36,  2a -36,  56 -3a.  6.  7,  4,  a,  6. 

7.    --,    — ,    0,    1.  «.   —1,   ^ 1 ,  a  +  o. 

3       a  0 


9. 

6-a,  a  +  6.       10. 

1 

a+6 

1             1 

n.    9.h.  a. 

'    a-b'    a2+62'                      '     ■ 

12 

a  +  6,      --  .    

a4-6     a  — 

c 

13.    ^-' 
a  —  b 

6  +  C. 

14. 

a  +  b,  a2+rt6  +  62, 

15.  a^ -m 

5>  +  62,  1. 

16. 

a  +  6 
~  ^'  ~a-b 

17.    ^+^, 
e  — 6 

2       3 
15'    14* 

18. 

1       6        a 
12'    ac'     b 

jp     a2^62     a(63+c3) 
a262    '           be       ' 

20. 

10,  12,  4,  ^. 

21.    1000, 

!.  1- 

22. 

9A,  a6,  ^. 

23.    ^,     c(a  +  6),  -^  (a  +  6). 

24. 

a      a-b         (a+6)  2 
i  '    a+h'    "{a-by 

25.    -1,   - 

-1. 

26. 

a^~c^)          10 
(a  +  6)2'  2,    3* 

b 
27.    a6,    — . 
a 

ac 

28. 

12,:^. 

29.  9,  2. 

30. 

12,  1. 

31.  3,  1. 

-.|i|.o. 

33. 

1 
m 

84.  1. 

a6  +  6c+ca 
^^-    a3+6c  +  c2 

14 
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ab+  bc-\-ca 

87.  (a  +  b-^c) 

39.  1. 

40.  1. 

41. 

1. 

43.  16i. 

44.  6. 

45.  5. 

46. 

47.    -i. 

48.  0. 

49. 

-tV.. 

38.    3(3{8(3a;-2)-2}-2)-3  =  0 

(3{3(3.i:-2)-2}-3  =  0,  .-.  3(3ic-2)-3  =  0,  x=\. 

42.  15. 
npqra  +pqrb  +  5'^c + r«? 
mnpqr 
50.  1. 

Exercise  1.,   page  142. 
1.  2,3.  2.  i,  i.  3.   ±2,  U.  4.  1,  H. 

5.  dzt,  ±(^  +  ^),  «.  6.  4,  5  ;  2,  2^-. 

7.   -3  or  2;  4,  -3;  2^,  -1^.         8.   1;  |  or  | ;  i  or  3. 
9.   -f  orf;  ^or6;  for  -|-.         10.   -1,2,  -i,  1. 
11.  0,  -6,  36.  12.  «,   ±a/-l. 

13.  1,   :^i^^    :ii+-^^.        14.   ±a.       15.   ±i.,  -(6+c).' 

16.  Factors  are  {x—a){x  —  a  —  1b),  .*.  a;  =  «  +  2&. 

17.  fe  or  ±a.  18.  aj-h2r76  is  a  factor,  .*.  x= -lab.  The 
other  factor  is  3a;2  —  2abx-  ^a'^b^,  which  gives  x=\ab{l±\/l). 

19.  a—b  is  a  factor,  .*.  also  x  —  a,  b  —  x  are  factors;  one  Hnear 
factor  remains  which  must  be  symmetrical  in  a,  b,  x,  and  is  .*. 
x+a-{-b;  .-.  x  =  a,  b,  —{a-\-b). 

20.  Transpose  1  to  left-hand  side,  which  then  vanishes  if 
a;-a  =  0,  or  a;-6  =  0;  .*.  a;  =  a,  or  6. 

21.  Left  hand  =   (^-^)(^t^  =  x-a,    which  =  x^-a^,    .% 

(x+a)^ 

x  =  a,  or  1  —  a. 

22.  =:{x-^a){a-{-b)(x-hb-a  +  b)  =  0,  &c. 

23.  .*.  afc(a  — 6)4-6a;(6  — iB)+ax(a;-a)  — (ic  — a)(i-a;)  =  0, 

.-.  x-a  =  i),  b-x  =  0,     ,\x  =  b(l—b)^{l-b-^a). 
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24.  (x-5)(x+6){x~7)=x^-6x''  -S7x+2iO. 

25.  {x-a){x-4:a){x-Sa)(x+4ca)  = 

a;4  _  4^ax^  -  13a^x^+64:a^x-4:8a^. 

26.  x{x-l){x+2){x-A)  =  0. 

27.  {x--2x~l){x^-2x-2)=-x^-4:X^-{-x^+6x+2  =  0. 

Exercise  li.,  page  146. 

ANSWERS. 

1.  4.        2.    -V.        3.    -107.        4.  8.        5.  3a.        6.   -^V^. 

7.  6|f ,  17.  8.  22,  46^.  9.  7,  3.  10.  10,  10,  11. 

11.  0  or  11;  33.  12.  3956-3971.  13.  |(15  +  y^l90).  14.  3. 
15.  3.  16.  4.  17.  22^16.  18  IJ.  19.  3^.  20.  4. 
21.  +3.  22.  11.  23.  2  and  -1^=^-3.  24.  2^.  25.  0. 
26.  3a.  27.  f.  28.  |f.  29.  3.  30.  10. 

31.  0,  1,  or  (-5+^-23)^8.  32    102|. 

33.  (-11  +  1/4681)4-20.  34.  2,  ^,  or  J.  35.   -4. 

36.  0,  or  ±|/(a2+6-'). 

Hints  and  Solutions. 

12a; +2  25 

1.  Combine  first  and  last  fractions  .*.  zrx :r^  =    --,  &g. 

iox  —  lb  lo 

9a;-f-15         !13 

2.  As  m  last  Example  k    _  ok   =  '-Tc  '  &c. 

72  70 

3.  Completing  divisions   .-.   — -.    =     --y-^,  &c. 

X       J.  X  ~p  ^ 

11  33    ^ 

,  &c. 


^'    '•   2x-9         21 

5.  Multiply  through  by  6,  and  complete  the  divisions, 
6a  12rt 

x  —  a         x-\-a 
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-29  24 

^'    •••   6^+5   =   6-^-32  •••84= -53(3^-1),  &c. 

7.  Multiplying  by  2  and  completing  divisions,  .*. 

47  6^,3  4       „ 

4-     ;.  =  0,  &c.    t:    =    ',  &c. 


2^-15    ^  a;-5       '  a;-8   ""   x--5' 

8  12  20  22 

®-     ^^12   =   ^"^7'^°-     ^~13   -  ^7  =  ^- 

15  4        ^  -5  28 

^-     •••  -2x+i  +  ;«"3  =  ^'  ^«-     .^  -^    5iTr3  =  ^- 

_7 5_         ^ 8      _    J_ 1_ 

3  1  ,         , 

-77   =   i^  =  1,  by  subtraction. 

x—1         x  —  d       '    -^ 

17  15  3       ^  15       ■  4       , 

a;— 17  «- 18  2'  2a;4-5  »  -  2 

5a;- 6      _    ^ 
^^'    28(a;-l)   "    "30"'    *^^- 

a;-3  3a;-2  6 

10 


a;2-5a;+6        x^-5x+(j   "   x-5 
2x-l-5  5x  7£c+5 


x^—5x  +  Q        x^-6x   "       6 


,  &c. 


^4  _36_    _       48        .        3        _        2 

^+1"  +  "^+3"  ~  .c+1   "  "^3"  "^  x+r  "^  ^'^^' 

15.    ... =  in'     (^y  *^6  ^sual  divisions). 

ox  —  4  IX       X  u 

IG.    _  "^ 


x^-dx-^U 

17.  a:4-2+  _L    +a;+24-—  =  2(a;+2)-f  -  --  ,  &c. 
x—5  x-9  x—8 

18  8a;-fl2  _    8a; +12  .   ^^ 

16x-^'\-4Bx  +  35   ~    16a;2+48a;+32'  " 


19. 
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"  2x-4:   "^   2^-9    ~    2x—S  '^   2aj-5' 

4a;— 13  4i»— 13  .       10     a   p 

or, —   ,  .*.  4.r— 13=rO,  &c. 

4a;3-26a;+36    ~    4a;3-26ic+40 

4    ^   14         23a;- 6    ^    4  21  42   ^    U 

•     ^^+^^  1    &c 


21. 


1  1  1 


'        ^2  1  O      ~      ^2         Q        I" 


x^-6    '    .C3-12    ~   a;3-8     '    a;2  -  10 

2a;2-18  2a;2-18  o  -     10     a   * 

or _   ,  .*.  2iB^  — 18  =  0,  &c. 

a;4-18aj3  +  80        ;c4-18a;2+8' 

22     •   -^  _   £1  ^  ^   _  ^^*         ^*         ^^ 

■"2  62~52"^i3~*~"39"'"U9~52 

^  _    Tfo.         3i 
26  52    +  52 

28.  Multiply  through  by  18. 

6(1  -  2x)         9(1 +a;)         _3^ 2_ 

•*•  x^-x-^1   "^    a;2+l     "^    ic+l    ~   a;3  +  l 

-6(2a;-l)(a;+l)4  3(a;2-a;+l)    __   9a;4-7  ^^ 

a.34.1  -       a.2^1'  •••  2a;  -16. 

24.  Completing  divisions  as  usual, 

-2  1  12 


2x-l         x—1  x-4:     '    2x-o 

-5  -5 


,  &c. 


••    (2a;-7)(a;-l)  ~  (a;-4)(2a;-3) 

-b  a-h  ( 

^^  +  -^  "^  ~^^^   ~   ("^ 
(a_6)2  (a-6)3  2(a-a;) 


25,  .-.  1  -   ^-^    +  1  +    """^     _        {a-h^)        ^   %-^ 
a; -6  ic  — a  (^x—a){x—h)  a-\-x 


(x-a){x—b)         (x  -a){x—b)  a+x) 

.-.  2(a+a;)  =  2(a-a;),  &c. 
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27     •           ^-    ^  ^           _     „i_     ,            1__ 

^''  •  •  13ia:-6   "^  13i«-12    ~    13^a;-8  "^   isiaj-lO 

27a;- 18  27a;  -  18 


or 


.-.  27a;- 18-0. 


28.  Sum  of  first  two  fractions  is  q/    _i\2  •'•  «  is  a  factor,    /. 

1  _  1  _  16 

2(a;-l)2    ~   2{x^+l)    ~    '{x-l){^+iy  ^'^' 

29.  y  +  2  -   2i  4-  -f-  =  3   -   ~   &c. 

80.  Multiply  by  f  and  factor,  .-.  x-   ~7£"Zllk.Ti'^^=  2a;  - 

2a;2  _  1  55 

—     Q    -  19+x ;  perform  divisions  .-.    -—-^-  =  ^»  <^c. 

81.  Perform  divisions,  .-.  ^^   -   ^-^^^^    =   J^p 
a;+2  oa;+l  a;+2         5a;  +  l 


-  ^._i    -    (;,_i)2»  or^_;:;^   =     ~_3.-.a;-l  =  0. 

2a;         20  23  2  2a;     19      1 

32.    y   -   --10--33   -  -4-;.  =  _---->10 

4  23  10 

-y  +  ^'^^r^^s  =  21' 

18a; -22  1  5a;         24-5a;    „ 

^^-   •■•  "13^:2^  =  T  +  T  =     4 -'  '^^• 

1  16  60a; -19 

34. 


""3a;-l         4a;- 7  12a;2-25a;  +  7 

52a; -23  _         50a; -19 

^^  (3a;-l)(4a;-7)    ~  (3«- l)(4a;-7)  '*•  ^^"l-^' 
4a;-7  =  0,  &c, 
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5  5^ 0__  _5  ^       „i^+^6_ 

^^'    2x+5    ■•■    2a:+ll    ~    2^Hh9    "*"   2x  +  7  ***   ix^ -^32xi-6'5 

4x+5 
''     4a:2  +  32..  +  63-*-^^+^^  =  ^'^"- 

86.  Sum  of  first  and  last  fractions  =  -^ — , rv.;    sum   of 

2x  (  1  1  ) 

second  and  third  =  -it" -7^ — 7x0,  .\2x  \  -^ — 1 — r-n^  +  ^ — 7 e\9  1 

X-  —{a  —  b)^'  [x^  —  {a-[-b)^     x^  -{a  —  h}^  ) 

=  0,  .-.  x  =  0,  or  2x^  =  {a-\-by-  +{a-  b)^  =  2{a^  +b^),  &,o. 
Exercise  Hi.,   page  150. 

1     /  V     .207  1  —  a       .,.          2x          m-\-\ 

2  1  -\-a                     2a          m.  - 1 

/  X      ,     2ax  m-{-n 

2b  ~    m  —  n 

2.   (a)  (a-b).     (b)     0.       (.)  -JL_.    =        *___    =    "^   =   1 

a  —  x  o  —  x  a — b 

p,  f.     ,       ma      b 

b       ca 

i.    (a)    .:    ix-l)l^    _    ^)=0,  .•.x  =  l. 

(h)  -1.     (.)^«  =  «+*  =    «    .-..^  =  0. 

•    6— ic  6-fa;  b 

»•  ••     p^-:; — ^ — — „    =    --^ — ~ — .,  .-.  a7=-#,  or  -1. 


2a;2-7.c+3    -   x^  rQx-h2 


■2-' 


2(6-0)    -    (6-c)2-(6+c)2'  2a6T 

7.  Add  and  subtract,    .-.  f^f'^+^l-   =   ^-t^  ;  divide  each  side 

2\/{x~y)  X -y 

by  Vip^±yl   ...  ^y  ^  1 

V{x-y)     "  x-y 


no 
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8.  (n)  Subtract  numerators  from  denominators. 

.'.    ^ .".  a;  =  14. 

4  4 

(/')  Subtract  numerators  from  twice  denominators, 

.     4a;- 5  10a7-32  n       c,n 

.'.  6^  =  27,  a;  =  4^. 


15  15 

9.  (a)  Each  fraction  =  difference  of  numerators    divided    by 
difference  of  denominators  =  |f  =  1 .     . • .  x  =  2. 

(b)  Same  as  last :  each=  Ai  =  _l.     .-.  3;==    e 

V    '  —3  8  2  9  6* 

10.  (a)     210^-7^    ^    210.-73     ,    210.  =  78. 
^  ^    310.C-66         310^+80 

,^x     mx  —  a  —  h         mx-a  —  c         ^~^  _   _i 
Wic  —  c  —  ci         nx—b  —  d~    b  —  c 

,:  x  =  {a+b-\-c-{-d)  -i-{m-{-n). 

11.  Take  difference  of  numerators   divided    by  difference  of 

denominators,  and  each  fraction  =  1,  .'.  x  =  — • 

a 

■10     x^-{-ax^  —bx+c         x^-^ax^  —  hx  c 

x^  —ax^  -^bx-i-c    ~    x^  —nx-  +bx    ~     c    ~ 

:.x^-{-ax  —  b  =  x^  -ax-\'l,  or  2aij;  =  26,  x  =  — 

a 

^g      by/i^a-x)     _    _6_       .      2'(  -  X     _•    1      ^     2a 
V{2a^-x-)    ~    Va     "  2a^-x^    ~     a     ~   2a^ 

=r    -—   =   —     .*,  ic  =  a,  orO, 
x^  X 


14 


,/(x^+a^)    _    «5  +  l       ^    x^  _   (fl2-|-l)2  +  (ag-l)a 

=     2a-      •••«'=±^    (-2-)- 
15.  Solve  same  as  12th,  .*.  12a;  =  8,  a;  =  §. 
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18.  Solve  same  as  in  12th,  and  x  =  c-irab. 

9v^(2a;-l)  _    25         y'(^x-l)    _    100 

^^     l/X2a;-l)+V(3ic-3)    ~    12  •'*    y  (3ar  -  3)    "    83'*°' 

^2x     _  i.  .    -Z£ 

2^(3^  +  3J    __    _6_     7^4-8  1  1 

^■^'  ''■    f^llx+S)     -    4'     «H-1  ~  ^^•■'  a;4-l    "     9' 
.-.  x  =  8. 

lS  +  2^(x-5)  ^  2V{x-5)  5 

22-    1-3-2/(^:15)  =  11- •~"~I3—   =    -q'''^  =  ^^t\\- 

^^      V{nx+\)  +  i/{nx)         i/n  +  1         i/(nx+l)       ^ 
l/{nx+l)  -  ynx  yn  —  l  \/nx  ^ 

=  ^r  •*•  a;=l-wm— 1). 

24.    -*^--/-— '    =  -—  .-.0;=,- — •• 

'     25.  (a).  Each   fraction  =  difference  of  numerators  divided  by 
difference  of  denominators  =  5,  .-.  a;  =  4. 

2  3  1' 

<^)-   ^2;cT9  =  ^"2^+T5  =  '6"-*-''=^-^"^=l^- 

26.    (a).  Each  fraction  =  -7-    =     -.    ,-7     =   ; — 

^  '  h  yx-^b  j/x 

...«.=  an^-r-{a-hY.  (b).  ^^ = 2        =2  •••  ^  =  ^- 

X  4a  f  X  a  +  6  ] 

a  (l  +  a)3      \  6  a  —  b 
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28.  Divide  numerator  and  denominator  by  ■\/{ax-\-l),  then  as 
usual    '^-41    =    *±i,:«  =  (t^  +  l)^2„6,&c. 

29.  As  in  28,  1-  y{l-  ^{l-x}}  =(l  +  a)-¥{l-a),  &c. 

30.  Square  both  sides,  then  n^-^(x^  +  2ax)  =  4/>-h(6  -1)2,  &c. 

31.  Proceeding  by  addition  and  subtraction  we  find 

(iC-|-l)'^H-(a;-l)«  =  (a5  +  5a4  +  20rt2+2)-^(5r/4-a5),  or  ^-,  =&c 

X      J. 

Exercise  liii.,  page  158. 

1.  We  have  the  identity  x+4:—{x  —  d)  =  7,  divide  this,  member 
by  member,  by  given  equation,  .-.  x  =  8. 

2.  Transpose   and  square  x=0,  which  satisfies  the  equation 

3.  x  =  ?j.  4.   i/x{Vni  — 1/11)  =  m  —  n,  .-.  ic=:(  \/m  +  -j/n)3. 

5.  \/bx  —  i/x=  —  \^(ab-\-bx)  square,  &c.,  jc  =  rt&-i-(l  -  2|/6). 

4  _1_  _  18962  __Vj^ 

6.  x=  -^'        7.  x=  ^^32*        ^'  ^=  12393*         ^'   i/a+2* 

10.  {b-{-x)^ —  {b^-\-x^)  =  2bx    identically y  divide   this,    member 
by  member,  as  in  1  above,  and  add,  2{b\-x)  = 

2bx  _  c*-26c2 

-^+c2    •••^-  2c2_26' 

11.  a;  =  i.       12.  2a;  — (2a;  — 27a)  =  27a  identically,  then  proceed 
as  in  example  1  above  .r  =  18a. 

13.  Cube   by   formula    [VI]    l-;r  +  l+a;  +  3  if  (l-a;2)  x  |3/3 
(by  substituting  cube  root  of  3  for  its  value)  =  3,  .*.  x^  =It- 

14.  Cube  and  substitute  as  in  last,  .*.   3]f/7^(9— a;2)=  l,  .•. 

4 

15.  Proceed  as  in  last  two  questions,  .-.  x=  ±  —  /  — 11- 


11 


16.  x=  ±  l/{«'-^\^-'}'  17.  x  =  0.         IB.  u- 
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19.  Proceed  as  in  example  3,  page  152,  {c—a  —  hY  =  21ahc, 

20.  .-.  x\/{a^-{-x^)  =  {n-l)a^-x^,&ndix'{1n-l)  =  {n—iya^. 
&c.  21.   Uxy  =  {n-^x-yY. 

22.  1  +  x—  {l-\-x-{-'\/ {l—x)]  =\/ {l—x)  identically;  divide 
member  by  member,  and  add  given  eqimtion,  .-.  2|/(l+a;)  = 
V(l-a:)-l,  &c.,  a;  =  0,  -|i. 

23.  %^x  is  a  iactor,  .•.  x  =  0;  dividing,  .*.  V{y'x-\-l)  —  -\/ 
(  v'a;-l)  =  a-j--j/(|/a;-i-l),   and  y^x  +  l  —  {i/x—l)  =  2  identically, 

.-.    V(yu,-  +  l)+x/(i/'ic-l)=    ^— \\2V{Vx-^l)  = 

2\/(Vx-^l)  a 

a2 


/    «  \ 


24.  l+a;-fa;2_(i_^_j_^'i-)_  2^^  identically,  divide,  &c., 

2  2     1— w2 

^  '         ?rt     '        '  m  \4— ?/i3 

25.  a2_^2_^2^a2_i)  =  ^^2(i_^2j^  identically  divide,  &c.,    .". 

.•.a:=   ~-7-   K  +  2±y(a2  4_i)}. 

V^iC  +  C 

20.  Eeduce  first  fraction,  .*.   ^/bx-{-c=   —a, 

.-.  a;=(c?i-rtn+x-)2-j-^(ri-l)2. 

27.  2a;2  +  5-(2a;2-5)  =  10    identically,    then    as    in    former 
examples.  2v/(2ic2  +  5)  =  2v/15,  x=±5. 

28.  3.r2  +  10  -  {3x^  - 10)  =  20  identically,    .-.  2  y(3x^  + 10)  = 

Vyi7-f/3,  &c. 

29.  3a:2H.9  =  (3a;2-9)=:18  identically,  &c.,  x=±5. 

80.  3a- 3/^  +  a;2_(2a-26+;c2)=a-Z>  identically,  &c. 
;c=-[-V(36-2a). 
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81.  4:a9-Sh^-2x^-(Ba^-Bb^-x^)  =  a^-x^    identically,  &o. 

32.  Cube  and  substitute  as  in  example  21  above, 

{2y+2z-2x}^  +  216xyz  =  0, 

33.  Eqnation  is   Via+x)-]-V{a-x)  =  2r^V{a-{-s/{a^+x^)}  ; 

we  have  identically  a+x—  {a—x)=2x,  divide,  &g.,x  =  ^aV6, 

34.  Ee move  the  factor  ^a;,  and  reduce  the  fraction,  .*.  x  =  0, 
Also,  if4-2rt  — (a;— 2a)  =  4a  identically,  divide  as  in  former  cases 
and  clear  of  fractions,  .-.  2(x+2a(  = 

4  /n2_47i-f8\ 

-  (x+2a)+na  ;  x=^a     l^^_^-  j  • 

35.  x  =  a^+2a. 

36.  (2a+a;)2  +  ft2  -  {{2a-x)^^b^}  =Sax  identically, .-. 

2V{{2a  +  x)^  +  b^)l  =  2a  +  4:X,x=±y/{'6a^-\-b^)^s/3. 

■* 
Exercise  liv.,  page  157. 

1.  Eight-hand  member  is  {x^  -ax-\-a^){x  —  b) ;  divide  by  com- 
mon factor  and  clear  of  fractions,  x^+ax-^-a^  =x^  —b^^  .*.  a;  =  &c. 

2.  Eight-hand  member=(a;— 6)(a;2 +2aic  +  2a^) 
.-.  x^+2a'^-2ax  =  x^—b^,  &c. 

^'  *-  ^-2c(^'b^) 

4.  Eight-hand    member    is   2ab{x-\'b)x^  ;    left-hand    member 

-(x  +  a){x-i-b)(a-^b) 

factors  mto  -. uii'riA •'•  a;+o  is  a  factor,  &c. 

aoa;(a;-f  a-f  6)  '  ' 

1        f_l Lt    =  ,J_      /J:_  _   .J_\ 

x  —  b     \x  —  c         a-{-b)  a-\-c      \a?—c         a-^bf 

1  1 

X  —  b         a-^c  ^     ' 
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ah        f      ah  >i  f„         hi  h{1a-h)\^ 

7.  Denominator  of  left-hand  member  =  {x^  —  Sax  —  a^) 
{x^  +  3ax-a^}  ;  invert  both  members,  .*.  x^  —  3ax-a^  is  a  factor 
giving   x  =  ^a{3a±\/13) ;    result  of  division   is  x^  —  {2a-\-l)x=: 

,  &c. 

2 

8.  Equation  may  be  arranged,  multiplying  by  2,  thus  : 


\x  +  a 


x  —  a 


2. \-x  —  a  =  0,  where  x  —  a  is  a  factor,  &c. 

x  +  aj  x-\-a 

9.  Right  hand  member  =  a;3  —{a-{-h-^c))x^^{ah-\-hG-\-ca)x  —  abc 
.-.  (a2-f-62+c2-a6-/;c-ca)a;=i(a34-63+c3_3rt6c) 

.-.  a;  =  i(rt-f6+c). 

10.  Transpose  negative  term  in  right-hand  member  and  com- 

2hc  +  2ca  +  2ac  +  a^-\-h^-\-c^     (a^h  +  cY^ 
bine  the  fractions  .-.  2abcx ~ 2" 

.-.    — r— =  1,  a;  =  l-f-a6c. 
abcx 

11.  Multiply  through  by  ahc,  then  a-\-h-\-c-{a^+h^ -^c'^)x- 

[2ah-\-1ac-\-2ca)x,  .'.  {a-\-b-{-c)^x  =  a-i-b+c. 

12.  Transpose  and  combine  terms  involving  — ; x  = 

abc    ' 

{a-b){ac-2b)-^{a+b)ac. 

13.  x^  +  {b-i-c)^  +  Bb{b-{-c)x-b^=0,    .'.  a;+6+c-6  is  a  factor. 

14.  As  in  last  example  ^x  —  ^a  -  f/b  is  a  factor. 

.'.x^if'a  +  fhY. 

15.  ll(a;4_i6)  +  10^(a;2-4)  =  0,  .-.  ic3»-4  =  0,  &c. 

c 


16 


•    {a-h)A^       a-6  J  "'(a  +  6)M*       a- 


6  i"-^-    a'-b 
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17.  The  equation  can  be  put  in  the  form- 
a  —  b    I         1  —  cx\         „       2cx^ 


[x^-T-i —  4-^^  +  1—7—  -x  =  0. 


a  +  b    r   1  +  cxl  ^-^   ^1  +  cx 

a  —  b    I  1  —  cx\  I  1-  cx\  a  -h 

a  -^0    \  1  +  CXI  V    1  +  cxj  a -to 

is  a  factor,  &c. 

{2x^  -2a^-]-5ax)(2x^  -2a^  -5ax) 

18.  X — — '' 

2x  -f  a 

=  U^x+a){2x^  -2a^  -5ax)  .'.  2x^ -2a^  -  5ax  =  0, 
or  2x^ -2a'^ -{-5ax=  i{x-\-a)^,  x  =  ^a. 

^-  x-l\  x-A    "^  a:-10/  ~2(;z:-4)(a;-10)  °^  (a;-4)(a;- 10) 
=  7;c2-^2(a:-4)(a;-10),  .-.  a;2^4. 

20.  Proceeding  as  in  last  example, 

8(2a;-10)  xX 

-, TvT K\l ~(\\  —  ' ^rT7~ — 77n  ora;-*  =  16,  a;*~16  =  0,  &c. 

{x-V){x-h){x-^)     (a;-l)(aj-9) 

21.  Add,  term  by  term,  the  identity  used  m  example   3,  page 

%&  2a;  _  a-fc 

155,  then    ^^36)(c-a)   +   (6"-7)7^^    "    (^i-^?)(6-c)(c-a) 

.-.  2a;(&-c+a-Z')  =  &c.,a;=W-^-]  . 

22.  As  in  example  4,  page  156,  left-hand  members 
'^{x  —  a){a  —  b){b  —  x^  =  x^ — a^,  a;— a  is  a  factor  t 

Al80a:=(3a^-362-a)^(l  +  3a-3A). 

23.  Left-hand  member  is   ^^ — - — ^^— V,      '  which  =  2a  .-.  x  =  a, 

{x  —  a)^ 

24.  First  member  vanishes  fora;+rt=eO,  a-f  6^0,  anda;  — ^=0, 
and  becomes  3(a;  4- a){a  -{■b){x  —  b)  =  &c. 

25.  Left-hand  member  vanishes  for  6  =  0,  a;-a  =  0,  and 
a  —  b  =  0;  numerical  coefficient  is  found  to  be  6,  .-.  66(a;  — a)(a-  b) 
=  (a-b)c2,x=  (6-2  +  6a6)-T-66. 
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26.  First  member  vanishes  for  a— 6  =  0,  <i+6  =  0,  a;  -  a  =  0,  and 
numerical  coefficient  =  6,  .*. 

6{a-b)(a+b)(x-a)  =  {a^-b2)c,   .-.  x  =  ^{c-{-Qa). 

27.  Clear  of  denominators,  a;{a;5  +  «^ —  (a;3— 6^3)  =  ^4^  ,.,  x  =  ^a. 

28.  First  number  vanishes  if  a;  =  0,  rt  =  0,  or  6  =  0,  .*.  abx  is  a 
factor  ;  one  linear  factor  remains  which  must  be  symmetrical  in 
a,  b,  X,  and  is  .-.  x-\-a-\-b  ;  numerical  factor  is  found  to  be  12,  .-. 
12abx(x^a  +  b)  =  12ab{x^  ■\-(a±b)^}   ,-.  x  =  a  +  b. 

29.  Arrange  thus  :^-^^^  +  p-^^  +  ^^^^  = 

*  I  (^2^0  +  ^T^J  +anal.  +  anal.  ]  = 
a2-\-ab-\-ca 


{a^  —  bc){ab -\-  bc-\-ca) 


-f-anal. +anal. 


ab+b^+ia\^^:^~'bc  +  b'^'^rja  +  ^^TeiJ'  ^^®^®  *^^ 
quantity  within  the  {  }  is  common  to  both  members  of  the  equa- 
tion ;  strike  this  out,  and  x  =  (ab  +  bc-\-  ca)-4-(a-|  b  +  c). 

30.  First  member  vanishes  if  6  — a2  =0.  and  by  symmetry,  if 
x  —  h^=0,  ov  a  —  x^  =0,  and  the  numerical  factor  is  found  to  be 
-1,  .-.  -{b-a2){x-b2){a-x^)={a-x2){b-a2){b-{-:>^),  :. 
a-a;2=0,  &c. 

31.  l-\-x-\-x'^  is  a  factor,  and  .-.   x=  —^  +  ^V  -^\  also  from 

l->rx-\-x2         ax+l 
the  quotient  we  get    :p  ~r"2 T'    ^^^   ^^^  subtract    .-. 

X  —  X  "T"  "C  (IX  —  X 

' =  axj  &c. 

X 

82.  Transpose,  square  and  perform  division  in  left-hand  mem- 

.^        a-b  1  i  a-b\2        a—b  1  1 

bar  then  --r-r   =   -,-(  -n—  I  +   —7-  divide  by  a  -  6  .• 
aj-f-D  4  Xx+cf  ^   x-\-G  ^ 


x+b    x-¥c 


c—b  a—b 


4(a;4-c)3'        x+b         4t(x  +  cy 
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83.  Complete  the  divisions,  square  and  transpose, 

1  2  a—b  c - b  a—h 

xTh   ~    2a;  +  6+c   "^    (2a;  +  6  +  c)2'  ^^  ^+1,    =    2a;-!-6+c 

.-.  a;=(c2-rt6)-4-(«.f6-2c). 

34.  Factor,  then  ^[{x-[-U)(x-^U)}  -  \/{(«  +  12)(a;+14)}  = 

V^+ll  •*•  (^  +  12)i/(a;+15)~(a;-f-12)(^+U)  = 

^(a:+15),  .-.  (a;  +  ll)N/(a;+15)  =  (a;+12)|/(a;-f  14),  square 
thena;3-f29a;+201  =  0,  ar  =  i(-29±  a/37). 

35.  Put  x-\-a=m,  and  |/(a;2 +2aa;+262)  =  n,  then  (m4-w)3  + 
(rw--n)8  =  14/?i3  or  2m(m2+3?i2)  =  I4wi3^  ^.,  n2  =  2??/ 3  restore  the 
values  of  m  and  w,  and  2x^ -\-4Lax+2a^  =x^-\-2ax  +  2b^,  or  (a;4-«)^ 
=  262-aS&c. 

36.  Left-hand  member  is  of  the  form  {x  +  y)^-^(x  —  y)^ 

.-.  2{x+ay  +2(a;3  -  2ax-\-2b^)=x^ -b^ -h2a{a-b), 
3x^  =  3b^-2ab,x  =  &o. 

37.  Put  a;+a  =  m,  and  a;  — 6  =  w,  .*.  a+6  =  w— n, 

.-.— -   = which  gives  m-f«  =  0,  or  2a;+ a— 6  =  0, 

n^         2n  —  m 

...  x=Hb-a). 

38.  Factor  first  member,  .-.  3(a;- l)(39.*;8-120a;+93)  = 

27(a;S_l)  ...  jc-l  =  0.    Also,  13aj2-40a;-f  3  =  3a;2  +  3a;  =  3, 
or  10x2-48a;+28  =  0,  or  (5a;-4)(2a;-7)  =  0,  .-.  &c. 

39.  Proceed  as  in  example  6,  page  156,  putting  y  for  x^  -6x; 

1  1  _^       __     ± 

f^'l  +  2/-9   "   ^-16   "■   y-9 

.'.  42/2  -  61?/ =— 120,  2/ =  -^{61  ±1/1801}  =  a  suppose  .\ 

a;'*  —  6a;  =  «,  &c. 
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40.  As  in  last  example,  write  y  for  a;^  — 2a;  and  equation  be- 

......  1  1  2         ^ 

comes  on  performmg  divisions,    -^^  +  -307    -      _  .5  =  0, 

1111  40  24 

or   5   —   75   -f-   rr-.    —    .-^  =  0,  or 


2,-8         2/-48     '     ?/-24         ?/-48       '    ^-8~2/-24 

e  Q  Q  1 

^'  ^8   =   ^324   =    16    =    X  ^^^  subtraction)  .-.  z/=18, 
.-.   a;2  -  2ic  =  18,  a;=  1  +  1/19. 

41.  Put  a;  +  rt-i  =  ?w,  and  V(x'^-{-ci'^ —  h^)=n,  then  the  equa- 
tion becomes  (m-\-n)^ -\-[m.  —  n)^  =  ^m^  which  gives  wi  =  0,  .-. 
x-\-a-h=,0:  also  m^  ^'dn^  =  4:m^  n^  -  la^ ,  i.e.,  {x+a-bY  = 
x^  +  a^  —  62 ,  which  gives  a;  =  6. 

42.  Factor  denominators  and  transpose,  then 

J^_{__i L_)       1      (     1 1, 


x-\-a-\-h  [x^a  —h     x~a  —  b\  ^ x—  a-\-  h\x^a  —  h''x-\-a^h) 

2a -26 

(x-t-a-f  6)(a:+a-6)(a;-a-6)~(x-a+6)(a;+a-6)(a;+rt+l>) 
6  _         a  a2_|.52 

**   x  —  a-\-h    ~    a-\-h  —  x      "      ~     a-\-b 

139  39   ^ 

^+aj+i  +^  ■^^q:4}+^^'^^  = 

;.    2a; +5  is  a  factor,  &c. 
44.  Divide  and  proceed  as  in  last,  then 

or  51x7+863-61x20  + 

51x61x1    -1    -   ;:  1=61x51 1 ---5 ^-l 

\x  —  \        x—4:)  la;— 2        a:  — 3j 

Q  _  2  o 

<>^  ^^rr5^"4   =  ^235^-:p6="2  ^^  ^y  subtraction. 


X 


2-5a;  +  4=-l,  x=^5±y/S), 
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45.  Take  first  and  fourth  factors  together,  also  second  and 
third.      :.  (x^  -\-7ax-{-Ga^){x^  -\-7ax-\-12a^)  =  &c.,  01 

(a:a+7.«x  +  6rt2)2+6a2(a;2+7rta;+6rt3)  =  a;4-f  6rt2(^2^7ax+6a3), 
:.(x^  +  7ax+6a^)—x^  =  i),  or  {lax+Qa'i){2x'^  -^7ax-\-Qa^)  =  0, 
.'.  aj  =  fa,  also  =  fa,  or  —2a, 

12  6  3 

46.  Transpose  third  fraction-  ,  tj-  ^ 5-  =  — r~ — — -ir^ 

^  a;+ ba     x  —  3a     x  +  a     x -^  la 

.  ^^+^^         ^         3x  +  ^a         .    3^+9^^^  ^c^ 

denorainator.         denominator. 

Exercise  Iv.,   page  160. 

I.  b<Xr-{n-\-c).  2.  (a2+6— 2a6)-(a+62).  3.  (ad-bc) 

•\'{a-b).  4.  a.  5.  Equation  is 

(a_M(rt_c)         a;-a       ,       ^,  ^^^  2a2  +  2ftc 

X  a^+bc 

a  b  +  c 

6.  .{a-b){a-\-{x-c)}+{a'\-b){a-(x-c)}  =  2a^,  :.2a^ 

-  2b{x  —  c)  =  2a^ ,  .-.  x  =  c;  oi',  first  member  becomes  2a^  ix 
x  —  c  =  0,  :.  x  =  c. 

7.  (m+a){a-\-{b-x)}-\-{a-m){b-x)  =  a{m-{-b), 
:.2a{b-x)  =  a(b-a),    :.x=^{a  +  b). 

8.  m{{a+b)—x}=n{x—{a-\-b)},  .'.  {m-{'nx)-{m-\-n){a-\-b), 

:.x==a  +  b. 

9.  m^ —n^ —{m  +  n)x  +  {m  —  n)x=m^ —n^,  .•.  2mx  =  0. 

/I  1  1  \ 

10.  By  division  a; 1 +  —    =0,  .-.  x  =  0. 

XXX 

II.  Divide,  and  transpose,  —   +  -p    +  — -  =a6  +  fcc-f ca 

due 

.'.  x  =  abc. 

12.  As  in  last,  x{a-\-h-{-c)==a^-{-b^-\-c^,  &c. 

13.  a;=(a+6+c)-T-(a3 4-624-02). 

14.  a;(a64-^>c4-c'a)  =  a24.6«4-c«). 
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rt+  b 

.'.  X=    7- 

a  —0 

ah    {  ah      ]       X    f(2«  +  &)62  ) 

rt6    f  ah      \  \      ah  \  ah 

12  .^5  1 

19.  Equation  reduces  to    —   ~   — ,  .\x  =  4t. 

X  4 

20.  Transpose  last  fraction  to  left-band  jnember  and  combine 
the  three  fractions. 

.-.    6  =  7+  -il?-,  .•.«:= -140. 
a;+2l' 

21.  (10  +  3  +  7)-^  2(a;+3)  =  i,  .-.  a;=17. 

22.  Transpose  second  fraction  of  left-band  member  to  right- 
hand,  and  take  the  three  fractions  together. 

.      6.T-f5  15         ,      .   ^_,^ 


8a;- 15    ~    15    ~      '         ' 

23. 

ax-1          1          ax-1          1            _ 
ax-\-l          X     ~    ax-\-\           a' 

24 

a^dx-a^e^     _^      .   ^  __      e^ia'^ -h) 

hdx-he^-c^x         '      ^        a^d-\-c^-hd 

25. 

a;  =  3i;  x=0.                        26.  x  =  ^\. 

^7. ;  as  second  equation  stands  it  is  a  quadratic  ;  rigbt- 

hand  member  should  be  c^  —  a;^,  then  x  =  (ah-c^) -^(a-\-h). 
28.  a:=-6;  x  =  a.     29.  .c  =  0;  a;  =  0.     30.  x  =  \(a+h-c). 

81.   aj  =   -^ —        32.  x  =  d.     Equation  becomes   an   identity 

when  x  —  d=0. 


_  3 

—  5' 
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83.   {a-h)(a  +  h)^x  =  ab{a+b),  x  =  ah^  {a^ -b^). 

34^   x^    _   ^M:9.  +  20    .,^     division  _i- 
x-B   ~    x^-\-3x-{-2  *^  x-S 

=   (6.^+18) -(a;2+3a;+2)     .'.  x= -Sh 

35.  Apply  formula  B. 
.-.  x^-{-6x^-}-nx+e  =  x^  -6x-'  +  'ilx-Q     .-.  x^ 

36.  As  in  last  Ex.,  x=  —  3f. 

37.  Equation  reduces  to  50  =  54,  .-.  there  is  no  finite  value  of  ic. . 

38.  ApVy  formula  B,  ic=  10. 

39.  Apply  formula  B,  x  =  abc  -^  (ab  ■\-bc-\-  ca) 

40.  Apply  formula  By  x  =  {ab  +  bc+ca  —  ad  —  bd  —  cd)  -r- 
(a+b+c-Sd). 

41.  Apply  formula  B  to  obtain  product  of  second  term, 
.-.  x^  -2x^a+xa^  -x^  +2x'^a- 

{{a-b){a-c)-h{a-c)(b^c)-]-{b  +  c){a-b)}x+(a-b)(a-d){b-\'f;) 
=  {a^+bc){b-\-c),  or  (b^+c^ -{-bc-ab—ac)x  = 

{b-\-c){a^-i-hc)-{a-b){a-c){b-\-c)  =  {b-\-c){a^+bc-{a—b){a-c)} 
=  (6  +  c){a(i+c)}=a(6  +  c)2,  .-.  x  =  &g. 

42.  Reducing  as  in  last  example,  the  coefficients  of  the  third 
and  second  powers  of  x  cancel,  and  we  have 

{ab-\-bc  +  cd  -ad-b^-  c^)x  =  bc{d  -a)  +  {a~  b){b-c){c  -  d),  &0. 

43.  As  in  last  example, 

x(ab  +  bc-ac-b^)  =  bc^  -b^c-ac^  -\-b^d-abd+acd. 

44.  x^—2x^{a+b-}-c)-{-ix{ab  +  bc+ca)—8abc-x^-\- 
2x2{n-\-b  +  c)-x{{a-\-b)(b  +  c)  +  {b-\-c){c+a)-^{c  +  a){a+b)}-^ 
(a-\-b){h  +  c){c  +  a)  =i  {a-{-b  +  c){a^  -\-b^ -\-c'')  —  9abc,  or   -a;{a2-l- 
b^^c^-]-S{ab-\-bc-{-ca)-\-4:{ab+bc-\-ca)x={a-\-b-{-c)(a^+b^+c^)- 
abc—{a-\-b){b-^c){c+a).     And    since    {a  +  b){b  +  c){c-\'a)  = 
(a'{'b+c){ab+bc-{'ca)  —  abc,  the  equation  becomes 
—a;(a2+62-f.c2—a6— 6c— ca)  =  (a+6+c-)(c2  4-62-1-02 -a6-k—ca), 
.-.  x=  — (a4-6  +  c). 
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45.  Beduce  as  in  last  example,  then  a;(a 2+63 4- c'  — aft- 6c  — ca) 
=  {a+b+c)(a^  +b^  +c^  -  ab-bc-ca),  .-.  x=.a+b^c. 

a-\-b  +  c  1  1  a^b  +  c 

46.  abcx-{cib-\~hc-\-ca)+ —    ~   ^   "^  ^    "^  x      ' 

.'.  x  =  {ab-\-bc-^ca)-=r-ahc. 

47.  (2a+6+c)a;+«(6"+c)  =  (2(i  +  6+c)a;+(/(6+c), 

.-.  2{a-d)x  =  {d-a){b-{-c),  x=-^{b-\-c). 

48.  aa;(26  —  c  -  aft)  —  6(c  +  aft)  =  aa;(  —  2ac  —  ab~c)  +aa{ab-{-ac), 

.'.  aa;(2ft  +  2ac)  =  (aft-|-c)(ac+ft),  u;=  (aft-i-c-j-i-2a.     • 

49.  By  division  and  cancelling, 

5  22  31ic-164 


x-4:     '     X-&  a;2-12a;  +  32 

where  the  denominators  of  both  members  are  equal ; 
.-.  27a;-128  =  31a;-164,  ic  =  9. 


^^52351 

30ic-8 

3          x+1           2          2a;-2    "    6    " 

6a;3-6 

6{x^-l)          Q{x^-1) 

51.  Complete  the  divisions 

18                6                  22a;4-6 
2a;-9    ^     x+3    ~    2x^-Sx-^7' 

where  denominators  of  both  members  are  equal ; 
.-.  25a;-15  =  22a;+6,  x  =  7. 

.„      45a;3-49a;  +  26  r,         a  Aa  a 

52. ==    5;    —  4a;=  — 16,  a;  =  4. 

(3a;-2)(3a;-l) 

58.  Taking  together  fractions  of  like  denominators  we  have 
6       _^       4  8         _ 

8a;-7   ""   2a;-5    "^   9a?- 25   ~  "' 

.-.  27a;a-10a;+80  =  0;  aj  =  7V(5±  V^785). 
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64.  (a)  Divide  by  a?,  .\op=:0;  quotient  is 
4^  _  _8_  ^  4^^^  ^.^3^ 
l-\-x  1-x  x^-l 


-(■ 


7  3     \  6  , 


1+x      '      1-a;/  a;3-l 

/z,\      x  —  a  x  —  h  b—a       ,  ,         i\  » 

(6) =    =    ,  x(^n  —  m.-\-a  —  h)=:am  —  iib. 

x  —  m  x—n  n—m, 

If  the  sign  between  the  quantities  is  +  (as  first  given  in  Hand- 

Book)  the  equation  is  a  quadratic,  and 

,  x  =  l{a-^b  +  in+n±:i/ {{a  +  h-^-m-^-ny  -  ^{an-\-hm)} . 

55.  (a)  x  =  ^^.         {b)  Completing  divisions, 

a  c  be  c  a  ab 

c  a  a(ax  —  b)     ~     a  c  c{cx  —  h) 


a(ax  —  b)  c{cx  —  b) 

.'.  x  =  b{a-{-c)^(a^-\-ab  +  b^). 

56.  Multiply  terms  of  first  fraction  by  2x,  those  of  second  by 
Sx,  and  those  of  3rd  by  6x,  then 

3a; -2         2a: -3         9.r-4a;  10a;  5x 

or 


3a;+2         2a;+3  4  +  6a;  (3a;+2)(2a;+3)         4  +  Ga; 

.-.  x  =  0,  and  (3a;+2)(2a;-l)  =0,  or  a;=  -|,  and  i. 

12  12  132  2a;-ll 

67.  By  division  ^3-^   +  ^-^   =    5'x^^'^  ""'  {x-7){x-4y 

11  2a;  2 


6a;- 28        x^  -  6x        x—6 


.-.  11a; -66  =  lOx- 56,  a;  =  10. 


a  ap  c  cq  a       e 

58.  (a)  By  divmon  •^+^(^Zp)+^+^(^^Z7^)  =  ^+^ 

.*.  {apn^ -\-cqm^)x  =  a]mq  —  cmpq,  .*.  a;  =  &c. 

Before  dividing,  both  members  may  be  multiplied  by  mn  to 
avoid  fractional  quotients. 

a  ap-{-mb  _c_  cq-\-nd  a  c 

^^)     'm    "^   m{rnx-p)  n  n(nx  -q)   ~     ni  n 
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X    = 


nq(np-]-mb)  —mp{cq+nd) 


^r.    /  X  T»     -I.  .  .        ^+^  ^~^  a{2x  —  'c) 

59.  (a)  By  divisjon    —7-    4- 


x  +  a     '      x  —  c  x^  —  a^ 


,*.  {a  ■\-b+a  —  c  —  2a).r,=  —ac-\-ab-\-ac=:ab, 
.'.  x  =  ab-^{b  —  c). 

a+b  Z>  +  c  a  +  b  c  +  b 

'  ^      x—a  x  —  b    ~     x  —  c    "^    x—c 

\a;  — «  x  —  c]       ^    '    '    \x—b  x — c/ 

{a-\-b){a- c)         (6+c)(6-c)  a^4  (^>-c)a-^>c 

h'^  —  c^ 

+  =0,  or  {a'^-\-b^  -c^+ab-bc-ac)x  = 

^      x—c  'VI  / 

c{a^  +  [b—c)a-bc}-\-a{b^-c^),  .'.  &c. 

ffa;  b  bx  ax 

60.   1  +  — -T  -  — rr  =  j:  -  &c. 

ax—b         ax -\-b         ax-j-b         ax—o 
b(ax^b-ax''-\-bx)  _    __  (ax^  -  2b)b 
a^x'^-b^  ~  a^x^-b^' 

nt     T%     n'  •  •        a  ap—mb  c  cq  —  nd 

61.  By  division, —  +    — f 4-   —  +   —^ 4. 

m  m{mx—p)  n  n[nx~q) 

(bn-^dm)x-{bq-\-dp)  a  e 

{mx—p){nx  —  q)        ~    m  n 

,*.  (ajm^ —  cqm^)x  =  mpcq-\'apnq,  .-.  &c. 

62.  Take  together  the  fractions  whose  numerators  are  alike, 

thus,    m  \ _    l+n| -   1    -i. 

[x—a  x—c)  { x—b  x-a) 

p[^ L_l    _   0     or       ^<^~"^       +        ^(^~^) 

^U-c  x-b\    -   ^'    "     {x-a){x-c)   ^   {x-a){x-b] 

jL.      P^^  ~  ^^ =0.  Clear  and  transpose  : 

^   {x-c){x-b) 
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:.  i3[{in{((  —  c)+n{h-a)+p{c  —  b)}  ^ 

=  bm{a  —  c)-\-c7i{b~a)-^ap(c  —  b),     .*.  x=&,c. 
oB.  (1)  By   subtracting   uumerators   and  denominators  each 

fraction  =  "r*    .-.  by  (5),  page  122,   ^"-Z-*      =  "  ll.' 
a-\-b  ax  — 2b  a+b 

.■.x  =  {a^+b^}-^ab. 
(2)  Multiply  terms  of  first  fraction  by  ax,  and  those  of  second 

by«,    .*.  — —    = — ,     .'.x  =  0. 

x-\-a         ax+1 

^        7a;2-4u;+2     ~    7     ~    Tic'^    ~    4a;-2'  *'• '^' ~    13 

64.  (1)    Proceed  as  in  last  Ex.,  each  fraction  =    -^3l£, 

nx—p 

.'.  x=[ap  —  cm)  -7-  (an  —  b m) . 
(2)  As  in  last  Ex.  each  fraction  = 
(ix—d      ,    ^  _    d(n-q)~q(b  —  d) 
mx  —  q  a(n—q)  —  m(b  —  d) 

65.  '1)  Multiply  terms  of  first  and  third  fraction  by  four. 
1  —  4a;  ^^     _  1  .     .    —  1 

(2)  Transpose  and  add,  .-.  -^x-^  (f  — a;)  =  ^  ;  x=\. 


66.  By  transposing,  21  / _ 

la;— 98         x-\- 

71  U 

\x- 


a;+44 

1     \  21x142  71x42 

or 


94         x-b±j          (a;-98)(a;  +  44)    ~    (a; -94) (a; -52). 
= .*.  denominators  are  equal 


•    ^^Z^         ^±il   _    1??     =   i.      .  a;  =  100 
iB-98   "^   a;-52  46  1  ' 

7  1      _     ^  3  6a;-78  * 

^'7'    (!)•    x-G  "a:-12^^"-T~a;-ir  °^  (a;-6)(a;-12) 

6.-5  -  78 


(a.-7)(a;-ll) 


•.  6a;-78=:0,  a;  =  13. 
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(2).  As  in  66,  take  together  the  fractions  where  numerators  are 

824 324 

alike,  then  (^Z^i^l^-ZTs)   -   (^81)(:^+8l")* 

fc-Sl   "_  ic-15   _     66 ^ 

5  1  8  4  4:g-44 

68-  (1)      ^TTe"  ~ ^"^HlO  "  ^^^  ~ ¥=^'  '^''  (^ -  6)"(a;-  lO)  ~ 

16  4  8  4a;-28     4a; -28 


^^^-    x-6       x-2  ~  a;-5       a;-3' 
.♦.  4a;-28  =  0,  x  =  7. 


or 


69 


.    (m-n)  I jt]  =  (a-^*)! ,- ) 

^  ^  \x—a      x-h)l        ^        ^\x-m)      x  —  nj 


(ni  —  n){a—b)     (a  —  b)(m—n)  x  —  n       x-b       h  —  n 

(x—a)(x—h)  ~  (x  —  m){x—n)  '  '    x—a  ~  x  —  m~  m—a 
(by  subtraction),  .-.  x  =  {a-\-b  —  m  —  n). 

70.  Transpose 
a-f-6  r-\-d  a  +  c  h-{-d 

+  :: — 7rTT"7~T-j\ — u  =  "::: — r  + 


x-b  x~{a-]-b-\-c  +  d)  —  b  x  —  c  x  —  {a  +  b  +  c-^d)  ~  c 

Combine   the  two   fractions  of  first  member;    also  those  of 
second, 

x{a-\-b+c-hd)-{a-\-h){a-i-b+c+d)-b{a-{-b)-b{c-^d) 

{x^bJix-  {a  4-6  +  c  +  d)  -b} 
x(a  +  b+c+d)  -  {a-\-c)(a-]-b-\-c-^d)  -  c(a  +  c)  - c{b  +  d) 
~  (ic  — c){a;— (a  +  H-c+o?)  — c} 

Divivide  by  a+b+c-\-d 

x  —  a  — 2b  x—a  — 2c 


(x—b){x—{a  +  b-^c-^d)-b}  (x- c){x—{a-\'b-{-c+d)-c} 

2(6 -c) 

■■^b-c){x-(a+b+c+d)-\.b{x-b)-c{x-c)^y  subtraction  of 

(26 -c) 


numerators  = 


(b-'C){x-{a  +  b-^c-{^d)^x{b-c))-{b-\-c)b-cy 
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2 

=  ^3(^+;::f  e+rfH^  -  63-0  ^y  canceUing  b  -  c. 

2^ 

~  2a: -a -26"^^^-^* 

x  —  a-2b  2 


••    {x-b){x-a-2b-c-d)         (2a;-a- 26-2c-rf)' 

Multiplying  by  x  —  a—2b—c—d, 
2{x-a-2b)    _    2x-2a-Ab-2c-2d  2{c-d) 

2{x-b)        -      2x-a-2b-2c-d     =    ^4^+^ '"^'*^*"*^°^» 

ic-a-26  2c  +  2rf 

•••       x-b       =    a"+2H^  invert  terms 

_  x-b      _    a4-2c  +  ^         ^— ft         a-\-2c+d 
x-a-2b    "      2c -{-2d      "    a^   ~    ~  a-d    * 

u         v.      .•       X                 ,          {a  +  b){a-h2c+d) 
by  subtracting  terms  a  — 6   =   ^^ S';i 

a^2ac'\'ad-i'ab  +  2bc'}-bd+ab-bd 

a  —  d 
a^  '{■2ac+ad+2bc-\-2ab 
~  a  —  d 

71.  The  first  number  vanishes  if  a;— a  =  0,  and  since  it  is  sym- 
metrical with  respect  to  x,  a,  b,  it  will  also  vanish  if  a  — 6  =  0,  or 
b  —  x  =  0.  Since  the  expression  is  of  three  dimensions,  x  —  a,x—b 
and  b—x  are  the  literal  factors  of  it.  Put  x  =  0,  a  =  l,  6  =  2,  and 
we  get  the  numerical  factor  —6.  .-.  the  =?i  becomes 
6{x-a){a-b){b-x)  =  (a-b)c^. 

{x-a){b-x)  =    ^,     x-'-x{a.\.b)-^ab  =   -  ^, 
x^-x{a^b)J,   L___-^    _    ]K_J_    _  _|    ^    0, 
f  a-^h  jia-b)^        c2)f  a  +  6  /(a-6)2        r^ ) 
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72.  Both  members  vanish  if  x  =  0,  .'.  this  is  one  solution. 
Since  first  member  is  symmetrical  with  respect  to  the  letters  x, 
a,  b,  .'.  it  will. also  vanish  if  a  ==0  or  6  =  0,  .*.  abx  is  a  factor. 
One  factor  of  two  dimensions  remains,  which  must  similarly 
involve  x,  a,  b.  It  must  therefore  have  the  form  m{x^-{-a^  -^h^) 
+  n{xa-\-ab  +  bx).  We  have  to  find  m  and  n.  Writing  first  part 
thus,  {x-\-{a-j-b)}^,  and  expanding,  we  get 

a;S  +  5a;4(a4-6)  +  10a;3(a  +  6)3-f-10a;2(a  +  &)3,  &c. 

lOx^ (a+b)^  has  for  its  second  term  20abx^  or  20x^{abx).     This 
is  the  only  term  of  the  expansion  of  the  first  member  containing 
abx^,  .'.  jn  =  20.     Also  second  term  of  10x^{a  +  b)^  is  SOx^a^b  or 
SOxa{abx),    '.  ?i  =  30.     Therefore  the  equation  becomes 
10abx{2x-^-\-2a^-\-2b^-^3xa-}-Sab-\-3bx)  = 
10abx{2x-{-a-\-b){x-{-a  +  b).         Cancel  lOabx, 
2a;2+2«.2  +262  +3x(rt  ^  b)-{-Sab  =  ^x^ +  Sx{a-{-b)  +(a+6)2, 
which  gives  no  result,  since  the  terms  involving  x  vanish, 

.*.  x  =  0  is  the  only  solution. 

73     {rn-n){x-a)         {n-p)(x-b)         {p-vi){x-c) 

b+c  "^  c  +  a  "^  «  +  6       ~   -   "• 

Also  (m  —  n)+(w—p)4-(/>  —  wi)  =  0,  identically.  Subtract  this, 
term  by  term,  from  the  left-hand  member, 

.-.  {,n-n)  (^~'*  -  l)  +  &c.  =  0, 
\b  +  G         I 

.'.  x  —  {a+b+c)  is  a  factor,  and  a;  =  rt+6+c. 
74.  Transpose  and  arrange  thus  : 

f  {__^ 1_  _\      \ b_  1         \ 

*1  \a^{b+c)     ab+bc+ca]  "^^b^ic-^-a)     ab  +  bc  +  caj  "^ 

Vr2(a+6)     ab-[-bc  +  caf  J      a^{b-\-c)'^b2{c+a)'^c^{a-fb) 

abcx        (1  1  1        j 

ab  4-  be 4-"ca  1  a^b  +c)  "^ b^(c+a)'^^^^h)j  ^ 


180 


CHAPTER    FIVE. 

1  ahcx 


rt3(6  4-c)^62(t'-f«)^c2(«  + 6)    *'    a64-6c  +  ca 

ab+hc-\-ca 

X    = . 

ahc 

75.  Transpose  and  arrange  thus  : 

lx-2a  \        I  X  -2b  \        I  x-2c  \      ^ 

x-a  —  b  —  c         x  —  a\  —  b  —  c  x  —  a  —  b  —  c 

b+c  —  a  c  +  a-b        *^      a+6-c 

.*.  x  —  a -b  —  c  =  0,  x  =  a+b-{-c. 

76.  Transpose  and  arrange  as  in  last  example, 

»  — 2a  I      X  \ 

f- -1H-&C.  =  3         ,  ,  ,     -  1   » 

77.  -f^  -   — 4-r+&c.+&c=0,or 


a^  -  be  a  +  b-[-c 

ab-{-bc-\-ca-x(a-{-b-{-c) 


+anal+anal  =  0,   .*. 


x=  (ab  -{•bc-\-ca)-i-{a  +  b  -{-  c). 

78.  Combine  the  fractions  in  pairs  as  they  stand. 
-2ax-^Ub{b  +  c)  2ax-iab{b-c) 


{p^c-\-a){b  +  c-a)         {a- {b  ~c}){a+{b -c]) 

-x-^2b{b-\-c)     x-2b{b-c)     Uc 

-(6+e)2_«2    =  «2_(6_c)2  =4^.  =  1  ^y  addition, 

.-.  a;  =  263-26c  +  «2_62  +  26c-c2=62+a2_c8. 
a  ^  6     ^       ^       a— c  b —c 

a:  +  a4-6— c     x-\-a-\-b  —  c     x-\-a  +  b-  ^     x  +  a-{-b  -^  e 
x-\-b  —  c  x-^a-c    ~       x  +  b  x-^a 

/.  x  =  c  —a  —  b. 
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81.  Let    a;3-lla;  =  2,    a'^ -da  =  n,    and  h^+lS  =  m,  then   the 
equation  lednces  to 

(2+i8){z  +  30)=-(m+12)(w.  +  40)-(w-22)(n+20)+ 

(w  +  22)(m-4-30)-}-(w-10)(n  +  8),  or  48z+540  =  540, 

.•.«  =  0,  i.e.,x^-llx  =  0,  .-.  a;  =  0;  or  11. 

Exercise  Ivi.,  page  172. 

1.  A  =  0,  or  ^  =  0.         2.  A  =  0,  or  B  =  0,  or  0=0. 
3.  a;  =  0,  or  a -6  =  0.  4.  ic=:0,  or  2/  =  0. 

5.  In  the  first  case  either  a;  — 5?/ =  0,  or  a;  —  4?/4-3  =  0 ;  in  the 
second  c^se  both  conditions  hold. 

6.  x  =  0,  or  a;=«.  7.  a;  =  0,  or  a-=  -6. 
S.  x  =  a,  or  x-c  ^b.  9.  a;  =  0,  or  a;  =  3. 

10.  a;  =  0,  or  a;  =  r/+6.  11.  a;  =  0,  or  a;^  =ti2,  .'.x=:t.a. 

12.  a;  =  0,  ora;2  =^l.'.x  =  — 

a 


=  -(• 


13.  a;  =  0,  ora;  =  «.  14.  a:  =  0,  ora;  =  a. 

15.  a;  =  0,  or  x  =  a'f-b.  16.  a;  =  0,  ora  +  ?>. 

17.  -(a+6)a;+a6  =  rt6,         x=  -{2ab)^{a-{-b), 

18.  (a;  — a)(a;-6)  =  0,  .-.  x  =  a,  or  6. 

19.  (a;-a)(a;  — 6)(a;  — c)  =  0,  x  =  a,  ov  b,  or  c. 

20.  a;  =  5.  21.  (a;+30)(a; -1)  =  0,  a;=l. 

22.  (a;-21)(a;+4)  =  0,  .-.  a;  =  21. 

23.  (3a;-l)(a;-3)  =  0,  a;  =  i,  a;  =  3. 

24.  (a;-9)(a;-4)  =  0,  a?  =  9,  a;  =  4. 

25.  (a;-l)(a;4-2)(a?-3)  =  0,  .♦.  a;=l,  or8. 

26.  -2(a+6)a;= -2a6,   .-.  a;=(a6) -f  (a+fe). 
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27.  3x^-S{a-\-b)x-\-Sah  =  0,  or  x^  -  {a'\-b)x-\-ab==0, 

.*.  {x  — a){x-b)  =  0,  and  x  =  a,  01  b. 

28.  a^(a-x)^^b'^{b-x)^=0,  then  a{a-x)+b{b-x)=0, 
or  a{a-x)-\-b{b-x)  =  0,  x  =  {a2  +  b^)  ^  (a+b),  x  =  b-^a 

29.  a^{b~x)^  -b^a-x)^  =0,  .:  a{b-x)  +  b{a-x)  =  0,. 
ora{b-x)-b(a-x)  =  0,  x=(2ab) -^  {ci  +  b). 

30.  {x-a)^+(a-b)^-{-{b-x)^=3{x-a)(a-b){b-x)  =  0, 

.'.  x=a,  or  b. 

31.  {x-l}^-a{x^-l)=0,  or  (x-l)(x+l-ax-a)  =  0, 
.'.  x=l,  or  {l-\-a)^{l  —  a). 

32.  {x-a){x-b)-{x-a){c-\-x)  =  0,   .',x  =  a, 

34.  {x-a'{-b){x—a  +  c)=  —{x-  a-\-b)(x+a  —  b), 

.-.  x  =  a— by  or  i{b-^c). 

35.  {x-a-b){{x-a-^b)-(b-{-c-x)}=0, 

{x  —  a  —  b){2x  —  a-c)  =  0,  x  =  a -i-b,  or  l(a  +  c). 

36.  {(a-^b+c)x-a} {x-l}=0,   .'.  a;  =  ^7:j::|:j:^  or  1. 

37. = ^ —    =    =1,      .\x  =  a-{-b  —  c, 

c  X  x  —  c 

38.  (a-x)^-^{a-by-  =  {(a-x)-\-{b-x)}^, 
...  (^a-b)^-{b—x)^-2{a-x){b~x)  =  0, 
or  (a-a;)(a-26-fa;)-2(«-a;)(i-a:)  =  0, 

(a  — a;)(rt— 46  +  3ic)  =  0.  .-.  x  =  a,  or  ^46-«). 

39.  {a  +  b)(x+c)-ix^ -c^)=:0 

.*.  (a;+c)(rt4-6+c-a;)  =  0,  .•.  a;=  -c,  or  a-}-6-|-c. 

40.  a;(a;2-l)-?9a;(x-l)-m(ic-l)  =  0 

m — n 
(«  — l)(/ia;+w-/»a;-7^i)  =  ^»  •*•  ic=l,  or    — ~  ' 


41. 
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c            ax^  -  hx 

p     ~   mx^  —  nx 

nc  —  pb 
nic  —  ap 

a-h-\-c         •a(.'*;2  — 1)- 

-b{x- 

1 

m  —  n-\-p    ~    m{x^  —  l)- 

-n{x- 

-i; 

a  —  b-^c           ax  —  c 

m  -  n-\-p         mx—p 

p(a  -b)  —  c{m  —  n) 
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ax^  —  bx-\-c 
mx^  —7ix-^p 

ax  —  b  c 

mx  —  n  p 

ax^ — bx  +  G 
mx^  —  nx  -\-p 

ax-\-a  —b 
nix+m—n 


m(c  ~  h)   -  a{n—p) 

48,  By  transposing,  4.x^+a^—b^-2{a+b)x-2{a-b)x  =  0, 
4x^-^a^-4ax-b''-=0,  or  {2x-ay-b^=0, 
:.(2x-a-b){2x-a  +  b)  =  0,  x  =  i(a+b),  or  i{b-a). 

44.  {2a-b-x)^  =  {ai-b-2x)''-9{a-b)^ 

=  {4:a-2b-2x){4:b-2a-2x)  =  4:(2a-b-x){2b—a-x), 
,'.  (2a-b-x){3x  +  ba-9b)  =  0,  andx  =  2a-b,  or  3b -2a. 


d5. 


2a-\-2c-x   __    Sa-b  +  Sc  —  2x 
2b +x       ~    ~2a"+2c"-"»~~ 

2{a+c—b  —  x)         {a-\-c  —  b  —  x) 
2b'+x  "^    ~2a-^2c-x)  ' 

,'.  {a+c-b-x){^a-\-ic-Sx-2b)  =  0,  and 

4:a-\-4c-2b 


x=:a-{-c  —  b,  or  «  = 


46 — = ; — — -,  .'.by  subtraction  of  terms, 

Sa-5b+x         7a—b  —  Sx 

8a -56+^  la-b  —  Sx 

\la-lb 
X  =  a-j-j,  or , 
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^' •    ;; — r^T-^^-    =    -^~ — ; 1     •'•  as  m  last  Ex., 

5a-^Bb-Sx  Sa  +  b—x 

8a  +  2b-2x         Sa-h2b-2x  .        ,  ,. 

R— .  ^T -5~    =      0—7-1 '    •■•  a;  =  4a  -h 6,  or  a-{-b, 

5a  +  3b-Sx  Sa-\-b—x 

48.  c{b  - c)x^  -b{a-b-\-b-  c)x-\-a{a -  b)  =  0, 

{{b-  c)x-{a-b)}{cx-a\=i}, 

a  —  6  a 

x  =     — — ,  or  -_ 
b—  c  c 

49.  Equation  reduces  to 

{b-c){a-b)x^  -{a^+h^  +c'»  ^ab-bc-ca)x-\-{a-c){a-b)=:0, 

50.  Equation  reduces  to  (use  formula  B)  ^ 

2(x4-18a;2-f84)  =  96,  or  ^4  _  13^2^35^0, 
or  (a:3_9)(a;2_4)  =  o,     .♦.  »= +3,  or  +2. 
61.  Proceeding  as  in  the  last  Ex.,  the  equation  reduces  to 
2(a:4_40a32  +  135)+18  =  0,  or  «* -40a;2  + 144  =  0, 
.-.  (a;2_86)(a;2_4)  =  0,  and  a;  =  ±6,  or  +2. 
1  1 


=  0,  ...  («;-3)(l-i)=0, 


=  0,  .• 


a+b  a—b 

"  = A  or  X  -    — Ta* 

a  —  b  a-\-o 


(^-:)-»-"T. 


54.    a:-   -^-\  "^T" -^     1  =  0,  3.  =  —     or  - 
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1 


55.    r--  -2+  ,     -    -   —  =0, 
/  1 


...    \pt^  _2l      1-2/^+-^)  =0,  and 
x=^b  —  2((,  or  a  — 2b. 

5Q.    Let  2  =   ^ — ,  the  equation  becomes  z  —  —   4.  — 

x-b  ^  2    ^    z 


J=0.    or 


(2-|)/l  -  J_j  =0,     .-.2  =  1,  and|;^  =  l 


Eestore  values  of  z,  and  x  =     -^-"T-  .  ,  or  -~L.^. 

5  5 

1  1^ 

57. -   _   _   <^  —  x   _j_   ^    =  0,     .*.  as  in  former  cases, 

b  +  x  n  h^^  ^ 

X  =  (mb -{-no) -r-  (m+n),  or  [ina  —  nh]  -r-  (m-{-n). 

t-Q      d  X  m  a^-^x^  m 

X  a  n  2ax  2n 

.     (rt  +  ^)^  m  +  2w         a'\-x  ' /m-}-2n\ 

{a  —  x)^    ~    m  —  2n         a  —  x~    V  \m  —  2n!' 
:.   x  =  '^{{tn  +  2n)-  \/{7n-2n)}  -4-  ^/{(w +2?t)+ \/(w-2?i)}. 

x^+ax-[-a^  x^+a^    __     c 

x-  —  ax-\-a^    ~        "       2ax       ~~     1 

x+a    _    i/jc+l)  _       f|/(c  +  l)+A/(c-l)) 

^^'    ~~2ax~    "    2(c-l)    *'•    ^"^   "    "-^7(2-0) 

.-.  a;  =  a{  ^(Sc- 2)  +  |/(2- c)}-J-{/(3c-.2;-  V'(2-c)}. 

.-.  a;  =  a{\/(2c-l)  +  l}-{l- v'(2c-l)}. 
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62. 

{{a-x)-^{x-h)}^           9                a-b 
{(a-x)-{x-b)}^    -     1     ••    a-{.b-2x   " 
and  a;=H«+26). 

3 

T 

63.    — /   _^x/   _^x —   =   -— ,  which  is  exactly  the  form  in  last 

T  a  —  b  'v/(w-|-2n) 

example, =    -  — ^ — L 

a+6— 2iB         y/(m-2n) 

2x=(a  +  b)y/{m-{-2n)-{a-b){m-2n) 


/rt  +  M  3       /^+6\ 


x  +  b  ~        a  —  b 


•••^= 26-'   ^"—2^  • 

65.  As  the  equation  stands  it  reduces  to  a  quadratic,  but 
change  sign  between  the  squares  in  numerator  of  left-hand  mem. 
ber,  and  between  the  squares  in  denominator  of  right-hand 
member,  and  it  can  be  solved  as  64. 


(a-x)^-\-(x-b)^          34 
■       x{a-  x){x-h)       ~    16' 

(a-x^rx-b)^ 
[a-x-x+by    ' 

64 

a-b              8           4 

^''  «+6-2x  =  2  -  r 

4 
or  -  _, 

3a+5fe          36 -5a 
^=       8      '^^       8      • 

g^     %x^+a(a-x)^-{a-[-xY 
2a2+a(a-|-a;)-l-(a-a;)2 

c  +  1 
c-1* 

.    4a2jh^2    _    _r_ 

*    4a«-aa;  +  a;2    ~   c-l'       *  *       ««         ~     1 ' 

(2a+x)g    _   c  +  4    oj,2rt-M   ^    V^(g-H4) 
"    (2a-a;)2    ~    c— 4'        2«--a;   ~     V(c  — 4) 

a;  =  2a.  {v/(c  +  4)- v/(c-4)}  ^  {/(c  +  4)  +  /(c-4)}. 
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68.  Letu  =  5-x,  v  =  x  —  2  (See  example  12,  page  170), 

m4-v  =  3,  ?64-f.v4  =  i7 

81  =  17  +  36(5 -aj)(.^'-2)-2{(5-a;)(a;-2)}3, 
{(5-aj)(:c-2)}2-18(5-a;XaJ-2)-f-81=49 
(5-a;)(ic-2)  =  16or  2,  .-.  ic  =  4,  or  3. 

69.  (1).  u  —  x^  v  =  a  —  x, 

u-{-v  =  a,  tt4_|_i;4  —  (.^     Proceed  as  in  last  example  and  we 
find  x''(a-x)^-2a2(a-x)x^a^  = 

C4-r/4  /c+«74 

— o —  •'•  x{a—x)  =  a^±  ^~~2 — ~^'^  suppose,  &c. 

(2).  Substitute  in  the  values  of  x  found  in  the  last  example, 
rt  =  4,  and  c  =  82,  we  find  a;  =  3,  or  1. 

70.  Substituting  as  in  last  examples,  we  find 

(a—b)^=:(a-by-\-4:(a-by{a-x)(x^b)-2(a-x)^(x-b)^ 
or  {a-x){x-b){(a-x)(x-b)-2(a-b)^}=0, 
.'.  Xi=a  and  x^=b\  and  also  x'^  —{a-\-b)x-\-{2a^  -a6-f-262)  =  0. 

71.  Let  u  =  a  —  x,  u-^v  =  a  —b  ; 

v  =  x-b,  u^-\-v^  =c; 

or,  (a-b)^  =c  +  5(a-b)^{a-x){x—b)~5{a  —  b){a-xy(x-b)^. 

c-(a-bY 

LiQt  {a—x){x  —  b)=it,  and   — tt rr— =r, 

'^         '  5{a  —  b)  ' 

But  {x-a){x-b)=-t,  i.e.,  x^  -{a-}-b)x  +  ab+t  =  0, 
a+6±^/(a  +  6)2-4(a6+t) 
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72.  (1)   Let  u=:x,  u-{-v  =  a,  v  =  a—Xy   tt*+r'*=rt*,  and  pro- 
ceed as  in  last  example,  tlien 

a'^  =  a^  +  6a^(a-x)x-5a{a-xYx^, 

{a—xyi'{x{a-x)  —  a^}=0,  .'.  a;  =  0,  or  fl,  or  |«(1±|/ -3). 

(2)  Proceeding  exactly  as  in  last  example,  we  find 
7776  =  1056-4-1080(6 -a;)a;-30a;2(6-a;)» 
a;*(6-ic)3-36a:(6-a:)=-224,  .-.  a;  =  4,  or  2. 

73.  Equation  is  (a-x)^{x-bY{a-x+x-h)  =  a''h^{a-b) 

,'.  (a-x){x—  b=  +ab,  .'.  x  =  0, 

or  a+b,  or  i{(a.4  6)  +  i/(«-5)2  -4rt&}. 

74.  Let  a~x=:m,  b+x  =  n,  and  .*.  m+w  =  a-t-6  ;  the  equation 
reduces  to  mn{in^  -{-n^-\-mn{m-\-n)}  ={7n-\-n)Cf  or 

'mn{{m-{-7i)^  —2mn{m+n)}  =  (??z  -(-%)c, 
.'.  mn{{ni-{-n)^ —  2mn}  =c,  or  {7n-^n)^inn  —  2m^n^  =Cf 

i.e.,  {a-x)^{b+x)^-^a  +  b)^a-x)(b+x)=-   -1, 

z 

...  i^a-x){h+x)  =  i  (a+6)2  ±  i^{i^c  +  b)^ -Sc}  =r 
suppose  .'.  x^  —  {a  —  b)x+ab  =  r,  &c. 

75.  Let  a  —  x  =  m—z,  x  —  b  =  m  +  Zf  and  .*.  a—b  =  2m;  the  equa- 

m4  +  6??i222_|.24       41 

tion  becomes    k-, — » =77?: X  4m2or  5z*  —llm^z^  =36m*, 

.-.  (5z2-9»i2)(22-4m2)==0,  .-.  z^=m^y  and2=±/wand 
«=±2m,  .'.  a— a;=+m,  or  3?w,  =  —^{a  —  b),  or 
4(a-6),  .-.  ic  =  ^(3a-6),  or  ^{Sb-a). 

76.  As  in  last  example  let  a  —  x  =  m-z,  x—b  =  ni-\-z,  and  .•. 

a-b  =  2)n  ;  then  substitueing  these  values  the  equation  becomes 

m^+10m^z^+57vz*         211 
'm*+6rii^z^Ti^~   =    97   X  2w,  or  clearing  and  transposmg 

68z4_l562m2z2_ 325^4  =  0,  i.^., 

(68s2  +  18w2)(22-25m2)  =  0,  .-.  2^  =:, 25^2,  and  z=  ±5m. 
And  a — x  =  m  —  z=  —4m,  or  6m,  .*.  x=Sa—2b,  or  86 -2«, 
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77.  Make  same  substitutions  as  in  last  two  examples,  and  a 
quadratic  in  z^  jg  found,  .•.  z  is  known  =  i  suppose, 

.'.  a  —  x  —  m—z  —  m—t-=\(a  —  h)  —  t,  &c. 

78.  From  same  substitutions  as  last,  z  is  found  —t^  suppose, 
&c. 

79.  As  in  example  76,  a  quadratic  in  z^  is  found,  .*.  2  =  t, 
suppose,  &c.  J 

80.  {{a-xY-^{x-hY)^{a-x){h-x)^[a^^-h^)-^ah. 

Make  same  substitutions  as  in  example  75,  and  left-hand  mem- 
ber becomes  {z^-{-^m'^z^-\-m^)-r-[z'^' —m^),  a  quadratic  in  z^^  then 
proceed  as  before. 

81.  By  same  substitutions,  left-hand  member  becomes 

2(m3  +  3m;22)H-(m2  -22)2^ 
which  gives  a  quadratic  in  2^, 

82.  As  in  former  examples,  we  have  left-hand  member 

and  right-hand  member  is  known  ;  a  quadratic  in  z^. 

83.  As  in  example  7G, 

(5w?24_^10maz2-f7«5)H-422  =  &c., 
a  quadratic  in  z'^ . 

Note. — For  full  solutions  of  these  and  following  equations 
see  Appendix. 
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Exercise  Ivii.,  page  182. 

I.  x  =  7,  y  =  9.  2.  x  =  2,  y  =  l.  3.  x  =  S,  7/  =  l. 
4.  x  =  %  y  =  5.                5.  a;=-10i,  y  =  5i. 

6.  x=:-2,  y  =  i,  7.  x=  -1,  y  =  l.      8.  a;=  -2,  j^=-3. 

9.  a;=-f,  ^  =  i.         10.  x=-h  y  =  h 

II.  i  i         -6         i 
3-4-4         3 


-4         -1  -18 


i         +24 


25  _25        -V^«  a;=12,     y  =  S. 


12.  i         -i         -1 


5         A 


-i  -f         -* 

-jj +t  _2i_ 

__     7  I  7  _  2  1 

8~       -9" 
I!  ii 

13.  a;=10,  ?/  =  12.  14.  JB=12,  2/=  15. 

15.  x=lS,  y=lS.  16.  ic=-3,     y  =  -2. 

17.         5-415 
1-7  -2-2  7-9         1-7 

-11  -31-6  -1.7 

-  6-8  -2-2 89^ 

"^         )    -29-4  -37^ 

7  9 

II  II 

X  y 


20. 


21. 
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7, 

?/  =  -3. 

19.    X  =  7,    i/  =  3. 

1 

-f                    1 

1 

-1 

-i                    1 

—  2 

1 

-1               -f 

+  i                     ^ 

II                     li 

1                    1 

X             ~i 

x  =  %         y  =  S. 

8 

8 

-3            8 

15 

-4 

-4           16 
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-12         -32       -45 
120  12    '  -12 

-132     l_^-44        -33 


II  li 

JL  _L 

X  y 

a;  =  3  i/  =  4. 


22.  a;  =  |     y=A-  ^3.  x=^''d     y  =  \.         24.  :r=12  2/  =  15. 

25.  V  fV  .         -    6  V 


V" 

9 

-31 

V 

450 
7 

4 

-64 

7 

447 
7 

1447 
1   10 

1  490 

7 

7  10 


_    7 
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26.  x  =  8,     y=    9. 

27.  X=S, 

y  = 

1. 

28. 

X=l,    7/  =  8. 

29.  x  =  n,  y  =  l. 

30.  x=n.. 

>  y^ 

^13. 

31. 

x=5,     //=-4, 

S2.x=~U^y=- 

-\h 

33. 

;c=13,  y  =  10. 

34.  x  =  ^,      2/  =  3- 

1%.  35.  a;  =11 

'  y  = 

6. 

36. 

x  =  7,     v/  =  5. 

37.       20 

-15 

5 

20 

8 

-12 

20 

8 

—^240 

-300 

40 

-120 

—  60 

400 

-120 

1    -240 

-360 

^ 

2 

3 

38.  x  =  5,  y  =  S. 

39.  In  this  question  the  second  equation  is  not  a  new  one,  but 
an  equation  that  can  be  found  from  the  other,  hence  x  and  y  can 
not  be  found. 

40.  1  4-     ^-   -  1   +      '"^    , 

2i  -f    -^  -   2i   +       ^ 


?/  +  l  2a;-3 

Sx-2y-7=0,     4x-3y-^  =  0,     x  =  S,  y  =  l. 

41.  1  -  _i_  =  1    -    _?_,  1  +    _?_   =    1-4-  -i^, 

x-S  7/4-7  x-{-2  y-2 

Sx-y-16  =  0,     a;-3?/+8  =  0,     x  =  l,  y  =  5. 

42.  x  =  0,  y  =  0,        43.  ^x  =  7y,  x  =  0,  y  =  0, 

44.  x  =  0.  y  =  0,  x=rS,  ?/-=tf. 

45.  Adding  three  equations,  x-\-y+z  =  42. 
Subtracting  each,  x=  17,  //  =  20,  2  =  5. 

46.  x  =  n^,  y  =  ^U,  2  =  m.  47.  :.=  11,  .y  =  7.  z  =  9. 
48.  Multiplying  second  =  w.  by  2  and  adding 

15ic  =  315,  a;  =  21,  y  =  22,  z=2S. 


CHAPTER    SIX.  143 

49.  From  first  equation  2x  =  5y;  adding  second  and  third  equa- 
tion, ^x~-iij=  -3,  ^=-15,  y=-  Q,z=  -  8. 

50.  Multiplying  first  and  second,  and  subtracting  second  equa- 
tion from  the  result,  Sy  —  2|z  =  0  ;  y  =  -jz. 

Substituting  in  third  equation,  z,  5  ;  ^,  4  ;  x,  S. 

51.  Adding  three  equations  x-\-y-i-z  =  'S7. 
Subtracting  each  equation,  x,  12;  y,  15;  z,  10. 

52.  Adding  three  equations  and  afterward  multiplying  second 
equation  by  3. 

Sx-\-6y-\-Uz  =  41 
3a;+6//+122  =  45 

z  =  1,  a;  =-5,  y  =  S. 

53.  x,  I ;    y,  li ;    z,  |. 

54.  Multiplying  second  equation  by  7  and  subtracting  from 
first  equation,  20i/=100 ;  y,  o  ;  x,  S;  z,  7. 

55.  Adding  all  three  equations,  Wx=  110  ;  a;,  11 ,  y,  13  ;  «,  17. 

56.  Adding  three  equations,  and  then  multiplying  second  equa- 
tion by  3, 

3a;+6?/H-102  =  43 
3x-f6?/+  9z  =  42 

2  =  1,  ?/  =  3,  a;  =  5.  51.  x,  9  ;  y,  7 ;  z,  S. 

58.  Adding  three  equations,  and  then  multiplying  third  equa- 
tion by  4, 

4:x  +  iy  +  4z  =  dd 
8ic-f4//-f42  =  128 

4a;  =  29,  x  =  7h  y  =  Sh  z  =  di. 

59.  Adding  three  equations, 

21(x+2/+3)  =  135 
From  (3)       7a;+2l7/  +  2l2=    91 

14a;  =  44;  aj,  3|;  2/,  2| ;  2,  1|. 
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60.  Adding  1  and  3,  multiplied  by  2,  and  again  adding  second 
and  third,  we  have  two  equations  in  x  and  z. 

X,  2-3;  y,  3-4;  2.  4  5. 

n-%  orv  Cir\  nn,  on  880  1098  1004. 

61.  X,  30 ;  y,20;  z.  70.  62.  x,  -g^  ;  y,  -yr  i  «'  "59"* 
63.  X,  30 ;  2/,  12 ;  2,  70.               64.  x,6;  y,  12 ;  2,  20. 

65.  »,  5  ;  y,  2 ;  2,  0.  66.  x,l;y,l;z,l 

67.  aj,  11 ;  2/,  9  ;  2,  7.         68.  a;,  5 ;  3/,  3  ;  2,  1. 

69.  Multiplying  the  first  and  third  equations  by  3,  and  adding 
to  these  results  the  second  equation, 

11  =  7,  x  =  2,  y  =  S,  z  =  l. 

X 

70.  Changing  sign  of  third  equation,  and  adding  all  three, 

20 


71, 


^   =   4.     ^  =  5, 

1  +  1=5. 

X           y 

7/  =  4,     a:  =  3. 

1                                 1                                 1 

T  +  7-^T 
1       1 
7  +  T 

=    9,    adding 
=    6, 

73. 


i.   =   3;     a;=^,  t/  =  i,  2  =  i.     72.  X,  5;  ?/,  4;  2,  3. 

a: 

2a:4-7_2H:l      ^+^  _^±1     1+1^,2+^ 
;c:.j::2'~"2r''     a;-2  ~8«-l'     y-fl       24-1 

1 

2+r' 


8 

1 

5             2            2 

a;4-2  ~ 

y 

x-2  ~32-r     2/4-1 

;.•-   37/4-2  =  0 

2a;-152  4-1=0 

y_  22-1=0 

=  +7,  2/=  4-3,  2=1. 
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74.  X,  2  ;  ?/,  3 ;  2.  1. 


75. 

Eq^uation  reduce  to 

3 

X 

+ 

18 

y 

= 

9 

8 

X 

+ 

5 

= 

-2 

• 

21 

y 

- 

5 

2 

= 

-8 

- 

8 

y  ~ 

-1 

a 

ddir 

7^^.  X,  0 ;  ?/,  1  :  2,  2. 

77.  Equations    reduce    to    a;  — %4-B2  =  0,       5a;- 11?/ -2  =  0, 
21j;+ 31?/-f-4l2  =  135  ;  from  which  ^  =  860  ^  849,  x  =  1755  -t-  698. 

78.  First  two  equations  become  2xy+Qxz  —  ^yz  =  0j 
Qxy-^dxz  —  ^yz  =  0,     .'.  5xz  —  Syz  =  0,     or  5x  =  Sy  ;     so  Sy  —  z  =  0, 
or  2  =  3y.     Substitute  these  values  of  x  and  2,  in  third  equation 

79.  EUminate  u  between  second  and  third  and  between  second 
and  fourth,  and  add  results ;  102=  10,  2  =  1 ;  x,  5;  y,  4:;  u,  S. 

80.  Eliminate  t« ;  5x+2y-Sz  =  22,  a;+4//-82  =  11, 
4a;-2i/  =  ll,  4.x-\-2Sy=:nO  ;  a:  =  4|,  y  =  3i^,  2  =  2^2^,  w  =  |^.  " 

81.  u,  21;  x,  31;  ?/,  41;  2,  51.     82.  w,  8i ;  x,  7;  2/»  4 J ;  2,  4. 
88.   i^,  80 ;  X,  20  ;  y,  10 ;  ,2,  0. 

84.  u,  i  ;  a;,  11  H-  24  ;  2/,  i  ;  2,  1  ^  24. 

85.  X,  270  H- 117;  y/,  -52 -r-117  ;  2,  15  ^  117;  w,  -126-117. 

86.  u  =  x  =  y=z  =  210. 

Exercise  Iviii.,  page  189. 
1.  y  =  (a'c  -ac)  .  (a'b-ah').  2.  y  =  b{cn—dm)-i-{ad  —  bc). 

3.  y  =  b{d-c){d-a)  ^d{b  -c){b—a). 
z  =  c{d-a){d-b)^d{c-a){G-b). 

4.  y  =  cz-\-du-\-ew-\-a.c,  z  =  dii-^ew-\-(tx-^byy 
u  =  ew-\-ax-\-by-\-cz,    w  =  ax-\-bi/-i-rz-^  du. 
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5.     (1) 

(2)  

(3)  

(l)-(2)  +  (3), 


+  - 
V 


?/= 


6. 


6(3) 
«(3) 


(1) 
(2) 
(3) 
1 

2 


a; 

»/? 
y__ 

n 

X 

m 
2x 
m 
X   =  hm{a-b+c),  y,  z,  by  symmetry. 

x+ay  4-bz  =  m 


+ 


=     G 


hx(h-c+a) 


—  =  a  — I 


n 


bx-\-y  +  az  =  n 
ax-\-hy-\-z=p 


{ab  —  l)x-\-{b^  —a)y  =  hp  —  m 

(a^ —h)x-\-{ab-\)y  =  ap-n 
{(ah-lY  -(b^-a){a'^-b)}x  =  p{a^  -h)-m.{ah  -  \)^-n(b-'  - 
x={p{a^-b)-}n{ab-l)-^n{b^-a)}^{a^+b^-Sab  +  l}, 
y={m{b^-c)-n{hc-l)+p(c''~b)}  -^  {b^ -\-c^-Sbc  +  l\, 
«={w(c2-a)-jo(ca-l)+m(«2_c)}-7-  {c^ ^aS -Sac+1}. 

7.  (1)  x  +  ay  =  l,  l-(a)2,    x  —  abz  =  l-am. 

'     (2)  y-{-hz  =  m,  +ft/>(3),    x-\-ahcu  =  l  —  am-\-abn. 

(B)  z-\-cu  =  n,  -abc{i),  x  —  abcdw  =  l  —  am-\-abn  —  abcp, 

(4)  u  +  dw=p,  -\-abcd{5). 

(5)  w-{-ex  =  r. 

x  +  abcdex  =  1  —  am  +  ^bn  —  ahrp  -f  abcdr, 
:,    x  =  {l  —  am  -f  a^n -  ^bep  +  nbcdr)  -r-  (1 4-«7>crfr), 
y  =  {jn  —  bn-\-bcp—bcdr+bcdel)  -4^  (1  -^ abode) . 

8.  x  —  by  —  cz  =  0 1 

?/ — C2;  — aa:  =  0 2 

2-a,^-f%  =  0 B 

(1-2),   (l-ha)^-(l-f-%  =  0,   (l-f«):c-(l+%-(l+r)2, 
Dividing  the  terms  of  (1)  by  these  equals, 

_1__  _      6  c 

•*•    1  +  a  "   1+6+  1+c 


^) 


1  = 


+ 


1  +  a    '    1+6        1+c 
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9.  x  —  ay  —  az:=0 1 

y-bz-bx  =  0 2 

z  —  cx  —  cy=0 3 

6(3)  +  2,  {i-bc)t/-{b-}-bc)x  =  0,    c{2)  +  3,    {l-bc)z- {c-hbc)x  =  0, 

l-'bG  =  ab{l-\-c)-\-ac{l-{-h),   .•.   1  =  a^+6c  4-ca  +  2a6c. 

10.  1-2,    :.x-y  =  by-ax,  x(l  +  a)  =  y(l  +  b), 

.-.  :)^(l-fa)=2/(l+^^)  =  Kl+^)=="(l+^)   =^14-^), 
dividing  the  terms  of  first  equation  by  these  equals, 
1  b  G  d  e 


1  +  a  l-\-b     ^     1+c  l^d  1-i-e 

abed 


e 


•*•    ^-     1+a    +    14-6    +     l  +  c    "^    l+d    +     1+e"' 

,..              1             .            ^ 
Since    ^j— j —    =1 ^— 

Exercise  lix.,  page  192.     • 

1.  a;  =  (wc  —  bd)  -r-  {na  —  bm)  ;  y  =  (wc  —  ad)  -r-  (m6  —  na). 

2.  x  =  {nc  -f-  6^^)  -r  (aw+^»*) ;  2/  =  {mc  —  ac?)  -f-  (6m  +  an), 

3.  x  =  c(n-b)  -H  (aw  — m6)';  y  =  c{m  —  a) -i- (bm  —  an). 

4.  »  =  (6  — c)a-j- (6  — a)  ;  y  =  b{a  —  c)-^{a—b). 

6.    —   +  ^   =    1,      -7-  +  ^   =    1, —    x  =  b-a, 

a  b  b  a  \a  b  j 

x  =  ab-^  (a-{-b),     y  =  ab -i-l(a -{•  b) . 

6.  I—  4.  -lja;  =  6,    x  =  ab^  ^{a^  ^b"^),  y  =  a^h-^{a^+b^). 

7.  a;  =  ac-^(a  +  6),  2/='^^~^(^  +  ^)* 

rt         6  b         a  a^—b^ 

8. ! =  m.,     — -\ =  %,       — =  am  —  bn, 

x        y  X        y  X 

x={a^-b^)-^(am-bn),  y  =  (b^-a^)^(bm-an) 


148  .^Chapter  six. 

9.  (a-^c)x-(a-c)y  =  2ab 1 

—  {a  —  b)x-\-(a  +  b)y  =  2ac, 
adding  {b-{'c)x+(h-{-c)tj  =  2a{b+c),  .>•+//  =  2a, 
{a  —  c)x-^  {a  —  c)y  =  2a[a  —  c) 
adding  to  1,    2ax  =  ^a{a  +  b  —  c),  x  =  a-^b  —  Cf 
y  =  b-\-c—ayZ=^c-{-a—b, 


10. 

x  —  c          a 
y-c  ~    b 

(1)    .-.*  ^jiy  _  ^^^. 

y-c              b 

Bui 

.  {x-y)  =  a-b,.'.-^ —    = 

y — c 

a  —  b                  ,   , 
— — ,     .-.  y  =  b-\-c,  x  = 
b 

11. 

x           a                   a 

y            b                    b 

...T^^-=T' 

y-\-n 
.'.  y  =  b{cn  —  dm)  -r-  (ad  — be),  x  =  a{cn — dm)  -r-  (bd  —  ac), 

12     "^-1.   —   ""^^i-^  d) 

•    y+l    -   a-b+c  

VZI    =    a-^-c- (2) 

x+1         a+b—c 

.'.  by  adding  numerator  to  denominator,  &c., 

?11   ^    ?fcLlL£]  ;  divide  (1)  by  this  and  multiply  result 
x+1  a-\-b—c 

b    2        •     -^  ~—    -        a^-(^  +  c)^ 
^    '     ••    ,/  +  i     -    2(a-c)(a-64-c/ 

...  y=  {3(a2  -6'2)-^>(/.  +  2a)}  ^  {(a-i)^  -  f2+46c-.} 
ar  — rt+c  6  x  —  {a  +  h—c) 


ic  +  c         a 4- 6         X  -{a-\-h  —  c) 
y-\-b   "    a+c    ~   y  —  {a—b-\-c)' 


(2). 


b 
From  1,  x-{a-i-b-c)=    -—  {y-(a-6+f)}, 
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From  2,  x-{a  +  h-c)=   ^  {y-{a-b^c)}, 
,..  ^,_(a  +  6-c)  =  Oand//-(a-^4-c)  =  0, 
i.e.,  x  =  a  +  h--c,  y  =  a-b+c. 

x+c  ..y±h  _  1  =  0 ro» 

^^_-.  .  tf  _.  1  =  0 (2). 

a-c         '^  a-b 
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From  1, 

From  2,  -     ^^  ^ 


.-.  a;  =  a+6-c  andz/  =0+^*-^- 


15.    ZTZi:   +    ^;r^-^'       n-a    ^     n-b 


X         .         ?/ 

m—  a    '     wi  -h        '       ?i 
a,^(m-a)(n-a)  +  i/^(m-6)(n-6)  =  0. 

;.  X  =  {m  -  a){n  -  a)-r  (ft  -  a), 

16.  x+y-^z^yj ^' 

'ft  +  c)x  +  (a  +  c)//+('^+M3-0   2, 

6ca;+ac'j/  +  rt^z  =  l   '^' 

(a+?>)l-2  (a-c)xi-{h-c)y  =  0 

a6(l)-3  6(((-c-)ic+a(ft~c)2/=-l 

^ 

{a-b){a-c)x=^l,  x=    j^lZb){a-c) 
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17.  x+y+z  =  l (1) 

ax-^hij-^('z  =  in  (2) 

-n^  +  -TUT  +  T^  =  ^ (^) 

2-c(l),  {a  —  c)x-{-{b-c)?j  =  m-l€  (4) 

x{c  —  a)  y{b-c)  c 

{i-c){i-a)  +  (j-'^)(i-b)  "=  ir^) 

"13^  +    1^6"    =''•  ^^^ 

V        ^       ^  ^»      {l-a){l-b)     -  (l-h) 

x=  {(m-hc)(l-a)}  ~  {{c-a){a-b)}, 
y={{m-ca){l-h)}  ^  {(a-b){b-c)\, 
z= 

18.  "iz^  ^  y^  =  ^-ji (1) 

p                q               r 
l(x-a)-i-m{y  —  b)-\-n{z-c)  =  l    (2) 

From  (1)     x-a=JL{y-b),     z-c=l.iy-b). 
q  q 

Substituting  in  (2), 

!f.{y-b)  +  m{y-b)-^'^{y-b)  =  l, 

9  q 

y-b    ^    _ — ? ,     .-.  y   =    ^ +  6, 

-*  pi + ^M  +  ^^  /^^  +  ^'"/ + ^^ 

2  =    — ; +  C-,        X  =.  -r-r-^ +  a. 

nl-^-mq-^nr  pl-\-mq-\-nr 
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x  —  a  y  —  ^  Z—  G 

19.  -y-    =    -y-    =    -— ,   lx-\-mi/-\-7iz  =  ly 

.*.    l(x—a)-\-m{i/—b)-{-z{n  —  c)=l—(la  +  mb-}-nc),    comparing 
with  18, 

p{l-{h(,-{-mb-\-nc)\  p{l  —  {la-\~mb  -^nc)} 

^~^~  pl^mq^nr  '     ^~  pi  +  mq-\-nr  ' 

y= 

20.  ax-by  =  a^-b^ (1) 

ax-cz  =  a^-c^  (2) 

ax-\'by  +  cz  =  m^ (3) 

(2)4-(8)        2ax+by  =  m^+a^-c-'i (4) 

(4)4_1  Sax  =  m^i-2a^-b^-c^, 

m^+^a^-b^-c^              m3  +  262-c2-a2 
''=    3^ '    2/=  ^^  '  ' 

21.  y  =  a — b  +  Cy  z  and  x  by  symmetiy. 

22.  x+y-{-z  =  0 (1) 

ax-\-by-{-cz  =  ab-{-cb-{-ca (2) 

{b-c}x  +  {c-a)y  +  {a-b)z  =  0 (3) 

2  — c(l)  {a  —  c)x+(b  —  c)y  =  ab-^bc-\-ca, 

8_(a_6)  (1),     {2b-a-c)x  +  {b  +  c-2a)i/  =  0, 

{a-c){b  +  c-2a)-\-{b-c){2b-a-c) 
^   (b+c-2a){2b-a-c) =ob-^bc  +  ca 

{b-\-c-2a)(2b-a-c) 
x=  («&+&^  +  ^«)(^_,)(6+,_2«)+(6-c)(26-a-c) 

:  {b-\-c-2a){2b-a-c) 

?/=  (^^  +  ^'  +  '^)(«-c)(6+c-2«)  +  (6~c)(26-«-c)* 

Note. — First   equation   shouldhe  x+y+y -{-z  =  a -{-b-i-Cf   then 

x=^(b  +  c),&c. 

X        y        z  b  c 

23.  x  +  y+z  =  m.,     -^-=  ^   =  ^ -,    y=    V^.  2;=   ~x, 

xia-^-b-^-c)  ma  mb 

^    "    =w.  .-.  x=   ^^^^^»  ?/  =    a+b+c' 
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2i.  ax -^bi/ -{-0^  =  1',  wx  =  ny,         C[y=^p^t 

ni  q  mq 

n  p  pn 

ax  +  —x-\-—Lx  =  r,         .'.  x={np7-)-T-(anp  +  hmp  +  c7nq)^ 
n  np 

y  =  '^mpr)  -T- {anp  -f  huip + cmq, )     z  =  {mqr)  -=-  [anp  +  Imp  -f-  cmq). 

25-   -   +  -  +  -   =   0 (1) 

X  y  z 

J^  +   1  +  ±   =   0 (2) 

X  y  z 

^  +   ^  +   ^   +    (a-6)(6-c)(c-«)  =  0 (8) 

X  y  z 

2-^(1)        ^Lzf   ^.   ^   ^    0 (4) 

X  y 

«ft(l)-3       ^S^-A   +    ^(^-l)    =    (a-6)(6-c)(c-a) (5) 

X  y 

«(4)-5  i^-^){^-o)     ^    ^a-b){b-c)(c-a%    :.  x   =    ^J-» 

</,  2,  by  symmetry. 

26.  x  =  \{b-Vc  —  a),  y  and  z  by  symmetry. 

27.  From  second  set  of  equations, 

a  h  c 


Substitutmg,    J x  =  r. 

dr 
ma-\'nb  +  pc-}-qd 

x(y-^z)         y{z-^x)         z{x+y) 

Zo.       -      =      ~~~~,  =  (1), 

a  b  c  ^    ' 

111 

r  +  7    -^    -  =  a  +  6+c- (2), 
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)  by  xyz,  ~ 

1                1 

1           1     _     1 

z           y           X 

a            ~            b 

c 

2(1  +  1 

\x           y 

1\ 
+  y    =  2,      ,. 

±  +  1    =2«, 
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a-|-6  +  c 
1   +  1   ==    26,     -  +  i-=2c,    -   -    ^  =  2(6-a), 

i  -^   J  =  ''^   |-  =  2(6  +  c-^),a;=l^(6  +  c-a.) 

.-.  (a-&)(a:+c)-rt(?/  +  6)  +  6(;5+«)  =  0,  and 
a(x-{-c)-\-{c-a){y  +  b)  -c{z-{-a)  =  0, 

.-.   (ac-bc-{-ab){{x+c)-{y+b)}^0, 
.'.  a;+c  =  ?/  +  6  =  (by  symmetry)5!+a,  .*.  since  x+y-\-z  = 
2[a-\-b  +  c),  x  =  a  +  b,  y  =  c-\-a,  z  =  b-\-c. 

30,  Adding,  2{ax-}'by-\-cz)  =  3,  ax+by-^cz  =  f . 
Subtracting  first  equation, 

C2=i,  z=l-^2c,  a;=l-h2a,  y  =  1^2b. 

81.  Multiplying  (1)  by  n,  (2)  by  m,  (3)  by  Z, 
2wy+rwwa;  =  n2,         mnx  +  lniz  =  m^  Imz -\- Iny  =  l^ . 

Adding,  mnx-\-lny-{-lmz=i    — ■ — 

2 

Subtracting  first  equation,    Iviz  =  — JlJ" , 

_   /2_j.,„2_yi2  _w,5-f-n2-Z2  _n^^i2-rn^ 

82.  Adding,  x+y+z  =  ^L}±hf. 

2 

Subtracting  second  equation,  x    =    ^Jr5_. 
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83.  Adding,  x-\-^/+z    =     —   +   —  -l  — • 

/  m  n 

Subtracting  first  equation,  2x  =  —  -|_  — , 

m  n 

X  =    i. ^      y    =    ni. 


2mn  2nl 

34.    Adding,    —  _j_  —  _^   —   =    (a+o-f-c) 

X  7J  z 

Subtracting  first  equation,    —  =  &+c— a, 

X 

1  1 


y  = 


b+c-a  c-i-a  —  b 

QK     A^;i-            1112  2           2 
35.  Adding,     _^__-j._   =   _+4._ 

X           y           z           a  b            c 

2           '^  2 

Subtracting  first  equation,    _   _!l  _^   — , 

X           b  c 


be 


y  = 


ca 


b+  c  c-{-a 

86.  x  =  b-^c  —  a\  y,  z,  by  symmetry. 

87.  X,  a;  y,  b;  z,  c. 

88.  Adding  r-—   +      '{ f-      ^T   =0. 

z 
Subtracting  first  =  n,  — rr  —  a  —  b, 

z,  a^-b^;  X,  b^  -c^  ;  y,  c^-a^. 

39.  x  =  \(a-\-2b-c-\-M);  y,  z,  v,  by  symmetry 

40.  u  =  ^j{4:a-{'b  +  SG  -  2(l-\-5e),  ic,  &c.,  by  symmetry. 

Exercise  Ix.,   page  202. 

1.  Add  Vie  equations,  .-.  2a{x-^?j)  =  4:a^,  subtract,  .*. 

2b(x  —  y)  =  4:b^;  x  =  a-[-b,  y  =  a—b. 

b 

2.  x-{-y  =  a,x-y=    ^,    x  =  ^{a^ -\-b)-i-a,  y—^{a^ -h)-7-a. 
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3.  Factoring  in  second  equation  {x+7/){2x—Sy)  =  n^,  .'.  from 
first,  x+y  =  n^m;  x  =  {Sn'--{'m-)-T-5m,  y  =  {2n^  -  m^)^5m. 

X  y  1     . 

4.  Dividing  first  =  n  through  by  a^  -h^,.-.  -^—f^  '^T^Z^  *"  aSb  * 

add  to  second  equation,  .-.  2x-i-{a-\-h)  =  2a-v-(a^  —  b^ )  ; 
a  b 

5.  From    1st   equation,    (a^-b^)x-ir(a  +  h)y  =  a-\-b+\\     add 
second  equation,     .-.  {a^ -b^ -l)x  =  {a^  —  b^  ~l)-=r- {a  —  b)  y 

x=l^{a-b)',     y,   l-^(a-\-b). 

6.  Substitute  in  first  equation  the  value  of  x  from  second. 

.-.    {(a-{-b-c)^-{a-b-\-cY}y  =  ^a{b-c){a-b-\-c) 
or,  4rt(6-c)2/  =  4a(&  — c)(<i— 64-c), 
.*.  yz=ia  —  b-]rc,         x  =  a-^b  ~G. 

7.  From  first  equation,  x={a-{-b  —  c)y  -^  (a  — 6+6*). 
Substitute  this  value  of  x  in  second  equation  and  we  have 

{b{a-{-b)~c(a+c)}y  =  (a-b  +  c){b{a-\-b)-c{a-\-c)], 
.•.  y  =  a-b-rc,         x  =  a-i-b  —  c. 

8.  First  equation  gives  {a-{-b)x  —  {a  —  b)y  =  2ab;    second   gives 
(a^  +  b^)x-  {a^  -bS)y  =  0  ;'x  =  {a^  +ab  +  b^)^{a-\-b)  ; 

y,  (a'^-ab^b^)^{a-b). 

9.  From  the  first,  x-y  =  {a-[-l)^{a-l),  and  from  second 
x+y  =  {b-irl)^(b-l);  x={ab-l)^{a-~l){b-l); 
y^(a-b)^[a-l){b-l). 

10.  From  first,  (x-\-l)-^y  =  a,  or  x  =  ny-l\   and  from  second 
aj^O/  +  l)  =  !-/>,  .-.  («2/-l)(//  +  l)  =  l-6; 

x  =  {l-^a)^{ab-l),  7/,  (l  +  />)-f-(a6-l). 

11.  From  first,  x-^('\.—y)  =  (a-{-\)-T-{a-l) ;  from  second 
a;-(l+y)  =  (64-l)-(&-l);  a:  =  (a+l)(/>  +  l), 
-f(afe-l),  7/  =  (a-6)4-(a6-l). 
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12.  Xy  a{a  +  h)\  y,  h(a-b). 

13.  x=: a{b{a-\-b)  -  c{a  -  (■)} ^  {n^  -  be)  ; 
y  =  a{b{a  —  b)'{'C{a-\-c)\-v-(a-^—bc}. 

14.  x=  —[a-{-b)y  y  =  ab. 

15.  Adding  the  equations  and  subtracting  each  separately  from 

sum,  x  =  i(b  +  c),y=^{c+a),  z=k{a+b). 

16.  Add  all  the  equations,     .*.  ld{x+y-\-z)  =  {a-{-b-{-c) ; 

x={a-2bi-3c)~S8. 

17.  Adding  the  three  equations  and  subtracting  each=:n,  sepa- 
rately, a;=  1  -!-  (6  +  c) ;  ?/,  1  -=-  (c+a) ;  z,  1 -i-  {a-{-b). 

18.  See  question  29,  Exercise  69. 

19.  y  =  {c-{-a)(c~a),     z  =  {a-\-b){a-b),     x=:(b+c){b-c). 

20.  Subtracting  first  equation  from  third, 
z=^a^-b^;   X,  b^-c^  ;    y,  c^-a^. 

21.  Proceeding  as  in  example  7,  page  194,  assume 

1-  ^-:^-:^  =  {t^-hBt^-{-ct-hD)^t{t-l){t-2y,huthom 

the  equations  it  is  seen  that  the  left-hand  member  of  this  equation 
vanishes  for  t  =  a,  or  b,  or  c,  .-.t^-^  Bt^  -\-ct-\-D  =  {t-  a)(t  -b)[t- c); 
multiply  equation  by  t  and  put  i  =  0  in  result,  .-.  x-^abc  ;  simi- 
larly multiply  hyt  —  1  audput  t  — 1  =  0,  .*.  y  =  {l—a){l—b){l—c) ; 
Again,  multiply  by  i— 2  and  put  this  =  0,  .•.z={2-a){2~b){2  —  c). 

22.  Equations  are  xy  =  a{x-\-y),  &c,  divide  the  first  by  axy,  the 
second  by  byz,  the  third  by  rzx,  .'. 

J__  1        1        1 1_      1_      11      J_ 

a  ~  X       y'b       y       z*     c  ~  z       x 

subtract  the  second  of  these  from  the  first  and  add  result  to  third, 

1112 
.*. h"T"H =  —  •'•  x  =  2(ibc-r-{ab-\-bc  —  ca),  y  and  z  by  sym- 
metry. 
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^^     x-1         y  —  \         2  —  1       - 

a  n  c 

X—1  ?/— 1  2  —  1 

+ -^       -J —     =0,    .*.    iC  =  ^  =  2=l. 

c  a  b  ^ 

X       mx      ny      pe      qu  ,      \  . 

a       ma      nb       pc       qd      ^ 

(ma-{-nb+pc-\-qd)=r-^(ma  + ),   .*.  x  = 

ar~{ma-\-nb+pc  +  qd),  y=br-^{ ),  z  =  &G. 

25.  Substitute  in  last  equation  the  values  of  u  derived  from 

the  others,  .-.  u^  I—  _  —}     =     (—  -  l]  u,     .-.  w  =  0,  or 

\63  c2/  \a  I 

d  \        ,d^         d^\ 

-  -  1/  -  (^   -   ^)  • 

26.  x  =  {b-\'C-a)-^{a-\-b-\-c)\  y  =  {b-a-c)x-i-{a-b—c), 

27.  x  =  i{a  —  b+m  —  n);  z,  ^{a-b-vi+n). 

28.  a;=  (4a+2c-  ^-  86)  -r-  40,  y,  z,  u  by  symmetry. 

29.  As  in  Ex.  3,  page  193,  the  polynome  t^+ut^-\-zt'^-Vyt-Jrx 
vanishes  for  i  =  a,  i  =  6,  f  =  c,  and  t=:d,  and  .•.  — 

(t-a){t-b){t-c){t-d)  =  t^-{a-\-b  +  G+d)t^-\- 
{ab+ad-\-ac  +  bd-}-bc-\-cd)t-  -  {abc-{~abd+acd-{-bcd)t  +  abcd, 
.-.  a=-{a  +  b-^c  +  d),  z=:{ab  +  &G.}, 
y=  —(abd+abc-\-bcd-\-acd),  x  =  abcd. 

30.  x  =  i{a—b  +  c-d-\-e);  y,  z,  u,  v,  by  symmetry. 

31.  Solve   as   8,    Exercise   LVIII.,    x={a  —  lb-^lmc  —  lmnd  + 
lmnpc)-7-{l-{-lmnpq),  whence  y,  z,  u,  v,  by  symmetry. 

33.  x  =  b+c  —  e^  y=  -{-ed  —  a,  &c. 

84.  (l)4-5(2)  +  3(3)-7(4)  +  9(5),  .-.  22?/  =  a  +  56  +  3c-7^+9^, 
and  the  values  of  the  others  may  be  written  down  by  symmetry. 
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B5.  2u-2i/  =  d~e,  ^z-2x  =  c-d,  2z-\-2u -2x  =  b+c, 

2u-2<i  =  a  —  b,  .'.  2z  =  a+c,  2a  =  b  +  d,  &c.. 
86.  54-2(4)H-(3)-{4),    .-.    '6z  =  Ze-{-M^'6e,    z  =  c+d-\-e,   and 

w,  V,  X,  y,  by  symmetry. 
37.  x  =  a-2b-{''dc  —  2d+e  ;  and  y,  z,  u,  v,  by  symmetry. 

Exercise  Ixi.,  page  204. 

1.  {(14-a:-K:.r2)  +  (H-2/  +  2/2)}->{(l+a^+a;2)-(l+2/+7/2)|^ 

(a+l)H-(a-l) ;  so,  (l+x+x- +  l-\-y  +  y^)^ 
{(l-f-y+a:3)-(l+^+//^)}  =  (6+l)-(6-l), 

.-.  (a;  +  y-l)H-(a;+»/  +  l)  =  (^*+l)(6-l)-^(«-l)(6  +  l),  and 
x-^y={{a+l){h-l)i-{a-l){h  +  i)}^ 
{(a-l)(6  +  l)-(a+l)(6-l)}=(a6-l)-=-(«-6), 

.-.  2/  =  («6  —  l)-T-(a— 6)— a:^,  substitute  in  (I);  x=(2ab-\-a-\-b-\-r) 
-r2(a  — i),  where  r^  =4:(i{b'2  -hb-\-l)  +  {Sa-b)[Sb-a). 

2.  From  (1),  {x^+x-\-l)Mx^  -^x^l)b^  =  {2/^-\-y+l) 
--(^-1)2  .-.  Sx^Six^'hl)={bH2j^+y-hl)-{y-l)'}-r 
{2b22/2  +  2622/+263  +  (2/-l)3},  ...  (x-{-l)^  ^(x-l)^  = 
{452(2/2+2/4.1)_(2/-l)2}^3(^_l)2;fj,om(l),(a;+l)2^ 
(a;-l)2=a2(?/4-l)2-^(^-l)2,    •••   this  right-hand  member 
=  {4ft2(?/2+?^  +  l)-(i/-l)2}-^3(.v -1)3,  where  y-1  cannot 
be  zero  if  a;  is  finite,  .•.3a2(^  4.1)2  =4^3(^2  _^y4.1)_.(^,/_  1)3^ 

&c.,  «  =  (ar+l)-5-(ar-  1),  where  r2  =  (62  -  l)-r-S{a^ -b^), 

3.  Multiply  the  two  equations  together,  member  by  member, 
...  (i+.^)2^(i_a;)2=(l+a)(l+6)^(l-«)(l-6).  T.akingsq. 
root,  and  then  sum  and  difference  of  numerator  and  denominator, 

.•.a;={i/(l+a)(l  +  6)-  ,/{l -a){l-b)}  ^  {^^(1  4.,,)(l_|-6)-H 
v/(l-a)(l-6)};   y={^/(l+a)(l-6)— i/(l-a)(l  +  /^)}-^ 
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4.  Applying  (6),  page  122,  we  have  from  first  equation, 

x^y+xiz-^l    _     (a;+l)(y-l-l)    _   a^, 
xy  +  l-x-y    "     {x-l){y-l)     ~   oc'' 

Similarly  from  second  equation,    ^-- IsKZLJ    _   — 

•  {x-l){i/  +  l)         (i-^ 

Multiply  these  results  together  and  take  square  root, 

.-.    {x  +  l)-^{x-l)  =  ab^oc^. 

And  again  applying  (6),  page  122,  x  =  {nh  —  aft)  -^  {ah-^  a/3); 

iividing  the  results  we  get  y  =  {a^-\'ha)  ~-  {aft  —  ba). 

5.  Proceeding  exactly  as  in  last  example  we  have 

(a;-fl)2  -^{x-l)^  =  [a^b-\.c)(a'^h-c)^{h-[-c-a){a+c-h), 
.%    x={x/{a-^b^c){n-\-b-c)+V{b  +  c-a)[^n+c-b)\-^ 
{  ^[a^b-\-c){a^b-c)-  y }. 

Note. — Rationalizing  the  denominator  of  this,  the  value  of  x 
appears  in  the  form  {2ab  —  ^A)  -^{a^  +b^  -  c-j,  where  16A^  =the 
product  of  the  four  factors  involved. 

6.  x  =  {a-\-b)~{l-ab).  7.  x^{a0- ab)^{a/3+ba). 

{l^xy)^+{x+ij)^  2a  a 

^'     '2{x  +  y)(l-rxyf    "=    2^1    "=    -^'^  now  proceed  as  in  ex- 

amplest  and 5  ahove,  .-.  {{1  +xy)  +  (x-h y)\^^\l  +xy  —  {x  +  y)}^ 

or  {{x-\-l)(y-^l)\^^{{x-l){y-l)}^  =  {a-\-m)i^a-m). 

Similarly  the  second  equation  gives 

Multiplymg  these  results,  .'.  (^Ti)     =  |  (^[Zl^i^j^b^^ f ' 

.  _{{a  +  rn){b+n)}^  —  {a-m){b  —  n)^ 
+      

9  x=:\a\/{l-b^)~b^{l-a2)}^V{a2-b^).  Proceed  ex- 
actly as  in  last  example. 

10,  11,  12.  See  examples  14,  13,  12,  page  197,  Hand-Book. 
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18,  14.     See  example  16,  page  198,  and  example  11,  page  196. 
substitute  tlie  value  oft/  from  1. 


15.  x  =  a,  y  =  b,  (2)--(l),  ^--^1    =   6M-T+r     ^^    ^^^^^ 


16.  a^b  =  {x^-i-y^)-^x>/,  .-.  (a-{-b)-~{a-b)  =  (x^ +xj/-{-y^)^ 

{x^  -xi/  +  y^)  =  xtj~b  =  {x^ -^y^)^a,  .-.  xy  =  bx 

a-\-b  a+b  a  +  h 

--^,  ^2+2/2  =a  x^^,  .-.  {x+yY  =  -Z-b  (^+26)  and 

17.  x^-\-xy  +  y-  =b,  and  by  division,  x^—xy  +  y^  = 

-^,  .:  x-+y^  =  i  (b  +  ^]  ,  xy  =  i(b  -  ^y  .: 

(a  \  a  I  a  \         . 

18.  {x^-y^)(x^-xy+y^)=a,xy[x^-y^)  =  h,    :, 
{x^-xy-\-y^)^xy  =  a-^b,  .-.  (x  +  y)^Mx-y)^  = 
(a-f.36)--(a-6),   .-.  (a;+y)-^(;c-2/)  =  ^/(a+S/O^ 

l/(a  —  6)  =  »J,  suppose,  find  x  from  this  and  substitute  in 
second  equation,  getting  a  quadratic  in  y^. 

19.  Add  the  equations,  .'.  2xy  =  {a  +  b)x^ —{a  —  h)y^. 
V\ltx  =  vy,  .'.  2vy^={a  +  b)v^i/^-{a-b)y^^  or  2i;  = 

suppose.     Substitute  in  first  equation. 

20.  Subtract  second  from  first,  .'.  x^  —y^  =  {a  —  h)x^+{a  —  b)y^ 
'^{a-b)xy  =  {a  —  b){x^+xy  +  y^)  .'.  x-y  =  a  —  b;  similarly, 

add   the  two  equations,  and  we  ^nd  x-{-y  =  a-hb;  .*.  x  =  a,  y  =  b. 
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21.  Add  (1)  and  (2),     4:c(x^ -^y^)  =  2a{x~ij)^  ; 

.-.  {x-^i/}'^  -r-(x-y)^  =  {a-c)-~c,  and  (x+y)  ^{x-y)  = 
l/{a-c)-i-i/c;  x-^y={^{a-c)+  \/c}  ~  {y'(a-c)-yc}, 
=  »t  suppose,  .-.  x  =  my,  ^Yhicll  substitute  in  (2),  &c. 

22.  Subtract  second  from  first,  and  x^—y'^  = 

±{x^+'«y-{-y^-)[ic-^y).     li  x^ +xy+y^- =  0,  tlien  from  (1)  and  (2) 
a 

a;  =  y  =  u,  or  =  y{  —  1+  ^  —  S)ii;  U  x^  -\-xy  +  y^  is  not  zero,  divide 
the  above  result  by  it,     .*.  x-y=  — (^  +  y),   or  (x—y)-^  i^  +  y) 


=  f-^rt,     .'.  x~y  =  (a-\-c)-^{a-c),  or  x=   / -T^|  i/ = 

\a  —  cj 


a 

my  sup- 


_J__[{x+y)i-xyi^x  +  y)]  =  y^  1'^ 


pose;  then  1/3— ?|3_      — ^(^x+ij)^  —  xy{;x+y)}  =  y^ 


{?n  +  l)3  -vi{m-\-l)}j  which  is  of  the  form  py^  =  r. 

23.  .From  (1)  (x+x^^  -{-y  +  ij^)  ~-  (x-y){x+y4.1)  =  (a  +  1)  -^ 

(a-1) (3).      From  (2)     {x-i/Xx'-^y  ~1)  -^  {x  + .V'  i-  y-\-y^) 

:={b-l)~(b-{.l) (4).     (S)xW  .:{x+y  +  l)-^{x  +  y-lf 

=  (a-[-l){b-l)~{a-l){b-^l),     .-.  x+y  =  {{a  +  l){b-l)-{- 
(^a-l){b-^l)}  -r-  {{a-l){b  +  l)-(a-\^l){b-l)\  =  {ab-l)~.a-b, 
.-.  y  =  {ab  —  l)  -H  {ii  —  b)—x\  substitute  this  value  of?/  in  either 
equation. 

24.  /.  (xi-y)^  ^  {x-y)^  =  {a-\-2^{a-2),  or  x  +  y  = 
y(a-f2)--  i/(a-2),     .-.  x-^  y=  {y'(a  +  2)-\- x/{a-2)} -^ 
{|/(rt  +  2)--i/(a  -2)}  =p  suppose.     Similarly,  {l-\-xy}  ~  {\-xy) 
=  ^(b  +  2)~.y(b-2),    :.xy={y'[b  +  2)-y^{b-2)}--- 
{l/(/;+2)-  V(b-2)}=:m  suppose; 

xr/X—  =  x^  =pm,  x=  ±^(pm). 

y 
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25.  Add  the  equations,  xf/-j'//^-{-zx=  j{a-{-b-^c)j 

.'.  xf/  =  h{(i  +  b-c),  i/z,  z:>%  by  symmetry  ;  multiply  these, 
x^tj^z^  =  ^[a-\-b  —  c){b+c  —  a){c-\-a  —  l>),    from    which   xyz    is 
found  ;  divide  this  hy  xy  =  k'  .   ijz  =  &c.,  zx  =  &c. 

26.  See  example  1,  page  187. 

27.  .".  xij-\-ijz  +  zx  =  a  —  x^  =b  —  y^  =c  —  z^  =zv  %\xy)]}0&e,  then 
X—  ^/{cL  —  v),  y—  [/{b~  r),  z=  V{c  —  v),  substituting  these  values 
iu  xy-\-yz-{-zx  =  v  we  get 

l/{a-v){h-v)-{-  \/{b-v){r-v)-{-y^{c-v){a-v)  =  v, 
:.     {^/{a-v)(b-v)  +  ^/{b-v){r-  r}}2  =  {v-y^{c  -v){a-v)\^, 
or    2i/(c  —  v)(a—v)  =  c(i  —  ah—bc-j-2hv,    .•.    4:C(i  —  4i{c-\-a)v  +  4:r'-  = 
{ca  —  ab  —  bc)^-\-4:b{ca  —  ab  —  bc)v-\-\:b^v^,  a  quadratic  from   which 
V  may  be  found  =  +m  suppose,  .*.  a  —  x'^  =  ±ni,  &c. 

28.  (z-hx-y){x+y~z)  =  a,  (y -{-z  —  x){x  +  y  -  z)  =  b, 

(y-\-z -x){z-\-x  —  y\  =  c;   multiply  together  and   extract  root,  .•. 

{x+y-z){y  \-z  —  x){z-{-x  —  i/)  =  i/abc^     .-.    x-\-y-z=  y^{abc)-^c, 

y-{-z—x  =  i/{abc)-^a,  z+x  —  y—  \/{abc)-^c.    Add  last  three  equa- 

/  1        1         1   , 
tioils,    .'.    x->ry-{-z='^/{abc)   I  ""  +  ^'"+7/' 

.*.    x=h  V(abc)     J   4- y  I  ,  y  and  z  by  symmetry. 

29.  x^+y^=az;  from  (2)  and  (3),  x^  -\-y^  =  l{b  +  r)2z^ -h 
^{b-cyz^,  ...  J^zmb+c)^i-{b-c)^}=az,  and  2  =  0,  or  2a-^ 
(b-'+c^)]  if  2  =  0,  then  a;  =  /y  =  0;  if  z  =  2a^{b^+c^)  then  x  = 
Uf^+c)  X  2a-i-  {b^+c^)^a{b  +  c)-^{h2-i-c^),  and  y  =  a{b-  c)  ~ 
(62+c2). 

30.  From  (1)  and(2),  l~a:2  =  (a  +  /;)-^z^  and  1-^y^  =  (a-b) 
-^z\  .'.  l-^x+l-r-f/={i/{a-^b),-^  y/{a~b)}-T-z  =  l-^e,  .*.  z  = 
c{y^{a-hb)+y/{a  -  b)},  x^c{  ^ (a  +  b) -\- y' {a  -  b)}  -i-  ;/ (a  +  6), 
y^c{V{a-^b)+  i/{a-b)}-^V{a-b). 
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81.  From  (2)  and  3),  :c^-if- ^hcz^,  :.  hrz^=az.  z  =  0,  or 
a-z-bc;  if  2  =  0,  then  x  =  y  =  0;  if  z=^a^bc,  then  x  =  o(b -he) -^2b(', 
and  y  =  a{b-c)  ^  2bc. 

32.  (x  +  y){z  +  l)  =  2bz-^a,     :.     x+y  =  2bz-^a{z-f-l),    x-}/  =  2a 
-^(z  +  1),     .-.     x=:{hz'{-a^)^aiz  +  l),    y  =  {bz-a^)---a(z  +  l),      -. 
xy={b^'z^  -a^)-r-a^z-^l)^^iz-l)  ^{z+l),      .:     2=-l,    or 
6V--a4  =  a8(g2  _  1),  and  22(^2  _62;  =  a2(a2  -  1), 
.-.  2  =  a|/(a2-  i)^^(a2-o2). 


CHAPTER  Vn. 


Paper  I.,  page  201. 

1.  Add  coefficients  of  x,    {a-^h-\-c)x,  and  by  symmetry,  the 
same  coefficients  for  y  and  z,     .-.  {a  -\-h  ■\-  c){x-\-y-\-z)- 

2.  (1)  (a:  +  2y)3(a;-2?/)3  =  (ic2_4,/2)3^  &c. 

(2)    2(a262+62c2+c3a2)_^4_64_c4. 

3.  (1)  a:4-6a;3  +  13a;2-12a;  +  4. 

(2)  Factors  of  dividend  are  x" •\-o-\-x~'^y  and  x?—^'^x~^:, 

quotient  =  &c. 

(3)  a;  +ic  +x  +  &c. 

4.  (1)  2:c='«-K'".        (2)    —   _   -^ i. 

b  c  a 

5.  Cube  by  formula  [6] ,  and  for  the  sum  of  the  cubes  suDsti- 
tute  its  vahie  (3)  from  the  given  equation. 

.-.  2  +  3^(l-4a;2)x3  =  27,     .'.  l-4a;2  =  15625 --729, 

.-.  a;=ztl4|/(-19)-J-27. 

4  4  12       • 


^'^  •••   -  ^   +   .12    = 


;.    4-^(a:3-4)  =  3-T-(a;-3),      /.    Sx''-4:x  =  0,     a;  =  0,  or  1^. 

6.  a;  =  number  of  oxen,  320 -f- a:  =  cost  of  each,  320 -j- (a;4-4) 
=  supposed  cost;  difference  of  these  costs  =  4,  /.  a;2-f-4a:-320 
=  0,  or  (a;+20)(a;-16)  =  0,  /.  a;=-20,  or  16.  The  negative 
result  indicates  a  problem  allied  to  the  given  one,  the  words  more 
and  less  being  merely  interchanged. 
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7.  (1)  Divide  numerator  of  first  by  h^,  and  denominator  by  d^y 

and  substitute  for  —:  result  is   b- -^  d'^  :  ■  do  same  in    second 
d 

ratio,  result  is  fc2  ^  ^2^   .-.  &c.  (2).  199. 

8.  AB-{-BC=S2,  BO 4-0 A  =  91,  0A+AB  =  S9.  Subtract 
first  from  second,  ,-.  OA  —  AB  =  15.     Add  result  to  third. 

.-.  2-45  =  74,  and  J5  =  37,   CA  =  52,  £0  =  4:5. 

Paper  IL,  page  208. 

1.  {{aA-b  +  c)-c}^  =  {a-{-b)^. 

2.  Factor  first  quantity,  (a  +  b)^ +c^ -Sah{a-Jrb+c)  = 
{a-\-b  +  c){a^+b- +c'^ —ab  —  bc—ca);  second  quantity  = 
(a+5  +  c)2,  .-.  a  +  b  +  c.         3.   1-^x^. 

4.  (1)  Numerator  =  rt3'«-l4.a-^'»-l  =  («'"-l) 

(aS'"  4- «"»  +  «"»  +  !)  ; 
Denominator  =  rt2'»-a  +  a'«-l  =  (a'" -l)(«'"-f- 1  +  1),   .-.    &c. 
(2)  Numerator  =  («  +  &4-c) 2  ;  denominator  =  a2  —(^b-{-c)^  = 
{a-^b-{-c){a  —  b  —  c),    .'.    (a  +  6  +  «)^-(a  —  6— c). 

5.  (1)  Given  function  of  a;  divided  by  x  —  a,  gives  remainder 
(found  by  substituting  a  for  x),  a^  —pa^-\-qa  —  r,  which,  by  the 
question,  =0,  ;.  the  given  function  is  exactly  divisible  by  x—a. 

(2)  Put  a=-0,  the  expression  becomes  (b-{-c)bc—{b+c)bc  =  0, 
.*.  a  is  a  factor,  and  by  symmetry  h  and  c  are  factors, 
. .  expression  =  nabc ;  put  a  =  6  =  c  =  1  and  n  is  found  =  1. 

i     J.        X  x  (  la  +  h\  2        X 

6.  Given  expression  =  x''  (x'^-^x"  +l)  =  x''^     -~A     + 1  [ 

if2(a2-f62)]  ^  .  ^      ^  .    ,         la'^  —  b^X 

=  ^"|"(a-6)^  ]'  ^"^*iP^y  *^^s  ^y  i  (^^2  +p)  '  and  it 

if«+61      ^.^         fa+6)^2m      ^4.5      (a4-6)!!L±." 
becomes  a;"  1 r \  which  =  j r  ;■  "-** x  — j  =  i r  \ "-« 
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-    7.  (1)  Complete   the  divisions  and  the   equation  reduces  to 
8a;- 16=  16^-9;  .r--|. 

(2)  Equation  reduces  to  2-^(.r3 +  6.rf- 8)  =  25-^- 
(12x24-74a•+112),   .-.  a;  =  4,  or6. 

8.  Let  a;  =  increase,  then  r-T-(/>+ a;)  =  rH-jo  -q;  x-p'^q~-{r-'pq), 

9.  Let  a;  =  third  digit,  .-.  2a;  =  second,  9-a;=^fir8t, .-.  9  +  2a;  =  17, 
^•  =  4;  584. 

10.  First  by  common  rule,  let  x  =  equated  time,  then 
(a-\-h)x=am-^hn.     Second,  suppose  m>?i ;   ih%  interest  oi  %h  ioi 
the  time  x—n,  must  equal  the  discount  of  %a  for  the  time  m  —  Xy 
or  b(x-n)'0b  =  aiin-x)0^-^{l-^{m-x).05),  a  quadratic  lor  de- 
terming  X. 

Paper  III,  page  209. 

1.  (1)  {x+y+z){x-y^z)x    ^±^Jl'  =  {x-z-y){x-z+y) 

x-\-y-\-z 

=  {x-z)^-y2  =  -m.     (2)  a^z-x)-\-(x-y)ah  +  {y-z)b2, 

2.  a-^-b.v+cx^,  which  may  be  found  by  factoring,  as  in  Art. 
XXIII.     3  —  4x-\-lx-  —  10a;  =  square  root. 

8.  (1)  See  Algebra,  page  145.     Equation  reduces  to  form 
1111  ,., 


a;+l     '    a;  +  4         a;+2         x-t3 
(2)  x=^6,  7/ =  9,  z  =  12. 

4.  Let  a;  =  number  of  dozen  bought,      .■.    45r  =  price  paid, 

5.  Let  a;  =  number  of  bushels  in  lower  priced,  .-.   75— a;  =  do. 
in  higher. 

•    40(a;+ :])  =  45a;,     .-.  x  =  W  ^o^en  =  160  oranges. 

^  =  $1.05  lower  priced  per  bushel. 

—   =    $1.20  higher 
75  ^ 

.-.  105a;=(75-a;)120,     .-.  a;  =  40;85. 
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7.  Equation  reduces  to  {4:0x-101){x-S)  =  22(2x-l){x-2), 
whence  ^  =  5,  or  i.     Since  the  given  equation  has  equal  roots, 
ax^  -^Qx+Sl  is  a  compkte  square,  i.e.,  4rt  x81  =  (36)2,  ...  ^  =  4. 

8.  See  Algebra,  page  124. 

9.  Substitute  -(6+c)  lor  a,  -(c-fa)  for  6,  and  -{((-\-b)  fore, 
in  the  given  expression,  and  it  becomes 

-a^{b'^  -c^)-b^{rj  -a^)  -c^{a^  -b^),  which  =  0, 
,.,  aJ^b-\-c  is  a  divisor,  &c.     See  Algebra,  page  43,  prob.  12. 

Paper  IV.,  page  210. 

2.  T;  e  iirst  and  second  fractious  requiring  to  be  inverted  once 
and  three  times  respectively,  will  finally  stand  inverted,  while  the 
third,  requiring  tivo  inversions,  will  stand  unchanged.  .*.  result 
=  a-r-b, 

3.  (1)  {2x-S2j)(2x-hSy),  (2x-32j)(2x  -2y),  {2ij-3y){dx-2y), 
.-.  L.  C.  M.  =  (2a;-3^)(2.r4-8//)(2a;-2//)(3a;-2^). 

(2;  1st.   =(l  +  ic)(14- v/a;);    2nd.=^{l-\- y/x){2x-{-3y/x^}, 
.-.  G.G.M.  1S1+.2*. 

4.  (1)  3i/3  — ,';]  6.  (2)  Extract  the  square  root  and  the 
remainder  is  llx'^if^  ~<-c^!/^,  which  must  =  0,  .-.  c  =  17. 

5.  Left-hand  member  reduces  to  4,  .-.  wi  =  4;  wt  =  some  quan- 
tity involving  x  would  make  the  given  expression  an  equation. 

g       ^{'A-Jt.x)-V{l+x)  y'{2  +  x)-^  ^(l+x) 

2+a;-l-a; 
l-^x-x       "~ 

7.  (1)  Reduces  to  1  :  (.t-|-2)-l -f- (;c- 2)  + 1 -j-(u;- 1),  whence 
a;  =  0,  or  4. 
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(2)  Clearing  second  of  fractions  and  combining  result  with 
first,  .-.  7{Tdy-5x)= -9dx  +  1023y,  or  8y  =  z,  whence  a;  =  8, 
y=l. 

S.  x  =  distance  by  carriage,  y  =  distance  by  train  ; 
thenic-^  10i-y^S6-{-{22i-x-y)^4:  =  l^;  and 
«-^4  +  y  -r-36  +  {22^-x  -y)  -^  10  =  301  -^  VZO  i 
whence  x  =  7i,  y  =  12. 

9.  See  Paper  II.,  prob.  7. 

10.  (1)  Divide  by  ic  -  3,  remainder  is  6y^  +9^  +  18,  which  must 
equal  0;  .-.  y  =  ^{  —  3±\/ -3d. 

(2)  {aj-b)=-l,ab  =  l,   .:  a^-\-ab-{-b2  =  {a  +  by -ab==0, 
.-.     a3-b^  =  (a-b){a^+ab  +  b^)  =  {a~b)x0  =  0. 
Paper  V.,  page  212. 

1.  Sx^-\-  -^^.      2.  Substitute  -  y  for  x  and  the  expression  van- 
ishes; or  expression  is  divisible  by  difference  of  quantities,  i.e.^  by 

{kx-y)  —  {x  -  iy)  =  h{x-\-y). 

3.  (1)  Expression  {{a-{-by^  -{a-by-}^  =  lQa"-b^  -, 

(2)  Expi'ession  =  (a+6  +  c)(rt  +  6-c){c-(a-6)}{c+(a.— 6)} 
=  {(a4-6)3-c2}{c2-(«-6)2},  exi^and  and  substitute 
a5«+i2for  c2. 

{a  +  by  ab^  a^-^ab  +  b^  b 

^'    "lEab^    ^    ^TP    ^    '^4:a{a  +  b)~    "    'Sa' 

5.  Let  a;  =  rate  of  *'  Rothesay  "  per  hour  in  miles, 

"  y=     "  "  City  Toronto "      " 

35  35  42  42 

.-. 1 =    5i  and  ^    -I =6J. 

X  y  ^  x-1  y  ^ 

From  these  equations  a;  =  15  and  y  =  12. 

6.  (1)  Multiply  second  equation  by  2  and  subtract, 

a         .  a 

.-.»=    -g-and2/=  -j-- 
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(2)  Add  28  to  each  side  and  transpose. 

Puta;3  +  5^-}-28  =  a2^   .'.  a^  -  6a  =  24:,  .'.  a  =  S  or-3, 
substitute  in  given  equation,  and  iv  =  4  or  —9. 

7.  hetx  —  1,  a;anda;+l  be  the  numbers, 

.-.  x{x-l){x  +  l)  =  4:8x,  .'.  Nos.  are  6,  7  and  8,  or-6, -7,-8, 

b  c 

8.  (1)  m+7i=    —    —    and  wm  =  — » 

.-.  b= —a{m-\-n)  Sbnd.c  =  amn; 

Substitute  these  values  of  b  and  c  in  ax^+hx-\-c  and  we  have 
ax^  +  bx-\-c  =  r/a;^  +a;{  —  a{m-i-n) }  -{-am,n,  =  a{x  —  m)  {x  —  n). 

b  h 

(2)  Let r  =  each  root,  .*.  2r=  — — ,   .-.  r=  —    ^^j  which  is  the 

value  of  X  in  the  second  equation. 

m^  _n^  x^      m2      ?/3     71^     n^     ???2      w2 -1-712 

a^  '^,~b^    "    ^^+l/'2* 

Paper  VI.,  page  213. 

1.  Numerator  of  first  fraction  is  {a{x^  —  2/^)  +  2/wi/}  ' 

=  a^{x^ -y^)^-^Aabxy{x^  —  y^)+Ab^x^y^;    numerator  of  second 
(by  symmetry) ^fe2(.V 2  -x^)^+4:ba7/x(y^  -x^)-{-4:a^y'^x^,  .-.  their 
sum  is  {a^-{-b^){(x^  -y^)^+4x^y^\  ={a^-hb^){x^-hjr^)^, 
of  which  the  latter  factor  is  cancelled  by  the  denominator. 

2.  (1)  By  common  division  or  by  factoring, 

a2  ^h2  _|.c3  -^ab+ac  -  be. 

(2)  This  is  the  same  form  as  (1),  and  has  for  one  factor, 
U  +^-+.c2)  -  {l-x+x^)  -  2.r}  =  0.     Or  by  formula    [6]    the  first 
three  terms  are  seen  to  be  the  cube  of 

(l-Ha;+x3)-(l-a:+a:2)  =  (2ic)3,  &c. 
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3.  (1)  x^'-\-y^±?,xij.  (2)  (7a;+6y-9)(:p-?/+4).  See  Arts. 
XX.  and  XVII. 

4.  (1)   -20.  (2)  0.  See  Ex.  1,  page  44. 

+  (1-6)  Va.  So  second  term  of  numerator  is  fonnd  to  be 
±(1  —b)i/a,  .'.  i/a  cancels  from  both  terms  of  resulting 
fraction,  and  result  is  b,  or  1-7-6. 

6.  (1)   l-4-«+a-^(l-t-a)  =  2-l-i-(l+^0>l. 

(2)  (a2  +  62)-^a6>2,  z.e.,  if  a^ +62  >2^6,  or  (a- 6)2  >0, 
which  is  the  case,  since  the  square  is  positive. 

7.  (1)  From  second  equation,  x^  +  if  =  ^x^y^^    .-.   from   the 

•first  equation,   x  y^  =  6;  whence  from  first  equation  a; =4  or  9. 
and  from  symmetry,  y  =  9  or  4. 

(2)  Adding  (a;-f-?/-z)  =  6,  and  (l)-(2)  gives  -2x+y+z  =  3, 
thence  ic=l,  y  =  2,  z'=3. 

(8)  Take  together  the  first  and  fourth  factors,  and  also  the 
second  and  third,     .'.  (x^ -{-7x+6)(x^-{'7x-\-12), 
or(a;2+7.f  +  6)2+6(.c2+7a;+6)  =  16,     .-.  (a;2  +  7.c  +  6)  = 
-3i5  =  2,or  -8;  .-.  a;=  ^ --7±v'33),  or  i( -7±|/ -7). 

8.  Let  x-1,  X,  x-^-l  be  the  numbers,  then  {x-l)^+x^-h 
{x-{-l)^  =  16f  x[x+l),  X  is  seen  to  be  a  divisor  of  first  and  third 
cubes  and  .-.  of  the  equation,  .-.  x  =  0',  result  is  7a;2 -38a^  =  24, 
which  gives  a;  =  6,  or  —  f,  .-.  the  required  numbers  are-  1,  0,  1 ; 
5.  G,  7;  or  -V,  -^  f 

9.  (1)  Irrational  and  impossible  roots  enter  in  pairs  in  equa- 
tions whose  coefficients  are  real  and  rational,  .-.  the  required 
equation  is  a;(u;- ;/ -3)(a;-f -j/  — 3)(a?-l  +  |/2)  x  (a;— 1— v'2)x 
/(a;)  =  0,  where/(a;)  =  0  contains  the  other  roots. 
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(2)  \/{pq)  is  a  root  substituting  this  value  for  x  in  the  equa- 
tion   -we    have    pq-{'P\/{pq)+q  =  0,    or    q^ {p  +  ly  =  p^ qt    or 

10.  Let  X  =  number  of  miles  per  hour  of  train  from  A,  and  y  ~ 
number  of  miles  of  train  from  B.  Then  the  whole  distance  =  1^ 
{x-\-y)  and  l^(a;-|-?/)-T-.T  =  first  train's  time  =  second  train's  time 
+  h'lh    minutes  =  l|(a;-f?/) -j- 2/ +  i;    or    by    division,     H+ 

1|(  ^j  =:li  +  H  [--]  +h    or  l^y-^x=i'2.x-^y-rl.  multiply  by 

f   iC    )  2  (  X    ]  X 

Paper  VII.,  page  214. 

2.  First  two  terms  =  0  because  c  is  a  factor  of  each, 
.'.  numerical  value  =  —-01. 

8.  The  quantity  vanishes,  when  x=—a.  or  —6,  &c.  See 
Algebra  page  41. 

4.  (1)  Second  quantity  =  ic3  +  l +2a:2  -  2  =  ^.-^+ :)(a;2-f.a:-l); 
the  first  quantity  does  not  vanish  for  x-\-l  =  0  ;  and  x-+x—l  is 
found  to  be  the  H.C.F. 

(2)  First  expression  when  ia.Gtoi'ed  =  {x-{'y){{x-y){ax+by)}  ; 
Second       "  "  "      =[^-y){(x-\-y){ax-by)}. 

.-.  a:2-?/2=H.  C.  F. 

5.  (1)  First  two  terms  reduces  to  ^irr. ^ — ttt   =    v  o~    ,.» 

12(4aj2-  9)         4a;2—  9 


'.  whole  expression  =    j-r, — r:—  rir  ~f.  =  — ^r?r-^. — 


(2)  Bring  first  two  into  one  fraction  and  do  similarly  with 
second  two,  after  cancelling  we  have 

{(x-a){x+b{  +  {x+a){x-b)} 

{{x-a){x-b]  +  [x-^'^af(x-[-b)l-^'^  -«^)-^(a;^  +  rt6). 
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6.  (1)  ar  =  9.     (2)  Equation  reduces  to 

i5x-4){7x-10)  .'.  x  =  S. 
(3)  Subtract  second  equation  from  first, 
.-.  x^-y^=ax-+by-bx  —  ay,   .-.   {x+y){x-y)=a{x- y)-hh(y-x\ 

Divide  through  by  a;—?/,  .♦.  aj+?/  =  a  — 6,  and  since  x  —  y  is  a 
common  factor,  .-.  x=y,  .-.  &c.  It  is  seen  from  symmetry  that 
x  =  y. 

Paper  VIIL,  page  215. 

2.  (1)  Product=(a:3 -7/3)3(^_2/)  =  .^7  _^e,^_2^4y3_j»2x=' //*-}- 
xy^—y''.  (2)  The  quantity  must  vanish  for  x+p  =  Q,  and  for 
x+q=z(),  and.-.   =x.^-\-{}o-\-q)x-\-pq,  .'.  a=p-i-q,  b=pq. 

3.  (1)  Dividend  =  (a^3_^?/3)2=  (^4- i,)2(^2_^^+^*j2^1iich  divi- 
ded by  (x+y)^,  gives  [x^  -xy+y^)^. 

{2)'Dividend={a^-\-b^+a^b^)(a^+h4:-a^b^  ;   divisor  = 
a4+ft4  +  rt,262,  .-.  quotient  =  &c. 

4.  Let  wbethenumber,  then?i2  4-{i(?i2_i)p=^3_|.^(^2^1)a 

=  i(4n2-f»4_2;i2  4.1)  =  i(^4  4.2n2+l)={^(n2  4.1)}2. 

5.  (1)  Arrange  in  descending  powers  of  x ;  or,  by  inspection. 

6.  (1)  Let  x+m  be  the  C.  M.  then  w^—am+h  =  0,  and 
w.2-a'w-6  =  0,   .-.  '2>n^-{a-\-a')m  =  0,  or  2m-(a+a')  =  0, 

.*.  m  =  |(Vi+a');  or  the  C.  M.  must  measure  the  sum  of  the 
quantites  which  is  2x^-\-[a-^a')x  =  x{2x-{-a  +  a,). 

Al80,m^  ~/t7n-{-b  =  0,  m^ —a'm  —  b  =  0;  express  b  in  terms  of 
a,  ai;  subtract  equations,  .-.  (a-«')m  — 26  =  0,  or  2b  =  [a  —  a')m 
=  (a-a')x|(rt  +  a/),  •'.  U  =  a^-a'i. 

(2)  Factors  of  first  are  x^-{-p^  +px  ;  the  second  =  (x^  -hpx)  ^  —p^ 
^(x^  +px^-p'^){x^-\-px-p^),  .'.  x'^-\-px-\-p^  is  H.  C.  F. 
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(3)  first  =  |(a;+5)0r~4),  second  =  V(a5  4-5)(a5-6),  third  = 
Y[x-^)(x-Q),  .-.  Ij.CM.  =  50ix+5)(x-4:){x-6), 

7.  a  =  0,  b  =  0;  or  a  =  l,  6  =  2.  Let  w  =  value  of  fi-action  for 
all  values  of  x,  .*.  3a;-  —{4:a-{-b)x  +  a-\-2b^  = 

in{5x^  -(8a+6)a;  — a-f  462},  jn  which  coefficients  of  like  powers  of 
X  are  equal,  .-.  5/yi  =  3,  4a-f6  =  (8a  +  6)Mi,  a-i-262  =  (— a+463)wi, 
whence,  &c. 

8.  Transpose  and  square,  the  equation  reduces  to 

16{x  +  l){x  -h  6)  =  9x^  +  90a;+225,  and  a;  =  3,  or  -  43  -^-  7. 

Apparenily  neither  value  satisfies  the  equation ;  but  any  quan- 
tity has  ta;o  square  roots;  and  if  the  negative  root  of  V{x-[-l) 
{x  4-  6)  be  taken,  the  value  3  satisfies  the  equation. 

Paper  IX.,  page  217. 

1.  Quantity  =  (rt 3 -{-n2}(2/m+ a  — 2rt7i-n)+ 

an{2n  +  l-2a  —  l)  =  {a^-\'n2){a-n)-2Lan{a-'7i)  = 
(a-n){a3  _^^3  _  2an)  =  (a-n)3. 

8.  Let  quotients  he  x-^r  and  x  +  s,  respectively,  so  that 
aj3  +ax^  +  h={x^  -i-mx-{-n){x^r)  = 
x'^ -{- {m-\-r)x^  +{7i ■i-mr)x-{-nr,  and  x^-{-px-^q  = 
(a:^  +  nix-{'n){x-\-f<)  =  a;^  +  (vn-f  s)a;-  +  {7i-^ms)x-i-ns, 

Equating  coefficients, 

(1)  a  =  m  +  r,  (4)     w.  +  s  =  0, 

(2)  n  +  mr  =  0»  (5)     n  +  ms  =  p, 

(3)  b  =  nr.  (G)     ns  =  q. 
(0)-(6),         6-y  =  7z(r-s)  =  «r/,  by(l)-(4); 

/.    (6-^)3=n3a3.      Also,  (l)x(6),    6^  =  ^iS,.^  =  ,^3      [fi-om 
(2)  and  (4)],         .-.  (b-q)^=aHq, 
4.  First  quantity  =  (r/a;^ -4-6) (aa:~'^?/~^  — 6) ;  the  seconds: 
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5.  Let  a  =  left  hand  digit  of  A,  and  h  the  right ;  let  c  =  left- 
hand  digit  of  B,  and  d  the  right ;    .-.   \^a-\-h  =  A,  and  10c +fZ  =  B ; 

a — c  =  a;,  lOa  +  6  — 10c  — f/  =  y/,  c-j-tZ  — a  —  6  =  2  ; 
.-.  9a -9c  =  ?/+;>;  =  9aj.     .4,  77  ;  B,  69. 

6.  Let  each  ratio  —  x\  .•.  a=.hx,  h  =  cx,  c=^dx\  .*.  a6c  =  bcdx^, 
and  ic  =  ^-^.     Also  a +b-{-c~(b +6+ d)x,  .-.Arc. 

7.  (1)  Equation,  on  division,  &c.,  becomes 

a  a  x  X       9  ,     /   » 

4-        -     = -f     — ,  &c.     x=±:vab. 

x  —  a         x-\-a         b~x         b-\-x 

(2)  y=V{a-b)~~y'{a-\-b),  x^y'ia+b)  ^  ^/{a  ~b). 

21 

8.  F-i-a  =  cost  of  each  ;    —.b  F  -^-  a  =  selling  price  of  b  sheep, 

AO 

/.    I     —    _    1  ^- (a  —  6)  =  selling  price  of  each  remain- 

\  10  20a  I 

ing  sheep,  =  P(22a  — 216)  -j-20a(a-6). 

9.  a;=lst,  ?/  =  2nd,  .-.  70-(a;+i/)=3rd;    then  ?/-^a;  =  2+1—2;, 
or2,-  =  2u;-fl;  (70 -a;-//)  h-2/  =  3  +  3 --^. 

.-.  x  =  y  =  15',  .-.  7,  15,  48. 

Paper  X.,  page  218. 

1.  Dividend  is  [ax^ -t by ^-^2cxy)(x-\- i/-\-z),  .•.  &o. 

2.  Quantity  must  vanish  when  x=  —1,  .-.  l+p  —  q  \-a^  =  0; 
also  when  a;=  1,  .'.  l-\- p+q-ha^  =0,  from  these  two  q  =  0  and 
l-|-y^4-«^  =  0.  Second,  the  quantity  must  vanish  when  x  =  a,  .-. 
rt4_|_^^tfc2-f  ^^rt-f-a-  =0  and  also  when x=  -a,  .*.  a^  ■\-pa'^ — qa-\-a^=0, 
and  these  two  give  </  =  0,  and  1 4-/7+^2  _o,  the  same  as  before. 
Or  substitute  in  given  expression  the  values  of  p,  q,  from  former, 
and  result  is  plainiy  divisible  by  a;^  —  a^. 

3.  3(first  quantity)  -  second  =  dx^-lOx'' -S  =  i^dx^  +  2)(.t2  -  4), 
of  which  first  factor  is  not  a  CM.  aj^ -4  =  (a;  +  2)(d;-2) ;  the 
quantities  vanish  when  a;  -  2  =  0,  but  not  for  a;+2  =  0,  .-.  a;  —  2  is 
H.  0.  F. 
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X        2x        2  X         X  r,j 

4.  Let  a5  =  distance,  then  To+ir  +  "q"  =  7r  +  -3-+l,  a;  =  24. 

5.  (1)  Square  root  of  first  term  =  6x',  of  last  4^^,  twice  product 
is  4tOx-a'^ ;  but  expression  contains  4:dx^a^,  .*.  9x^a^  is  square 
of  third  term,  .-.  5x^  —  2ax~\-4:a^.  See  example  4,  page  62  of 
Hand-Book. 

(2)  Expression  =  J+2+|^-  jf-+^)l/2+^ 

I X       y  \  '^                   /  X       y         ,   \  '^  ^       „ 

= 1 — ■      - = \-^--vi\    ,.'.  square  root  =&c. 

'.y       X I  \y       X  *  /  ^ 

7.   (1)  x+\+  ^--^  =  ^+1+^-^3^,  .•.7a:-10  =  5x-4;a;=3 

(2)  (4a;-2)2  =  (5a;-3)2-(3a:-l)3  =  2(2a:-2)(4a;-2),   .-. 
4u;-2  =  0,  x=h 

8  Let  2a;,  3a;,  be  number  sides  respectively,  then  4a;  -  4  - 
number  right  angles  in  first.  6a;  — 4  =  number  in  second;  .*. 
(4a;  -  4)-r-2a;,  and  (6a; -4)-^3a;  are  the  magnitudes  of  one  angle 
in  each,  taking  one  right  angle  as  unit,  .-.  (4a.*-4)  — 2x-:  (6a;  — 4) 
-v-3.r,  ::  3  :  4,  and  2a;  =  4,  8a;  =  6. 

Paper  XI.,  page  219. 

1-2.  2.  Let  a;  =  time  for  A,  y  —  iivnQ  for  B  ;  then  1  -f-a;  =  part 
done  by  A  in  1  day,  and  1  -j-?/  =  part  done  by  B.  Also  4  —-dx 
and  3  -^-  2?/  represent  parts  per  day  on  second  supposition, 

1  1  7.4  3  59 

.■.    —  -|_  —   =    — ,  and   —   4-   —    =    — ,  or 

X    ^    y  24  3a;         2y         144 

_L    =    i_,  .-.  i/  =  8,   a;  =  6. 
2^         16' 


3.  (1)  3:d  factor=(2a;''-i-3/)2;  4th  =  (2a;''-3/)2  ;    .-.    entire 

oduct=  (2a;^  +  3/)3  x  (2a;^  -3i/^)3  =  (4a;'  -  9^/ V  =  &«• 
(2)    =  (ia;3  +1^3  +  ixy)[kx^  +  ly^  -  ^xy)  =  ^\x^-^i,y^. 
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4.  (1)  x^+S  +  dx--.  (2)  By  Horner's  Division,  or  by  factor- 
ing,  x^~{a  +  />)x-c. 

5.  =;r2»-i(a;'^'«---"+2_l),  which  vanishes  for  x  =  l,  and  x=~l,- 
since  2m—2n-{-2  =  2{rn~n  +  l)  is  necessarily  even. 

6.  Add  the  fractions  ;  numerator  = 

(a^  -bc){h-{.c)~\-{}i^^-ca){c  +  a)  +  {c^  -ab){a+b), 
which  vanishes  for  a  =  0,    and   .-.  for  6  =  0,  and  c  =  0.     Also  it 
vanishes  for  a 4- 6  =  0,    .*.  for  b-{-c  =  0,    andc4-a  =  0,  i.^.,  it  van- 
ishes for  six  differe  t  factors,  .'.it  vanishes  identically. 

14  2  3 

7.  (1)  Equation  reduces  to  ^-i  +  ,_^^=--:f.2+^-^3.  or 

-x-~{x-{-l){x-{-2)=  -x---{x+S){x+4:),  .'.  x  =  0,  or   -2^ 

21 (  X  ]      lOQ (  y  ] 

(2)-|(;,2+^2)_|=  _|(^2_y2)^|  or  63^4+63.;^v2  = 

400a;22/2-400?/2,  or  (7^--25y2)(9a;2_i62/3)  =  o,  .-.  9x^--lGy^ 
=  0,  and  x=±:ii/,  substitute  in  first  equation,  yz=±S,  or  +i/  — 9 

Paper  XII.,  page  220. 

2.  {a+b){a-b)  =  rr--b^;  (a-b){a-{-b){a^ -i-b^)  =  a^ -b^,  &c., 
2.^.,  the  product  of  thi-ee  factors  =  a^ft*  ;  oi  four^a^  —  b^  oi  Jive, 
=  ai6_z,i6   ;    ;.    ofn-fl,  a^-i". 

3.  Apply  Horner's  method, 

1       -1 

+2         H-2         +4         4-8  


1  -fl  -1-2  -f4  4-8   -h 

or  1-faj-f  2a; 3 -|- 4^3 4- 8.C '*-{-..... In  this  series  note  that 

(1)  the  index  oi  x  in  any  term  is  one  less  than  the  number  of 
the  term;  (2)  the  coefficient  of  any  term  is  that  power  of  2 
whose  index  is  two  less  than  the  number  of  the  term. 

(3)  the  remainder  after  any  term  =  next  following  term. 

,.,  (^-^i)th  term  =  2'-V,  and  the  required  remainders 2' u;'+i. 
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4.  X  and  3-a;  =  the  parts,  then  a;- -  (3 -.^)2  =(a;+3  -  cc)  x 
{a;-(3-x)}=3{a;-(3-a;)}. 

5.  (Difference  of  the  quantities) -=- 6a; -1 —  '5.x-i- 6^2^  which 
divides  the  second  quantity,  and  also  the  first  giving  quotient, 
1_3^_4^2,  ...  L.C.M.  =  (l-3a;-4a;3)(l-2a;-13a:3  + 

33x-3 -24.1-4). 

t 

6.  Expression  \^  x^^^mx^-\-x''-{;m-\-^n\j))-\-x{2mn-\-q)-\-n'^  \ 
the  first  two  terms  of  the  root  must  be  x-  +  /;?a;  and  the  last  term 
ti,  .-.  the  expression  must  be  {x^  ■\-%-iix-\-nY  =  x^ -^%i\x^  ■\- 
a:2(,/f2_^27i)+2»ma;+w2,  equating  coefficients  we  have  m2-}-2w  = 
7w  +  2«4-/^,  .*.  m^  —in=p,  and  2mn  =  'lmn-\-q,  .-.  q  =  0;  and  n  is 
independent  of  the  others  and  may  have  any  relation  to  them. 

7.  (1)    Reduce*  the  fractions  and  add,  .*.  2-\-ix^ ^:i{\—x^), 
a:2  =  (rt-2)-h(a  +  4).     (2)  Reduce  first  fraction,  .-. 
Vcix-~b-{yax~b)-i-n~c,   .*.  '[/x=  {b{;n  —  l)  —  cii}~- ^a{n  —  l). 

112       2       3       3 

(3)  Equations  reduce  to 1 = 1 = i -1,  .*. 

^  '      ^  X       y       z       x       z       y 

3(7-1-)  =1  ''"^  M't+t)  =!••••  2'  =  ^- -=l^-^= -12- 


z  {a-l)z         {(^a~l)b-a}z 


9.  x=:fcens,  ?/ the  units,  then  10a;  +  y  =  the  number,  .-.  x-\-y  =  10, 
20u;-i-2//  — 1  =  10^  + ic,  whence  x=  ,  y  =  7. 

Paper  XIII.,  page  221. 

1.  The  factors  of  the  numerator  are  a^  —b^,  b^  —  c^    c^—a^^ 
.'.  the  expression  = 

f(«2  _62)(62  -c^)(c^  -a2)}  ^  {{a-hb)(b+c)0  fa)} 
=  ^a^6)(6-c)(c-a)  =  (2.^-3^)(3:^-40(4i-    2^)  =  2. 
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2.  a- b  becomes  {{a+x) —  {h-{-x)}  =a-b,  .-.  b~c  and  c— a 
also  remain  the  same  as  before.  .-.  the  expression  would  still  be 
{a  —  h){h  —  c){c—a),  which  =  2,  when  a  =  2^,  6,  3^  ;  c,  4^. 

8.  {l-{-a^x)(l-{-a2x) (l-\-a^x).  The  first  term  of  pro- 
duct is  evidently  1 ;  to  obtain  the  second  term  a^x  would  be 
multiplied  into  the  product  of  the  first  ter^ms  of  all  the  factors, 
leaving  out  the  first;  this  gives  a^^x;  similarly,  a^x  multiplied 
into  the  product  of  the  first  terms  of  all  the  factors  excepting 
the  second  =  a2^'>  &c. 

.*.  the  second  term  =  (rtj+«2  4- -frt„)a;,  the  third  = 

(a^ag +<*i«^3  + 4-«i«„  +  a2^3+^2^4  + )^^ 

.-.    (l+a,x)(l  +  a^x) {l+a,^x)  =  l  +  C^x  +  C2X^-\- 

where  0^  is  the  sum  of  the    combiuations   of  a^  a.^  a^ a, 

taken  one  at  a  time ;  C^  the  sum  of  combinations  oi  a^a^a^ a„ 

taken  two  at  a  time. 

4.  Let  a;  =  sum  lent  at  8^  per  cent., 

2/=         "  9 

then  x-\-y=^  whole  sum  borrowed  ; 

8ix  9^  JL(-^+y)+75 

100  ^   100         loO^       ^', 

100  ^  100         100^      -^ 

100^      *^^      100^      *^^      100^      -^^ 

b  'c  —  he'      _ca'  —  c  'a 

5.  ax  +  by  =  c,  a'x-{-b'y  =  c'  x= -^—'V'^ ~ a'b^aV'' 

m{b'c  —  bc')  —  n{cn,'  —  c'a) 

.'.  mx-\-ny=    -^ — — ^ 

ab'  —  a'o 
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This  value  is  indeterminate  when  m{b'c~bc')=n{ca'  —  c'a)  and 

m  ca'  —  c'a  a  h 

ab'  =  ab,  i.e.,  when—    =    p^-^and-^    =    -^. 

ag  ao+^«3  + +«^„ 

.-.  ai(a2  +  rt3  + -|-a^)_a2(ai4-a^2  + «n-i)  =  ^. 

.'.  («!  — rt2)(«l  +^2  + +^n)  =  «^'  -  '<2^*n. 

•••  «l+«2+«3  + «n=    -^— V-- 

7.  «+/3=(a:^+/)^.-.  r(^-+/3)  =  x^ -h/, 

.*.   (a+/3)'  +  («-  ^)=^-2a^  =  0. 

8.  aaia;2-j-6ai.c-hcaj  =0     (3)  aa^x^-\-ab^x  +  ac^=0     (4), 

(8)-(4)  .-.   {a^b-ah^)x==aci-a^c,    .-.   ^=  ^  ^_^^  ' 

Again,  aCjic2_|_/^Cja;+cc^  ^0     (5)  ajCic^+iiCic+cCj  =0-    (6) 

(5)  — (6)  (acj  -aic)aj2  =  (^>jC  -fecjo:  or  (acy  -«,c)a;  =  (6jC— &3,) 

b.c—bc.  h.c—hc.  ac.—a,c 

x—    -^ i    .     --^ L    =    — i 1-, 

ac,— ^jC  *'    ac^—a^c         a^b  —  ab^ 

,'.  (ab^  —a^b)(bc^  —by(')  =  [aCy^  —a^c)^. 

9.  Let  a;  =  left-hand  digit,  y/ =  right-hand  digit, 

:.    {10x+y)  +  {lOy+x)=^V21,     .-,  x+y  =  n  (S) 

(10a;+.'/)-(10y+a;)  =  9,         .'.  ^-?/  =  l  (4) 

From  (3)  and  (4)   a:  =  6,  y  =  5,     .'.  number  required  is  Qb. 
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Paper  XIV.,  page  222. 

1.  The  expression  vanishes  when  a  =  0,  .*.  «  is  a  factor,  and  by 
symmetry,  b  and  c  are  factors  ;  /.  the  expression  =  nabo  where  n 
is  numerical. 

Let  a  =  b  =  c  =  lj  and  then  ??=  12,  .-.  the  expression  =  12abc. 

-2{x'y'-}-y'z'+z'x')  =  x'^+y'^+z'\ 
.•.{x^-^y'^+z^){x'y''hy'z'+z'x')  =  {x'^+y'^+z'^){xy  +  yz+zx), 

hence  x'-yz-x-y'z'+y'^zx—y^z'x'~\-z'^xy—z^x'y'  (1) 

=  x'^x\z'+y')-xx'^z-^y)-hyhj'ix'-^z')-yy'^{z+x)     ■ 

-\-z^z'{y'-\-x')-zz'^y-i-x) 
=  x^x'{-x')-xx'^{-x)+y^y'{-y')-yy'^-y)+z^z'(-z') 

-z'z^-z')  =  x^x'^-x^x'^-h&e.  =  0, 
a^{yz-y'z')'hh^{zx-z'x')  +  c^{xy-x'y') 
=  {x^+x'^){yz-y'z')  +  {y^-{-y'^-){zx-z'x') 

+  {z^+z'^){xy-x'y') 
=  xyz{x  +  y-\-z)-x'y'z'{x'+y'-^z') 

-\-(x'-yz-x^y'z'-\-y'^zx-'y^zx'+z'^xy~z^x'y')  =  0. 

4.  Let  ic+dist.  and  2/  =  Q's  rate,  then  |a;-f-4  =  ^.'c-j-(?/  — 1) 

.-.  y  =  5,SL\8o^x^S  =  l-x-^y4-^^,  .-.  ix  =  j^jjX+%^,  a;  =  8  mis. 

am 

5.  (!)  x{mn  —  n^)  =  arn^  —  am?!,  X  = 

(2)  Add  twice  the  second  equation  to  the  first,  then 
(x2+z/2)2  +  (a;3-fi/2)-182  =  0,.-.  (;c2  +  7/2-13)(a?2+j,2  +  i4)==0, 
;.  x2+2/2  =  13ora;2  4.y2  =  _i4 (3) 

.-.  ar3y2=49-13or49  +  14,  a://=±6or  ±3^/7   (4) 

taking  ic2 +2/^  =  13  andiC2/=±6,  {x+y)^  =  2o  or  1, 

.-.  x-\-y=  ±:5  or  +1,  (x  —  y)^  =  1  or  55,  x—  y=  ±1  or  -±5,  &c. 
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G.  Let  X  and  y  be  the  numbers,  then  ^(x  —  y)  =  i(.^  -•-?/)  =  |^> 
iix -  y)  =  ^xt/ =  ^x,  -'■  ^x  =  lxy,  :.  since  a;  cannot  =U,  ^  =  2,^ 

x-hy         x  —  y  2y  ^x 

Paper  XV.,  page  222. 

2.  From  formula  [8]    the  expression  =  0-}-(c —a)^  =  ^. 

3.  c^(c^-bd)  +  d^{b^-ac)-^ac{ad-bc). 

4.  Let  a;  represent  the  time  afternoon,  then  )7ix  =  nx-{-2,  .*.  x  = 
'A~-  {m  —  n),  Ifm  — w  is  negative,  x  is  negative,  which  shows 
that  they  were  together  before  noon.  If  m  -  n  =  0,  a;  is  infinite, 
which  shows  that  they  are  never  together. 

5.  (1)  (x+aXx—^a),  x'^{x+a),  ~x^{x~a),  .-.  the  LC.M.  is 
x^{:X+a){x-a){x-2a). 

(2)  Quantities  are  {x  —  a)(x-\-a){x—y),  and  (x-{-(i)(x-{-y){x~y)y 
:.   L.  C.  M.  is  (a;2-a3)(^3_,^3). 

6.  (1)  First  fraction  reduces  to  {a-\-b-c+d)  -^  {a+b  +  G-\'d), 
:.  by  symmetry  the  denominators  of  the  others  are  the  same, 
and  the  numerators  also  can  be  written  down  at  once. 

/.  result  is  {a-\-b  +  c~\-M)  -r-  {a-{-b-\-c+d).  ^ 

(2)  {x-\'y+z)-T{x-yhz);  3a~-(a-{-b). 

7.  Multiply  sum   of  first  and  second  by  h,  and  arrange  result,  ; 
.-.  ab{x-hy  - 2)  +  bc{x-y-z)  =  26^ (^c-a)-\-ab{a-^b)  -  bc{b-\-c). 

and  by  symmetry  two  similar  results  may  be  written  down,  ,-^ 
the  three  results,  .-.  2a^{b-c)-{-2b^{c-a)+2c'{a-b)  =  0. 

8.  10x  +  y=P,lOy-^x=Q,  ..  P+Q=n{x-j-y),  and  i-'-Q- 
y(x--2/),    .-.  U{x+y}xd{x-y)  =  d{x-y)xll{x-hy),m  identity. 
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Paper  XVI.,  page  224. 

1.     (^2  4./,2)(.^2  _^^2  j(«'i  _./,3)(a;2  _^2)  =  (^4  _  64)(a;4  _^4)  ; 

{(a-b)  +  {b-c)  +  {c-a)}'^=0, 
...  (^a-b)^  +  {b  -  c)^  -^{c - a^)  -{-2{a  -b){b -c)-\-2{a-b){c—a)  + 

2{b-c)(c-a)  =  0, 
...  (^a-b)^-^{b-c)^  +  {c-ay^  =  '2,[a-b){a-c)-j-2[b-c){b-a)-\- 

2(c-b}{c-a). 

,^        a  — a  s  —  b  s  —  c,g. 

Z.        -  —   _i_   4- -{-  &c.  to  n  terms  = 

s        '        s  s 


m  —  a  —  h  —  cton  terms 


71S  —  S         sln  —  1)  - 


3.  First  let  a  —  h,b  —  c,  c— a  =  three  positive  quantities  him. 
Adding,  0  =  k-\-l  +  m.  sum  of  three  positive  quantities  zero,  which 
is  impossible.  Similarly,  a—b,  b  —  c,  c  —  a,  can  be  proved  not  all 
negative. 

4.  2x*-Sx^+4x+S. 

5.  See  Paper  XIX.,  prob.  4.  The  value  of  (p  —  q)^  found  as 
there  indicated,  will  vanish  if  any  of  the  given  conditions  hold, 
unless  also  a-{-b  =  c-^d,  in  which  case  the  value  is  0^0. 

6.  .-.  x^"  -^  ai/'"'  =  a;"  -f-  b{x  -  yf 

.-.   ^  _   ^   =   ah    and  ^   =   ill  +  \//rt^+46^]  1. 

bn  4i- 

7.  See  Prob.  12,  Ex.  XLI. 

8.  Let  ic  =  distance  from  the  station  (P.)  to  the  point  where  A 
overtook  B,  and  a^— 6*= distance  from  station  (Q.) 

.".  x-^a  =  {;x~  c)-^b,  x  =  ac-^(a  —  b). 
If  a  <  6,  CB  is  negative  and  must  be  reckoned  to  left  of  P,  and  A  must 
have  overtaken  B  before  they  reached  ihe  points  P,  Q,  respect- 
ively, or  they  must  have  been  moving  in  the  opposite  direction, 
and  B  must  have  overtaken  A  at  some  point  to  the  left  oi  P. 
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Paper  XVII.,  page  225. 


1.    1  - 


a  +  b         ab-{a-Yb) 


(lb  (lb 

2.  (1)    ={^  +  bY-a}{{x-bY-a] 

=  {x^-  ~b^Y  -  a{{x-\-bY-^  +[x  -  hy]  -\.a'^ 

(2)  8a2     2a6-10ac- 362 +26-2  4- 56c. 
8.  (1)  If  x-\-a  is  a  factor  of  x^  -\-px-\-q, 

thQTix^-\-px-\-q  =  {x  +  a)    ix-\-—\, 

hence7J  =  a+— ,  .*.  —  =p—a. 
a  a 

Hence,  x-  +px+q  =  {x-{-a){x+p  -  a). 
Similarly,  x^ -\-px' -[-q'  =  {x+a){x-\-p'  —a). 
L.  C.  M.  =  product  divided  by  H.  C.  F., 

_  {x+a){x-\-a){x-\-p  —  a){xi-p'- a) 

x+a 

=    {x  +  a){x+p-a}{x-]-p'-a). 

(h)  Difference  =  ^—    4- +  =  3,  which  is  inde- 

x  —  ax  —  b'x-c 

pendent  of  x. 

4.  By  Art  XXXVII., 

bx-\-cy-\-dz   _    (a-|-64-c+t^)a;4-anal.4-anal.    _   x+y  +  z 

5^:7+7^  a    ~  2(a+6  +  c+f?)  ""         2 

6.  Substituting  3  for  ic,  the  two  sides  of  the  equation  become 
equal. 

6.   :c3  -H  -L  +  3    lx-\-—\  =  lx+l-\^     Section  II.  [51 . 
x^  \  xj       \  xj 

Hence     ix  +  —      =wi,  and  Uc  -  —      =«, 

;.     X  +  -—  =  f^m,  and  x  —  —  =  ^n ; 

X  X 
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O  no 

1x  =  f^m  +  pK7i  ;  and  _  =  ^m.  -  f'n  ;    /.  w*  -  /i^  =  4. 
a; 

i-  +  i-  _  -L  -    „-i  _ 

a  b  c     ~    a-\-b  —  c^ 

Then  1  +   1  -  1  :   -  1--    =   0. 

rt  0  C  rt-f-0  — c 

Now,  let  a  =  -  />,  and  expression  becomes  zero  ; 

Hence       «  +  />  is  a  factor, 

Similarly  a-c        " 

And  b-c        " 

Hence,  expression  =  //<(«  +  />)(«  —  c){b  -c)  =  o\ 
.'.  one,  at  least,  of  factors  =  o; 
.*.  a,  h,  c,  cannot  be  all  different. 

H.  Let  a;  =  number  of  gallons  drawn  from  first  cask. 

Then6+c-^=        "  "  "         second  cask. 

m  p 

Hence     — —  ^H — -.—  {h  +  c-rx)  =  b. 

.♦.  X  =     ^~^^     (m-{-w), 
mq  —pn 

A  u  *  vic  —  bn.     ,    X 

viq—pn 

Paper  XVIIL,  page  226. 

1.  (1)  {l-x){l-hx){l-]-x^){l-\-x^){i-^x^)  =  l-x^^. 
(2)  Theory  of  Divisor,  page  89. 

2.  Since  a{b-c)^-c{b  +  c)^=o 


a          Ib-^c^           Va          b  +  c 
c     ~   \b-c  1            y'^c           b-c 

h 
c 

c       V(i+  v/c           b 
b       y/o.  —  \/c           c 

x|   =   l. 

3.  Let  «  =  A's  age,  and  2  =  B's  age. 

.-.  «— y=|(it+i/);   . 

,-.  a;  =  4y. 
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Also,  father's  age  =  2?/+ 5a!,  and  mother's  a,ge  =  6x  —  2y, 

and  ^!^:z^  =  ^^y^^y.  =  A. 

5x-i-22j  2U//  +  22/ 

.'.  mother's  age  is  j^j  of  father's. 

4.  The  difference  between  the  quantities  is 

{a-b)x^-  -2{a^  -h2)x-h{a+b){a^  -b^)  =  {a-b){x-{a+h)]^- 

and  the  H.  C.  F.  is  a  factor  of  this  difference.  But  it  cannot  be 
a  —  b,  fora;^  is  not  divisible  by  a  — 6  ;  neither  can  it  be  {x—{a-\-b)}^, 
for  (a4-6)2  will  not  divide  a^(a-^b)  nor  b^{a-\-b).  Hence,  if  the 
quantities  have  a  common  measure  it  must  be  x  —  a—b,  and  this, 
by  trial,  is  found  to  be  a  factor. 

6.  Identity  holds  if  (a-\-b—c)^+{c-\-a-b)^  = 

2{(6+c)3_(64-o  -rt)3},  if  (^a-j-b-c)^-{a+b-c){c+a-b) 
=  {b+cy-+{b+c){b-^c-a)  +  {b-\-c-a)^,  if  a{b+G)=Uc.      Or 
add  and  subtract  {'i  +  b-\-c}^,  and  apply  identity  in   q.  7,  page 
36,  Hand-Book. 

6.  (1)  Bookwork. 

(2)  Multiply  out  and  extract  the  root  in  the  ordinary  way ; 

tne  vault  is  x^  -xy  —  xz  —  yz. 

a-\-b  b 

x-y     _      a—b    ~     a  a2  +  />2     ^ 

1-hxy    ~  a  +  b      b     ~    a2~+62~ 

1  +        -, 

a  —  b      a 

8.  (1)  a;  =  9a. 

(2)  Square  and  simplify,  and 
4.c4-8a;3+3  =  0 
or  (2.c3-l)(2.r2-3)  =  0 

.-.  (2a;-'-l  =  0,  ora;=-4-  L 

~  V'2 

and  2x-  -  3  =  0,  or  a;  =  ±  y  |  =  ^  -v/6. 

9.  Let  X  =  one  parf,  then  2 1  -  a;  =  the  other  ; 
10a;  =  9(21-a;)-fl;  .-.  a;  =  10  and  21-a;=lJ, 
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Paper  XIX.,  page  227. 

1.  =}(x-2a  +  l)(4:X-a  +  l)xUx-^4a-jl){ix-a+l)~ 

^{x-2a  +  l){x-\-ia-2)  =  i(4:X-a-hl)K 

2.  From   the  conditions  xy-\-yz+zx  —  0 (1),  and  x^+y^->r 

z'^=0 (2). 

Also  by  formula  [8]  and  (2), 

(^2_^^2_^2;2)3=:;c6_^^6+26_3^2^2^2^0 (3). 

{x+y  +  zY  =  x^  -^y^-\-z^  -dxyz  =  0...{^)  now  divide  (3)  by  (4). 

3.  (1)  (5a;-l)(4a;+lj,  and  (5a;3-l)(15a;2+3a;-f-3),  .-.  5ic2_i 
=  H.  C.  F. 

(2)   {x^yY  =lxy{x+y){x'^+xy+y^)\ 

.*.  the  latter  factor  is  the  H.  C.  F. 

4.  First  eliminate  xy,  and  find  the  value  oi  x+y,  hence  [x+yY 
is  known  ;  second,  eliminate  x  +  ?/,  and  find  the  value  of  4a;//, 
which  subtract  from  that  of  {x  +  y)^  and  (x—y)^  is  found.     Or, 

ab-{a^b){x-^7/)i-4:xy  =  0 (1), 

cd-{c-{-d){x-¥y)-{-ixy  =  0 (2), 

and  let  (x-yY=z (3). 

(2)-(4)  .-.  {a-^b-c-d){x-{-y)  =  ab-cd (4) 

(l)  +  (3)  .-.  ab-(a  +  h)(x  +  y)-^(x-\-yY=z, 

or  {a-(x+y)}{b-{x+y)\=4: (5). 

But  {a-\-h-c-d){a-{x  +  y)\ 

=  a^  —  ac~  ad-\-cd  =:{a-  c) (a — d) (6). 

And  {a  +  h~c-d){b-{xi-y)}={b-c){b-d) (7). 

(5),  (6),  (7).         ■■•{a-hb-c-dYz  =  {a  +  b-c-dY{a-{x-hy)}x 

{h-{x+y)}  =  (a-c){a-d){b-c){b-d) (8). 

(3),  (8)        .-.  {.L--yY={n-c){a-d)(b-c)(h-d)~{a-{-b-c-d)K 
6,  Add  (1)  and  (2)  and  z  is  found  at  once  =  bx+ay,   which 
substitute  in  (2),  and  we  get 

2/2(1  -  a^)=x^{l-b^)  =  (by  symmetry)  z^(l  -  c^) 

..  a;2^(l-a2)  =  2/'^-^(l-62)  =  52_^(l_c2). 

6.  Apply  (6)  page  122.     a;  =  (a+2)2-^(4a2H-4a). 
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7.  Extract  square  root,  remainder  is 

-a;(3«34-3rt7>3)4-(27?3)2_  1(353  _^2)2^ 

whence  x  =  {lb^  -  a^)-^12a. 

8.  Let  ic  =  number  women,  then  a: +  4  =  number  men,  2a; +14 
=  number  children      .-.  4a;  -t- 18  =  90,  a;  =  18. 

Paper  XX.,  page  228. 
1.  {l+7n)x-\-{l  —  n)y.     (2)  The  remainder  is  {vi^  —n- pm-{-q)x 
-\-mn  —  pn+r,  which  must  vanish  for  all  values  of  x,  :. 
1)1^ —  n—pm-i-q  =  0,  or  p  =  (m^ —n-\-q)  ~m  ;  also  mn—pn-^r  =  Of 
.-,  p  =  [mn-\-r)  -r-n;  equate  these  two  values  of  p,  and 
nq  —  n^  =rin. 

3.  {x'-\)(x^-px  +  q),   Midi   {x^-l){x^-qx+p),    .-.  x^ -1   is 
the  H.  C.  F. 

4.  (1)    ={x+!/-z)(y+z-x){z+x-ij)^{x+y+z)^. 

(2)    {a^b-2ab^  -a^-{-ab^+b^}  ^(^4-^4). 
6.  Equation  reduces  to  2^-{8x  —  9)-l-^  (4a;  -- 3)  = 
l^(4a;-5)-2-f-(8a;--7),  whence  a;  =1. 

6.  a'\cb'-bc'}  +  b\ac'-a'c)-^c'Xa'b-ab')  =  0. 

7.  (l).=  Vp-("^^^         (2)  .  =  2,  .,  =  3,  .  =  4. 

8.  Let  a;  =  number  of  first  kind,  .-.  c— a;  =  that  of  second, 

.*.   —  -i.   — ^^  =  1,  whence  a;  =  rt(6  — c) -j-(6  — a), 
a  b 

c  —  x=b{c  —  a)  -T-  (b  —  a). 

9.  Let  a;  miles  per  hour  =  rate  at  starting,     .-.  4^ -^  a;  =  time 
required  to  walk  distance,  and  IJ  ^  a:  =  time  for  1^  miles; 

..  l\^x+\  +  'd^{x-\-l^)  =  4:^-^x,  whence  a;  =  3. 

'  ^  h^    ~  d^    ~   b-^-\-d^'  b'^    ~   d^   "  bU^    =   d^ 

.'.  {a^  +  c^)-^{b^-\-d^)=a^c'^^b'W\  (2)  2000. 

(3)  Quantity  vanishes  for  a+ 6  =  0,         .-.   (a  +  6)(6-f-c)(c+a. 
Numerical  factor  =  3. 
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NoTK — References  are  to  the  "Hand  Bnnh." 
Q.  5,  page  14.     By  No.  2,  Ex.  V.   {ax  +  l>ii-\-<'zy -\-{(^y-bx)^ 
^(a-  -^h^-)(x.^  ■¥ir^)-^e-z^--\-2cz{ax'^by).     Also 

Now  add,  .'.  &c. 

9,  p.  14.    By  Ex.  I.,  p.  11.     2{a^ +  }>''■- x^V  ■^- {a] -rb\-x''Y 
=  {a^  j^h2  j^a]-{-h]-2x^)^  +  {{<r'  -^u^  )  -{a^  +  b])}^ .     Also 
{{(i^^-b^)-{a\-^b\)y--4:{ab-\-a^b^)^  =  {{a-\-b)^-{a,  -bj'x 
{{a-by-(a^+b,)^\^(a-}-b-ha,  -b,){a  +  b--a,+b^)K 
(a-64-aj4-&i)(rt-&-rti-6J; 

.'.  2{{a^+b^-x^-y  +  {a]-\-b]~x^)''-2{ab-\-a^b^)2} 
=.{a^+b^-\-a]b\-2x'^)^-{a-{-b-{-a,  -6J 
x{a  +  b~ai+bi){-a-\-b-{-a^+h^)  ; 
similarly  for  2  { {a  2  +  a^  -  a;2 ) 3  4. &c. } . 

5,  p.  43,  is  not  a  case  of  exact  division  :  remainder  can  be  easily 

found. 

a  +  h  b  +  d 

70.  p.  164.  —^  -  ^--(-^-j^2c^^-,)   = 

a+c  c  +  d  {a-d)x-a(a  +  2b-{-2r-^d)-2bc 

x^c   ~   x-{aV2l^r  +  d)    "  {x-'b){x—{ci+b  +  2c-hd)} 

{a-d)x-a(a  +  2b-{-2c-^d)-2bc 
~        {x^'cj{x-~{'c  4-26  +~c  -fd) } 

:.  a-d)x-a{a'\'2b-\-2c-{-d)  —  2bc  —  0,  unless  the  denominators 
are  equal,  i.e.,  b{a'^b+2tC-i-d)^c{a'\-2b-\-c-{-  d),  which  reduces  to 
6  =  c,  or  a-f  64-c+6/  =  0. 
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80,  p.  165.      :.  m{a-h)l-!l-    -    -^^  a. 
[x—m         x  —  q\ 

^         '\x—n  x  —  q)  -^^  [x—p  x  —  q) 

m(a  —  h)im-q)x       n(b-c)(n  —  q)x       p{c-d){p  —  q)x  _.q 
{x-m){x—q)  {x—n){x-q)  {x  —  'p){x-q) 

.\x  =  0  {or,  wi(rt— 6)(w-^)-i-(ic— wi)(a;  — ^)4-&c.=0}. 
Pp.  175,  176,  177,  Exercise  LVL 
75-87.     Let  a—x  =  k'\-y,  x  —  b  =  k  —  y,  a  =  Jc-\-'m  and  .*. 

—  b  =  k  —  mf  from  which  it  follows  that  2k- a— h,  2m=:a-\-b^ 
and  y=^{a-\'b)  —  x  =  m—x.  Also  let  j  be  defined  by  the 
equation  j  3 -|- 1=0. 

77     (fe+?/)^  +  (^-y)^    _    (k  +  m)^-{-ik-rn)^ 
{h-\-yY+{k-y)^         {k-\-m.Y-\-{Ji-vi)^ 

.        ^•4  +  6A'27/2+7/4       ^     /c3+7/3 

.     y^~m^-\-Gk^{y^-m^)         y^ -m.^ 


78. 


or 


A;4  +  6A;2m3+m4  k^-\.m^ 

.',  y^  —  m^  =0,  and  .'.  ?/j+w  =  0,  or  2/^  — w  =  0.     (By  J) 

or   -^ — !- =:    ,  and  .-. 

k^-i-Gk^m'-Jrm^'  k^-\-m^ 

(5/^3 +,,3)^3      _  ,  j-(5/.3+^3)^3      _ 

•■•  2/3  =i^'^^  2/4  =  — i^^  in  which  r-  =  (5/(;3-|-?;i3)  _j_  (;i;2_^„j2)^ 

(/i;_|-,y)  3  +  (^  _  ^^yS      -      (A;-f  y„)  3  +  (^  _  „i)  3 

A:-t+6^'3y/2-f7y4     ^    kS-\-3ky^ 
/c4+6/r2«t2  +  „i4    -    //3+3^)^3 
2/*-w4+6^2,y2_„j2)    ^    3/«:(?/2_m3) 
P+6Pm24r^iiS         "■      k^-\-Skui^' 
.*.  ?/2— m  =  0,  and  .*.  2/1 +77i  =  0,  7/3  — ?;i  =  0, 

k*  +  6k-m^+m*         k^  +  3m^  "  k'+3m^ 
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{k+yY  +  {k-yY    "    (k+mY  +  {k-m)* 
k^-{-10k^m^+5km^    ~   k^  i- Skm^ 

82. 


or 


5{y^-m^)-\-10k^{y^-7n^)         3(?/2-m2) 

2/2  _m2  =0,  and  .'.  i/i -|-??i  =  0,  7/3—^  =  0, 

5(y^+wtg)  +  lQ^^    _         3 
^4  +  10A;2^s  4757^4    -   A;3+3wi^* 

.      A:4 +6^31/3  4  2/4  2/2-;j;2 

y^-m^+Qk^{y^-m^)         y^-m^ 
p4^Fm2 +wi4"~    =    tn^'Sk^ 
...    2/^-m-0,orXl+-^'+6y&3  1 


^4  4-6^'2,„,2_}.„,4    -    m^_j.y 

81         •      (/fc  +  y)^+(^-i/)3     ^     (/c+m)34-(yt-j|,i)3 

A;3  +  3^3     ^    ^4_2^3y2  4.2^4 

3(?/2  -  w,3    _    ^*  -  m4  -  2/f2(2/2  _  ^2^ 
"^a+Sma     "         F^"2A;3„j2  ^.  „j4 

.'.  y^  -m^  =0,  or   ~    -P-..J. 

^  k^  +  Sm^         k*-2k^m2-{-m^ 


(h  +  y)i  +  {k-y)^    _    (k  +  m)^  +  {k-m)^ 
42/2  4m2 

A:4  4.6^7/3 +//4       ^   y2  ^      2^4  _„,4  4.(3^2(^/2  _^2)^  ^2  _^l 

>fc*4  6A;3>/i3  4//i4  =  ;;;;2     •*•         A4+6^2~2  4:,;i4  m3~ 

2,2^,;j2  4  6A:3  1 

.*.  y^  —m  =  0,  or  7;i-:-i;Ti — ^, — 7  =  — v  i.e.,  m^y^  —  /r*  =  0, 

^  '  A;4  _^6/j2^^2  4„j4       wi3  '         ^ 

.♦.  yi-\-m=^0,  y^  —  m  —  Oj  my^-^k^  =0,  m.y^  —  k^  =  0. 


83. 
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Ck^-yY  +  jh-yY    _    (/c-fm)5+(^.^w)g 
PTlOPwlM^^~5m4    =   1^' 

5(2/4 -m*) +10^2(2/2  _,,^3)       y2_rf„2 

6(?/3+m2)+10^2  1 

or  7  A  .  -,^7  9 — 9    ,   g — -A    =    — 5",  i.e.,  5m22/2  _ /^4 —  0 

•••  2/T-f^  =  ^»  2/2— '^^  =  ^»  5viy^+k^i/6  =  0,  5iny^-k^^5^0. 

84.    ...  (^+y)-+(^-y)l   _  8^3, 

...  By'^  +  lOk^y^+k^  =  8k^(y^+k^), 

...  5?/4  +  2P2/^-7/^*  =  0'     •••  (?/^-^2)(5//2-f7^2)=:,0, 

65      •     (^+?/)^-(^-?y)^     ^       2^c 

2^  ~      ^2-2/2 

...  ^4— 2/*=<?,  or  2/*  — (^4  — c)  =  0, 

...  {6k  +  c)?/4  -f  10^3 ^2  4.  (^  _  c)/r4  =  0.     Let  ks^  =  5^+c, 

.-.  s42/4  +  10^;252^2  4.(6-52)52/^4=0, 
...  (s2|/2  +  5^2)2_{25~Cs3+s4}/t4=0. 
Let  7-2  =25 -06-2 +6-4,  .-.   /s2y2_(,._5)7^2}{52y3.|.(,.^5);^2|_,0 

...  {8y-kV{r-5)}{sy-{-k^{r-5)\{sy-jki/{r  +  5)}x 
{52/+jW(r  +  5)}=0. 
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^7-    /73— hT 


Let  s3  =  3/;4.c,  ...  s4.v*-2/5;2(;fc-8c)s22/^  -k^{k-c)s^  =0. 
Let;'2  =  (^-3c)2+(/r-c)(3A:+c), 

.'.  sij±:k\/{k-^c±:r)  =  0. 
88.  Expand  and  collect,  3a;2(a:3-f-2a;4-l)— 8  =  0. 

.•-  9a;2 (^■+1)2-24=^0,   .-.  3a:(;r+l)-|/24  =  0,        (By  B.) 
or  8x(^+l)+v24  =  0,  .-.  6a:+3iiz|/(i^  +  12v/24)  =  0.        (ByX>.) 

89-102.  Work  with  a  new  variable  w  such  that  u'a;  =  a;2  +  l. 
Having  determined  tbe  value  of  w;,  that  of  ic  may  be  determined 


thus 

X 


=s    — -    =  r^  say 

U-1/  m;-2  ^ 


x-\-\  ,  r+1  r— 1 

x-l         ~  ^        r-1         ^        r+l 

89  .     (x'-\-l)^-2x^    _     a_      .     i(;2^    _    ^ 

24.^2  _^1)        ~     /^       *  *      ~1w  b 

i^4_4tf;2_|_4    ^    ,,,2  ^44.41^2.^4    ^    a2  4-262  ^  ^ 

4lt'2  -     62"        *'  4m?'2  ~       ~62  -     ^2 

2u;  6  c> 

.'.    —HI-     _    SL zn-  =  r^,  (as  above). 

M,_2    -    a-2/>±;s  ^  . 

90  •         (w  +  2)w        _    ^    or     ^'^^^"^      _   J^ 

(w)-2)(u-l)    ~     b  M'2_3u'+2    ~     h 

...    ^li^    =    _ii  .     Lett  =  5i.-2,  .-.  5ii;-t  +  2. 
6m;  —  2  a  —  6 

^24.14^4.24  25a  .     424.24         lla  +  146     ,   v 

•  t  a- 6  t  a-b 
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.    t3-24  ±\/\{lla-^Uh)^~9e{a-b)^} 


t  a  —  b 

^  , ^    =   =-T  say.      (^) 


2{u-b) 

91. 

ii;  — 2             a 

(m;-1)2    -     6 

.     w~S 

3+s 

s*  saj', 


m;  -  1   ~  1  ±:s 

92    .-.  ("±1)-    =  iL    .-.  (u.+l)2=  _iL. 

u'(i(;  -t-  2)  6  a  —  b 

93.    =   —      :.  w^  = 

w-2+2  b  b-a 


94. 


iw-\-2y 


a  IV +  2  \  ^  a  . 

—     :.      — —       =   =  s*,  say 

b  U-2/  a-Sb  ^ 


IV  b 


\x-\}  x  —  1 

tv-^2  a 

(it  — 2)2  6 

t+4  a-         t2.Hl6«  +  64         16a4-'^ 

f+8_  t+4:    _    l±s    _   7r-f2 

•*•  ~^~=±^'-*-     t      "   T"   ~  ti^2 
w  +  1     w-1     ii'2_i       ^  4^t-6         s2 

^^-    1^  2  ■  tiT^  "  w^a^n  =  X  •'•  '^'^  =    7^'  ""  (a— 6)3  ^^^^ 
±s  W7  +  2     .  2(a— 6)ibs 


,•.  iu  = 


97. 


a  —  ft  ••u'-2         2{b-a)±:s 

w^-S  a  Aa  -3b 
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98. 


?3_--4 b_    .      /i/;2+4\  2 


b-^s 

2a 

^^-    (t(;_2j(M'H-l)    ~     6  '        w''-w-2   "     6  ' 

m;2-2     «-h6       /«;2+-2\2      (a+/>)2 +8(a  -  6)  «« 


a  — 6 '     \     m;     /     ~  {a  —  b) 


{a -by 


say, 


100. 


a-\-b±s 

a;4+a;3+^2_^a;^l 

x^—x^-k-x^—x+l 

w^  -\-w—  \          a 

(a;2  4-l)2  4-.r(a:2  +  l)_--a;2 
(«2  +  l)2_^(^;2  +  l)_a:3 

w;2  — 1         a  +  6 


tt'-— m;— 1  ft  ti;  a  —  b 

lw^-{-l^_    (a+6)2+4(a  -  6)2  s3 


(a -6)2  (a -6)  3  '^"J'* 


say, 


u'+2  w;  +  2  ±s 

•*•  ,;qpi  ==t«'  •••  ^^7Z2  "  4±3s' 

(m;+2)2  a  (i/;+2)2  5a 

102.  V-^— ^1    =   -r  •••   ^ T"    =      TrJl  =  ^'^  say, 

w-\-2  w4-2  its 

!(;  It'  —  2  2  +  s 

103.  (a-a;)(a;-6)M;  =  (a-ic)24-(a;-6)2 
2{(a-a;)4+(a;-6)*}-9(a-a;)(a;-6){(a-ir)2  +  (ar-6)! 
14(a-a;)2(a;-6)2=0,  .*.  2(u;2 -2)-9if;  +  14  =0, 

or  2«;2_9i(;+10  =  0.  or  («;-2)(2«<;- 5)  =  0, 

.•.m;j=2,  2/1-3  =  5,  ...  2(a-a;)(u;-6)=  a-a;/-  ^(.c-/02, 
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and.-.  {(a-x)-(x-h)}^  =  0,  .-.  x,=i{a+b\ 

or  5{a-x){x-b)  =  2{{^a—xy-[-{x-b)^}, 
and  .-.  {2ia-x)-{x-b)}{{a-x)-2{x-b)}  =0, 

.'.x^  =  ^(2a-i-b),  ^3  =  i(a  +  26). 

104.  4:{{a-x)^-2{a-x)^(x-b)^-[-{x-b)^}- 
9{a-x)^{x-b)'^=0, 

.^  [2{{a-x)^  ~{x-b)^}~S{a-x){x-b)}x 
[2{{a-  x)^  -{x-b)^}  +S{a-x){x  -b)]  =0, 

.-.  {2{a-x)-i-(x-b)}{{a-x)-2{x-b)}x' 
{2{a-x)-{x-b)}{{a-x)+2(x-b)}=0, 

,\x,^2a--b,  iC2  =  i(a  +  2&),  x^  =  i{2ct-\-b),  x^  =  2b -a. 

105.  x^  -12x^  -h4:9x^  -7Sx  +  4:0  =  0, 
.-.  (ic3_6x)2  +  13(a;2-6a;)  +  40  =  0, 

(a;3  -6x+5){x''-6x-\-8)  =  0, 
,',  (x~l){x-5){x-2){x-  4:')  =  0,    .-.  a;  =  l  or  2,  01-4,  or  5. 

106.  {x^-l)-6x{x^-l)  +  l(x^-l)  =  0, 
.-.  (a;2-l){a;2  +  l-6ar+7)  =  0, 

.-.  (a;-l)(a;+l)(aj-2)(a;-4)  =  0,   .-.  x=-\-l,  -1,2,  or  4. 

107.  (a;3  -  5x) ''  -f  10(:ca  -  hx)  +  24  =  0, 
.-.  (a;2-5a;  +  4)(a;2-5a;  +  6)  =  0, 

.-.  (a;-l)(a;-4)(a;-2)(a;-3)  =  0,  .-.  .r=l,  2,  3,  or  4. 

108.  2(4a;2-3a;)2-7(4:c2-3a;)  +  5  =  0, 
.-.  (8ic2-6a;-6)(4a;3-3a;-l)=0, 

.-.  (2a;+l)(4a;-5)(4.r-}-l)(a;-l)  =  0,  .-.  x= -\,  -\,  1  or  |. 

109.  (a:3  +  l)-6(ic2_i)^5(a.  +  l)  =  0, 

.-.  (a;4-l){(ic2-;c+l)-6(a;-l)-j-5}=0, 

.-.  (a;+l)(a;2_7a;-|-12)  =  0,  or  (2;+l)(a;-8)(a;-4)  =  0, 

.'.  X-  -1,  3,  or  4. 
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5(x-{-x-4:a)     4(x-a-i-x-Sa)  9(x-2a) 


a;-- 4.7a;  x^-4:ax  +  3a^       x^  - -^ax -\- 4a^       ' 

lAQi  x^-4.ax  =  aii^     .*.    —   —   —-5    -    — r-i=0, 

•^  2/  2/ +3         ?/H-4 

.-.  7?/2-ll7/-120  =  0,  or(2/-5)(7?/  +  24)  =  0, 
.-.  x^-4ax  =  6a^,  or  7a;2 -28au;  +  24rt2  =0, 
.*.  (a;-5a)(£c-f  rt)  =  0, 

.*.  Xi  =5a,  iCg  =  — «.     (Two  other  valaes.) 
111.  Let  257/  =  ;c2-35. 

14(20+55)  5(5  +  40)  4(25-10j_ 

252/-1100    ^   25?/  -  20^0   ~   25?/ +250"    * 

70  15 4 

•*•  ^^744    +  ^JITso   ~  2/  +  10~    ' 

...  2/2_2^_iG3  =  0,  01-  (2/+12)(2/-14)  =0, 
.-.  a;2_35;c+30D  =  0,  or  a;^ -35a; -350  =  0, 
.-.  (a;-15)(a:-20)  =  0, 
.-.  »=  15  or  20.     Two  other  values. 

5a  O*"/  2(1  2rt  9a  6a 

'   ■■    a;  X- a         x—2a    ~    x — 3a         a  — 4a         x—5a 

25            27              2       ^ 
Jjei  a^y  =  x^~5ax,    :.    —   -    —7-,    H —p^^' 

.-.42/ =  25,    .-.    4a;2  — 20aa;  +  25a2=0j 
.-.  (2a;-5a)2=0,  .-.  a;  =  2ia. 

110       2  2  5  5  2  *> 

113.  __  +  _   +  —-   =   —-  +   -_  + 


a;+2  x  x  —  l       .x  —  2         x-S         x-6 

Let  y  =  a:^  —  8a;  and  collecting  pairs  of  terms  as  in  preceding 
14  6  6 

solutions,     :^^:^   -^   7"  +  7/T2  =  ^' 

.-.57/2-14^-24  =  0,  .-.  (2/-4)(5r/+6)  =  0, 
...  a.2_3a;_4  =  0,  or  5a;2 -15:r  +  G  =  0, 
.-.  (a;-4)(a;  +  l)  =  0,  .-.  a;  =  4or  -1. 
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114.  A-Ssume  y=x^  —Qx,  and  collecting  in  pairs  and  reducing 

/the  term  must  be  written     — — ^_| 

\  x-d  x^-Qx^Qj 

7            31             20              4 
the  equation  becomes  _  4.  j_ =   n 

y       y+^      2/  +  «       ?/+9 

.-.  41?/^  -f-73.v  -  2520  =  0  or  {y  -  7)(41//-f  360)  =  0, 
...  a;2  _  G.c-7  =  0  or  41a;2_  246^+360  =  0, 
.-.  (a;-7)(a:+l)=0,     .-.  a;  =  7or  -1. 

115.  .-.    |/(a;2-a2-63)  +  |,/(.r2     /;2-  c2)=a;-i/ra:2-c2-rt2) 
;.    (a;2-a2-Z;2)  +  (a.2_^2_c2)  +  2^{x*-(a2  4.262  4.c2)a;2  4. 

(a3  4-62)(^/,2  4.c2)}=a;2+(a;2_c2_^2)_2a;/(^^-c2-rt2)^ 

.-.  62-|/{a;*-&c.}=a;v/(a;3-c2-a2) 

...    64^^4_(,,3^2/;2  4-c3)a;2+(a2-f62)(i2+c2)-262^{a;4_&c} 

=  «4-(c2+a2)^2 
.-.  2^2^--'  _  {a262+62c2+c2^2^2^4}  =  _2/;2^{a;4  -&c.} 
.'.  ^h^x^-4.b''x^{a^b^+b^c^-+c^a-+'lh^)  + 
[a^b^  Jf-h^c^  Jirc^a^  +'lb^]^  = 

454,^4  _4A<tu;3(rt2-}.2624.c2)4.4/>4(^^2^2_^/,2^.2_|.c2a2  +  64) 
/.    4a2/;2c'2a;      (a3/>2  4.^2,.2  4.,.2rt2  j2  =  q^ 
,   ,    ibc  ca  ab  \ 

\a  b  c  I 

116.  Multiply  both  numerator -and  denominator  of  each  mem- 
ber by  the  denominator  of  that  member  and  reduce 

a^  in^x 

a'^-|/(a4_4a;2)    =   w-'a;      \^[in^x^-^) 

Square  and  reduce 


-v/(a4-4a;2)    ~     A/('«*a;2 -4) 
m^x^—a^         .'.  mx—±_aov  ±Ja 
117.  Work  as  in  Ex.  115. 

Let  2s  =  a  +  b-\-c  and  2.s'^  =a^ +  b^ -{-c^. 

_  2s{s  —  a){s  —  b){H  -c) 

*  "    /{(s'2_a2)(.,/3_62)(s/2_c2)}  - 
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^{a^-i-h^  —c^)j  and  the  equation  becomes 

l/{x^--a]-bl)-^V{x''-b-'^-cl)-{-l/{x''-o\-a])  =  x, 
of  which  (see  Ex.  115  above)  the  solution  is 


/.J      "^     c, 


118.   .-.    ^{a-x)-^(b-x)  =  c, 

2afe  +  2ac2+2Z^c2-a2_i2-c* 


,*.     iC: 


4c2 


119. 


-^{a  —  x)  a-x  a-x  {a—x)^ 

'{■^x-b)    ^     x-b       •*•       x-b     "    {x-b)^' 


.'.  {a-x){x-b){{a-x)^-{x-b)^}=0, 
.'.  (a- x){x-b){a  -b){a  +  b -2x)  =  0, 
,'.  x  =  a  or  6  or  \(a-\-b). 

Let  «;=  V(«+^)  and 'y=  V(6t-a;),  .'.   tt;+ic=  V(2-:i), 
.-.  2a  =  2a+5V(rt2  -;c2).  V(8r/3)_5V('t^'2 -^^)' V(2<v), 

/.  4a2(a2-a.-2)  =  (a2_a;2)2,  ...  (a2 -a;2)(3a2+u;^j  =  0, 
.'.  x=±a  or  ±jai/3. 

121.  .-.  h^^r/  =-^+-^ 

.*.  «n;(M;  — v)-  =0, 

.  •.  w  =  iJ  or  v  =  0,  or  iv  =  v.  Cube  these, 
.-.  a—x  =  0  or  x-b  =  0,  or  a—x-x-b, 
,'.  x  =  a  or  6  or  l(a-\-b). 
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21.  p.  200,  .-.  {x^-y)  +  {y-}-z)  +  {z+z)  =  ^a^h-\-c),  and 

h{x+y)  +c{y +z)-\-a{z-\- x)  =  'l[cLh  +  bc -Jrca),  or 


« -f-r-ftf?  =  a  4- 6 -h  c 

,\    U  =  Ci 

• 

bu  +  cv-\-aw  =  ab  +  he  +  ca 

v  =  a, 

cu  +  av+bw  =  a^-th'^+c^ 

w  =  b,  &c. 

15.  p.  205, 

x^-\-x^l 

a^+a-^1     ^     [x-a){x4-n-\-l) 

a^-^a-^1 

(8) 


Assume  ic-l  =  (a  —  l)v  and  .-.?/- l  =  (6  —  l)v,  .*.  also 

a;_fl  =  (a,  — l)(i7-l)  andic4-«  +  l  =  (a-l)(y  +  l)-l-3 
2/_6  =  (6-l)(t;-l)and^+6+l  =  (6-l)(i'  +  l)-f-3. 

{a~l)(v-l){{a-l){v-hl)-hS}    _    a^+a+l 
{b-l){v-l){{b-l)(v  +  l)^S}    -   634-6  +  1 
.*.  v  — 1  =  0,  and  .*.  ic  =  a,  y  =  b;  or  • 

{a-l)^{v  +  l)  +  S{a-l)    _    a^-}-a  +  l 
(6-1)2(^4.1)4.3(6-1)    -"    62 -{-6+1 

.    3fl(y  +  l)-h3(ff-l)    _   rtS+g  +  l 
**  36(z;  +  l)- 3(6-1)   ~   62^+Mn 

av-^1         a2+a  +  l  a +  6  +  1 

^^  6^^    "    62+6+1  •*•  ""  "    T^a6     •*•  ^ 
=  (a2— 6)--(l-a6),  ^  =  (62 -a)  -  (1 -a6). 
Errata. 
Example  iii.,  question  28,  '*  Cube  of  the  sum.*' 
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By  J.  A.  MoLELLAN,  M.A.,  LL.D.,  Inspector  High  Schools,  Oo^ario 

2nd  Edition,        -        -        -       30  Cents. 


McLellan's  Mental  Aritlimetie,— Part  11. 

Specially    adapted   for   Model   and   High    School    Student* 

Second    Edition, 

Price,  45  Cents. 


W.  J.  Gage  &  Co.,  Educational  Publishers- 


W.   J.   GAGE    &    GO'S    EDUCATIONAL    SERIES. 


TEXT      BOOKS 

— ON — 

ENGLISH    GBAMMAB. 

— BY — 

MASON    AND    MACMILLAN. 


Mason's  Advanced  Grammar. 

Including  the  principles  of  Grammatical  Analysis.  By  C. 
P.  Mason,  B.A.,  F.C.P.,  Fellow  of  University  College,  London. 
Enlarged  and  tlioroughly  revised,  with  Examination  Papers 
added  by  W.  Houston,  M.A.     27th  edition, $0  75 

•*  I  asked  a  Grammar  School  Inspector  in  the  old  country 
to  send  me  the  best  grammar  published  there.  He  immedi- 
ately sent  Mason's.  The  chapters  on  the  analysis  of  difficult 
sentences  is  of  itself  sufficient  to  place  the  work  far  beyond 
any  English  Grammar  before  the  Canadian  public." — Alex. 
Sims.  M.A.,  H.M.H.S..  Oakville. 

Mason's  Shorter  English  Grammar- 

With  copious  and  carefully  graded  exercises,  243  pages — New 
and  improved  edition ....  $0  60 

Mason's  Outlines  of  English  Grammar. 

For  the  use  of  Junior  Classes $0  50 

English  Grammar  Exercises. 

By  C.  P.  Mason.     Reprinted  from  Common  School  Edition, 
$0  30. 

REVISED    EDITION 

Miller's  Swinton's  Language  lessons. 

Adapted  as  an  introductory  Text  Book  to  Mason's  Grammar. 
By  J.  A.  Macmillan,  B.A.  It  contains  the  Examination 
Papers  for  admission  to  High  Schools,  and  teaches  Grammar 
and  Composition  simultaneously.  5tli  Edition,  50th  thousand, 
»o  23. 


Used  in  Nearly  all  the  principal  High  and 
Public  Schools  of  Canada 


Hughes'  Composition  Blanks,  No  i — 10c. 

2-lOc. 
3— 20c. 
Canadian  Spelling  Blanks,       No.  1 — 7c. 

2— 7c 

3— 7c. 

Dr.  Davies'  Grammar  Blanks,  No.  1 — 7c. 

"  2— 7c. 

"  "  "  i— 13c. 

"  "  "  4— 13c. 


PROM   NOVA   SCOTIA. 

J.  D.  McGILLIVBAT,  Inspector,  Hunt  Co.,  Nova  Scotia. 

"  I  have  looked  over  carefully  your  Spelling  Blanks,  Grammar 
Blanks  and  Composition  Blanks,  and  consider  them  excellent.  No 
•chool  Can  be  regarded  as  fully  equipped  wliich  is  without  them, 
or  books  like  them.  I  will,  with  pleasure,  direct  the  attention  ol 
our  teachers  to  them." 


A.  C.  A.  DOANE,  Inspector  of  Schools,  Shelbume  5o.,  N.  B. 

'  The  Exercise  Books  are  well  arranged,  of  convenient  size,  and 

1  suitably  adapted  for  use  in  all  our  schools.     As  helps  to 

correct  spelling,  careful  writing,  and  proper  analysis  and  constrao- 
tion  sentences  they  are  really  invaluaDle." 


W.  S.  DABBAGH,  M.A.,  Insp.  P.  8.,  Cumberland  Co.,  Nova  Sootia 

Spellino  Blanks  and  Hughes'  Composition  Books.—"  I  havs 
examined  them  with  much  pleasure.  It  is  high,  but  certainly  not 
exaggerated  praise,  to  say  that  the  books  are  in  point  of  practical 
utility  unrivalled.  I  have  perfect  confidence  in  recommending 
them  to  the  teachers  of  oux  widely  extended  country. 


D.  H.  SMITH,  iLA^  Insp.  Colchester  Cotmty,  Nova  Sootia. 

•  ExEBCiBH  Books.— "They  are  got  up  in  excellent  style,  besidei 
affecting  on  the  pupils  and  teachers  a  great  economy  of  time.  Thej 
tMid  to  moolcate  a  taste  of  neatness  and  oare  in  their  work." 


iThis  volume,  taken  with  the  eight  small  vol- 
umes containing  the  account  of  the  different 
epochs,  presents  what  may  be  regarded  as  the 
most  thorough  course  ot  Elementary  English  His- 
tory ever  published.— Aberdeen  Journal. 

It  is  just  such  a  manual  as  is  needed  by  public 

school  pupils  who  are  going  up  for  a  High  School 
course. — Toronto  Daily  Globe. 

THE   EPOCH    PRIMER 

OP  ENGLISH  HISTORY, 

BY 

REV.    M.    CREIGHTON,     M.A.,   late    Fellow 
AND  Tutor  of  Merton  College,  Oxford. 


Teachers  in  every  part  of  Canada  have 
been  loud  in  their  complaints  of  the  unsuitdbiUty 
of  the  text  books  hitherto  at  their  disposal  to  pre- 
pare pupils  for  admission  to  High  Schools.  With 
a  view  of  meeting  this  want,  the  Editor  of  the 
Epoch  Series  has  prepared  the  Epoch  Primer. 
Teachers  will  be  glad  to  Icnow  that  the  Epoch 
Primer  has  been  authorized  by  the  Education  De- 
partment in  Ontario^  for  use  of  Pupils  preparing 
for  admission  to  High  Schools. 

o 

W.   J.    CtA.OE   A    Oo., 

JSCUCATIONAL  PUBLISHER* 


■  > 

W.  J.  GAGE  Si  GO'S. 
MANUALS    FOE    TEACHEES 


No.  1, 

MISTAKES   IN   TEACHING. 

By  J.  LA  UGIILIN  HUGHES,  Supt 
of  Public  Schools,  Toronto. 

This  work  discusses  in  a  terse  manner  OVER 
0T9E  HUNDRED  of  the  mistakes  commonly 
made  by  untrained  or  inexperienced  Teachers. 
It  is  designed  to  warn  young  Teachers  of  the 
errors  they  are  liable  to  make,  and  to  help  the 
older  members  of  the  profession  to  discard  what- 
ever methods  or  habits  may  be  preventing  their 
highest  success. 

The  mistakes  are  arranged  under  the  follow- 
ing heads : 

1.  Mistakes  in  Management. 

2.  Mistakes  in  Discipline. 
3  Mistakes  in  Methods- 
4.  Mistakes  in  Manner- 


ToNKi^  f'APi;^  Cloth  Extra. 


W,  J.   Gage  &  Go's  Manuals  for    Tcacliers. 

No.  1.     "'' 

M!is  takes  in  Teacliiiig". 

By  J.  LAUGHLIN  HUGHES,  Supt.  of  Public  Schools„Toronto, 
Toned  paper,  cloth  extra,  Price  50c. 


This  work  discusses,  in  a  terse  manner,  over  one  linndred  of  the 
mistakes  commonly  made  by  untrained  or  inexperienced  Teachers.  It 
is  designed  to  warn  young  Teachers  of  the  errors  they  are  liable  to 
make,  and  help  the  older  members  of  the  profession  to  discaidvv  hat- 
ever  methods  or  habits  may  be  preventing  their  highest  sutcess. 

The  mistakes  are  arranged  under  the  folllowing  lieads:— 

1,  MISTAKES  IN  MANAGEMENT. 

2.  MISTAKES  IN  DISCIPLINE. 
8.  MISTAKES  'N  METHODS. 
4.  MISTAKES  IN  MANNER. 

"  We  advise  every  teacher  to  invest  fifty  cents  in  the  j^urcha'  e  of  thir 
useful  volume."— JTeiy  England  Journal  of  Educatio^i.. 


No.  2. 

BJCaniial  of  Pciai^iansliij-*. 

A  Handbook  intended  to  accompany  Beatty's  system  of  Fcnmansl.-) 
containing  aftdl  exposition  of  the  system. 


S.  G,  BEATTY,  lato  Principal  of  Onta-io  Business  College,  and  auth  r  <■ 
"  Beatty's  Practical  Penmanship  " 
A.  F.  MACDONALD,  Principal  of  Wellesley  echoo\  Toronto. 

CONTENTS. 

ORGANIZING  CLASSES. 

DISTRIBUTION  AND  COLLECTION  C^  WRITING  MATERIALS. 

POSITION,  PENHOLDING   RESTS  AND  MOVEMENTS. 

MOVEMENT  EXERCISES. 

COUNTING  IN  CONCERT. 

SPACING,  SLOPE,  SHADE,  &c. 

FORMATION,  ANALYSIS,  CRITICISM  OP  SMALL  AND  CAPITA 

LETTERS. 
HINTS  TO  TEACHERS. 

Illustrated.    Price  50c. 


No.  3, 

Hoav  to  Secure  aiiclT?etaiii  Attcntioi^. 

By  J.  LAUGHLIN  HUGHES,  Supt  of  Public  Schools,  Toronto. 
Printed  on  Toned  Paper,  Cloth  extra,  Price  50c. 
"  Admirably  executed.'"— Educational  Times,  London,  Eng. 
''  Cannot  too  highly  commend  it."— J5ames'  Educational  Monthlv. 


No.  4. 
Mianiial  of  I>rill  ancl  Cali.stlieiiicf^. 

FOR  USE  IN  SCHOOLS. 

By  J.  L.  HUGHES,  PubMc  School  Insp.,  Tor.,  Graduate  of 
^  MiUtary  School,  H.M.  2'Jth  Regiment, 

Price  40c. 
•'A  much  reeded  manual  ''''—Toronto  Globe. 

"A  most  valuable  bonk  for  every  Teacher,  particularly  in  countf-y 
places.  It  embraces  all  that  a  School  Teacher  should  teach  his  pupils 
on  this  subject.  Any  Teacher  can  use  the  easy  drill  lessens  and  by 
doing  so  he  wi'l  be  conferriner  a  benefit  on  his  country."— C.  RAD- 
CLIFFE  DEARNLE  Y,  Major  First  Life  Guards,  Drill  Instructor  Normal 
and  Model  Schools,  Toronto. 

W.  J.  GAGEdt  CO.,  Educational  PubliaJiers,  Toronto. 


Books  for  Teachers  and  Students  by  Dr.  McLellan. 


£)l3caTiiiiiatioii  Papers    in  A.rit  lime  tic. 

By  J.  A.  McLellan,  M.  A.,  LL.D.,  Inspector  of  Hiprh  Schools.  Ont.,  and 
Thos.  Kihkland,  M.A.,  Science  Master,  Normal  School,  Toronto. 
"In  our  opinion  the  best  Collection  of  Problems  on  the  American 
continent.— National  Teacher's  Monthly,  N.  Y. 
FouBTH  Complete  Edition, Price  Jl.C 


iESxaiiiiiiatioii  Papers  in  Aritlimetic, 
Part  I. 

By  J.  A.  McLellan,  M.A.  and  Thos.  Kirkland,  M  A.    Price  50  cents. 
This  edition  has  been  issued  at  the  request  of  a  larrre  number  of 
Public  School  Teachers  who  wished  to  have  a  cheap   edition  for  the 
use  of  their  pupils  preparing  for  admission  to  High  School. 


Hints  and  Ans^vers  to  £::s:ainination 
Papers  in   Aritliinetic. 

By  J.  A.  McLellan,  M.  A.,  LL.D.,  and  Thos.  Kirkland,  M.A. 
2ad  Edition,  revised, $1.C0 


3Xc]l.ellan's  3Iental  Aritlimetic.  Part  T 

Containing  the  Fimdamental  Rules,  Fractions,  and  Analysis 
By  J.  A.  McLellan,  M.A.,  LL.D.,  Inspector  of  High  Schools,  Ontarir. 
,^rd  Edition, --       30  cen  s. 

M:clL«ellan's  IMenlal  Ar-itlimetic,   Part  II 

Specially  adapted  for  Model  and  High  School  Students. 
3bd  Edition,  Price, 45  Cents. 


Teacher's  Handbook   of  Alg^el>ra, 

By  J.  A.  McLellan.  M.A.,  LL.D., 

It  contains  2,500  exercises,  including  about  three  hundred  and  fifty 
solved  examples,  il  ustrating  every  type  of  question  set  in  Elementary 
Algebra. 

It  contains  a  set  of  Practice  Pape'-s  made  up  by  selecting  the  best  of 
the  questions  set  by  the  University  of  loronto  during  twenty  years. 

It  is  a  key  of  methods,  a  repe-tory  of  Exercise's,  which  cannot  fail  to 
make  the  teacher  a  better  teacher,  and  the  8tudent>  a  more  thorough 
algebraist. 

Crown  8vo.  240  pages.    Toned  Paper.    Price  81-25. 

The  leading  authority  on  the  subject  in  the  United  States— Dr.  John 
Stingham,  John's  Hopkins— says: 
<*  It  U  tbe  beat  Jils:ebra  for  Teacbers  I  bave  ever  seen." 


Oompanion     and      Itey      to 
l>ool<  of  Alg-ebra." 

Bt  Db.  McLellan. 
Prick, 


«  Hancl- 

.       •       fl.50, 
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